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Introduction

These notes were written to complement a series of lectures to be delivered
at IMCA, Instituto de Matematica y Ciencias Afines, Lima, Pert, in July
2002. Our aim was to present, in a form as elementary as possible, the
definition and basic properties of point residues from a geometric point of
view. This concept was introduced by Alexander Grothendieck around 1957
and an extensive account of it was given by R. Hartshorne in [Hal. Since our
point of view was to present it in a geometric fashion, we were very much
guided by the works [Gr], [G-H] and [A-V-GZ].

Throughout these notes we will sometimes refer, without proof, to results
on Differential Topology, Commutative Algebra, Several Complex Variables
and Algebraic Topology. In each section we quote basic references on these
subjects and we urge the reader, in case he (she) is not familiarized with
them, to have this bibliography at hand.

We are grateful to IMCA for the invitation, to César Camacho for the
suggestion of lecturing there and to Mariana Cornelissen and Flaviana Dutra
for revising the manuscript.

Belo Horizonte, April 2002
Marcio G. Soares
Dep. Matematica - UFMG

msoares@Qufmg.br

*Partially supported by CNPg-Brazil.






Chapter 1

A brief view of Cauchy’s
theory

1.1 1Index of a point relative to a path

We start with some very basic definitions. Let U C C be an open set
and f : U — C be a function. The derivative of f at a point p € U, noted
f'(p), is

IORF()

z=p z—p

provided this limit exists. f is holomorphic on U if f/(p) exists for all p € U.

A domain in C is an open connected set U C C.

A path in C" is a continuous mapping 7 : J — C", where J = [a,b] C R
and a < b. y(a) and y(b) are called the initial point and the end point of v,
respectively. v is said to be closed if v(a) = v(b). We will denote by v the
image of the interval J by 7, that is, v = v(.J) € C. v is differentiable if '
exists and is continuous throughout Ji(note that, at the end points of J, we
have only one-sided derivatives).

If 71 and 79 are two paths such that the end point of vy is the initial
point of 79, we can form the path =1 - 79, called the juxtaposition of v,
and 72, as follows: let [a;,b;] be the interval of definition of 7;. Choose
C! diffeomorphisms hy, he, preserving orientations, hy : [0,1/2] — [a1, b1],
he : [1/2,1] — [ag, bo] and define 7, - 2 by

v ohi(t) ,iftel0,1/2]
Y- e(t) = {
va 0 ho(t) ,ifte[1/2,1].

3



4 CHAPTER 1. A BRIEF VIEW OF CAUCHY’S THEORY

Clearly =1 - v2 = 71 U 2 and, similarly, we can form the juxtaposition of a
finite number of Igths.i

Finally, + is a piecewise differentiable path if it is the juxtaposition of
a finite number of differentiable paths. The reverse path v~ of a path ~ is
defined by v~ (t) = y(a + b — t). Observe that the initial point and the end
point of v~ are the end point and the initial point of v, respectively, and
that vy =~".

Consider a differentiable path v : J — C and let f be a continuous
complex valued function defined on v. The integral of f along v is defined
by:

/f_/f(z)dz_/bf(’Y(t))’Y’(t)dt.
¥ ¥ A

Remark 1 The following properties hold:

(i) The path integral is independent of the parametrization of v. This means
the following: let h : [a/,b] — [a,b] be a C! diffeomorphism preserving
orientation, that is, h(a') = a, h(') = b and let A =~ o h. Then

/f:/b/f(k(s)w(s) ds =
A o
b/

(ii) The path integral is “sensitive to the orientation” (exercise):

/f=—lﬁ

(iii) Let M > sup |f|, then (exercise)
X

|

b
<M [ 170 de
0% a

b
where [|~/(t)|dt is, by definition, the lenght of the path ~.
a
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(iv) Let f: U — C be a continuous function. Recall that a primitive of f is
a function F : U — C such that F'(z) = f(z) for all z € U. Note that F' is
necessarily holomorphic. Suppose f admits a primitive in U and let v be a
path in U with initial point z; and end point 2o, then (exercise)

/f — F(z) — F(21).

In particular, if ~y is closed we get [ f = 0. O
¥
More generally, for a piecewise-differentiable path v =~;-... -9, and a
continuous f whose domain of definition contains +; - ... v, we set
/ f:/f_|__|_/f
Y1k 7 Tk

From now on, unless explicitly stated, by a path we shall mean a piece-
wise differentiable path.

We are now in a position to start exploiting the Cauchy kernel

Consider a path v in C. Its image 7 is a compact subset of the plane and
therefore is limited. Choose a disc D containing 4. The complement C \ D
is connected, not bounded and contained in C\ ~ hence, C \ D is contained
in a connected component of C\ v and we conclude that C \ 7 has precisely
one unbounded component. B B

Now let v be a closed path in C and z € C\ ~. Define the index of the
point z with respect to v by B

1 dw

o2 ) w— 2z’
5y

Z,(2)

We have the following integrality result:

Theorem 1.1.1 For each z € C\ v the number I, (z) is an integer, that is,
we have a function I, : C\ v — 7. Moreover, this function is continuous,
hence constant in each connected component of C\ v and furthermore, it
assumes the value zero in the unbounded component of C \ 7.

Proof: Let v:[a,b] — C and z € C\ 7. By definition,

b /
Z,(2) = 271ria/’y(7t)(t—>zdt'
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Consider the function ¢ : [a,b] — C given by

t
7'(5)
P(t) = exp /7ds .
W (a (s) ==
/ t)
We have 1/ ( :< 7
where the path ~ is not differentiable. Hence,

W) _ 20
o) A - =

> 1(t) except at the finite set of points {¢;}i=1,...m,
z

(1)

w(t)
V(t) -
in [a, b] and its derivative at any t € [a,b] \ {t;}i=1,.m is, by (1),

YO (#) = 2) =)y (®)

in [a,b] \ {ti}i=1,...m. Look at the function ¢p(t) =

. It is continuous
z

/
p(t) = =0.
(4(t) — 2)°
It follows that ¢ is constant in [a,b] and, since p(a) = P we have
V() — =
) A Ve la,b).
0= 10— .

Since 7y(a) = v(b) we get 1(b) = 1. Therefore,
b
7'(s) _
exXp (;1/ f}/(s)—zds) =1

!/
and we conclude that / ;y)(s) ds = 2wik, with k an integer. This shows
v(s) — z

a
Z,(z) € Z. The continuity of Z, will follow from the

Lemma 1.1.2 The function I, admits a power series expansion around

each ( € C\ y.

Proof: Fix ¢ € C\ v and let D(¢;r) be an open disc contained in C\ v
and centered at . Now, for any ¢ € [a, b] we have |y(t) — (| > r and then

c—C | _le—dl
ww—Jg <t
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for any z € D((;r). Hence, for fixed z, the series

Z (Z—_C)

S0 -9
converges uniformly on [a, b]. Since
1 1 1 1
W)=z~ A0 —C+ ¢z 2B ¢ (1- 2 =¢ )
V() = ¢

1 o} Z*i 0 Z*Z’
S -9 (z-¢)

we conclude

b
_ L - 7'(¢) 5 — ()
> [/ SO dt] =9

because we can interchange summation and integration. The lemma is
proved.
O
The lemma shows Z is a continuous function. It remains to show that
Z,(z) = 0 for z in the unbounded component of C\ 5. To this end choose a
point z in this component which satisfies

b

inf |z —~(t >/ "(t)| dt.
Jnf 1z =@ > [ 17'()

It follows from (iii) of Remark 1 that

b
1
Z < ") dt <1
T € =y /170
tela,b] a
and since Z, is integer-valued and continuous it must be identically zero in
the unbounded component. This finishes the proof of the theorem.
g
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Example 1.1.3 Let v be a circle centered at a point z € C, v(t) = z +
re2Tit 0,0 <t <1. Then

1 . 1
. 2wt
1 1 1 2mire
T(2) = — dz—%——%w:ﬁhl
W(z) 271 / w—z v 271 s 'r'627mt ;
v

We leave to the reader the task to convince himself that the index, Z,(2),
measures the effective number of turns that the plane vector «(t) describes
around the point z, as ¢ varies in the interval of definition of ~.

1.2 Holomorphic functions

In this section we present the structure of Cauchy’s theory on holomor-
phic functions. The first step is the simple result (recall (iv) of Remark

1):

Proposition 1.2.1 Let f : U — C be a continuous function defined in the
domain U C C. Then the following properties are equivalent:
(i) f admits a primitive in U.
(i1) /f =0 for any closed path v in U.
¥
(i) /f depends only on the initial and end points of any path A in U.
A

Proof: Exercise or see [Soares].

Next we have the fundamental result

Theorem 1.2.2 (Cauchy-Goursat) Let f : U — C be a holomorphic
function defined in the domain U C C. Assume T is a closed triangular
region entirely contained in U and denote by A its boundary. Then

=0
A

Proof: See [Soares].
g
We exploit this result for a particular type of open sets in the plane.
Suppose U C C is open. U is a starlike domain if there exists a point
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zp € U with the property that, given any point z € U the line segment zyz
is entirely contained in U. Any convex open set is an example of such a
domain. We then have:

Corollary 1.2.3 Let U C C be a starlike domain and f : U — C a holo-
morphic function. Then f admits a primitive in U.

Proof: See [Soares].

Using this corollary we imediately have

Corollary 1.2.4 (Cauchy-Goursat revisited) Let U C C be a starlike
domain and f : U — C a holomorphic function. If v is a closed path in U

then
/f:&
%

Proof: Exercise.

Corollary 1.2.4 allow us to prove the

Theorem 1.2.5 (Local Cauchy’s integral formula) Let U C C be a
domain and f : U — C a holomorphic function. Let D(zg,m0) C U be a
closed disc and I its boundary, oriented counterclockwise. If z is any point
in D(zo,70) then,

1= g E
T

Proof: See [Soares].
(|
This fundamental theorem unveils the local nature of holomorphic func-
tions because, by manipulating the integrand we deduce the following facts:
(i) holomorphic functions have derivatives of all orders at all points of their

domains and ) fw)
() — [ S >
f (Z) 27_(_1 1_/ ('UJ o Z)k+1 dw7 k - O

Note that the derivatives of a holomorphic function are also holomorphic.
(ii) holomorphic functions are analytic, that is, if ( belongs to the domain
of f then

© - £(4) )
fe =3 gy
1=0

7!
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and this series has positive radius of convergence.
From (i) we deduce the

Proposition 1.2.6 (Cauchy’s estimates) Let f be holomorphic on the
disc D(¢,r) and |f(2)| < M for all z € D(¢,r). Then

E!'M
Q< =5

Proof: Exercise.

This last proposition furnishes the

Theorem 1.2.7 (Liouville’s theorem) Let f : C — C be holomorphic
(such a function is called an entire function). If |f| is bounded then f is
constant.

Proof: Suppose |f(z)| < M Vz e C. Let ¢ € C. The Cauchy estimate
|f'(¢)] < M/r holds for all r > 0. Hence f'({) =0 V¢ € C and f is
constant.
g
A partial converse to theorem 1.2.2 is the

Theorem 1.2.8 (Morera’s theorem) Let U C C be a domain and f :
U — C a continuous function. Suppose /f = 0 for every triangular path
A

A CU. Then f is holomorphic in U.

Proof: Let ¢ € U and choose a disc D(¢,r) C U, r > 0. Use the hypothesis
to show that f admits a primitive F' in D((,r). Since F' is holomorphic and
F' = fin D((,r), we conclude that f is holomorphic.
g
We now introduce some objects of homological nature and then proceed
to present the global theorem of Cauchy.
A chain o is a formal sum of a finite number of paths in the plane,
o=+ +y. If fis a continuous function defined in g =y U--- U~

we define N
U/f = ;/f

If ¢ is contained in a domain U C C, we say that o is a chain in U.
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Let o0 = v1 +-- -+, be a chain. If each +; is replaced by its reverse v, ,
then the chain so obtained is denoted by —¢ and

I

In this way chains can be added and subtracted.
Observe that a chain o can be expressed in several ways as a sum of
paths and, in case 0 =y 4+ -+ v, = a1 + -+ - + a;, we have

for any f which is continuous and defined in vy U--- Uy, Uai U - U am.
If the chain ¢ = v + - - - + % is such that ‘all paths ’yTare closed, then o

is called a cycle. Since the representation of a chain as a sum of paths is not

unique, a cycle may be represented by a sum of paths that are not closed.
Let 0 =71 + -+ v be a cycle. If z € C\ o then we set

Note that Z_,(z) = —Z,(z). With this at hand we have the main result of
the theory:

Theorem 1.2.9 (Cauchy’s theorem) Let U C C be a domain and f :
U — C a holomorphic map. Suppose o is a cycle in U satisfying

Z,(¢)=0 V(¢gU

Then,
L) 1) = 55 |

/f(z) dz = 0. (II)

o

Moreover, if oo and o1 are cycles in U such that Z,,(C) = Z,,(C) for all
¢ €U then,

f(w)

w—z

dw forzeU\a, (I)

/ F(2)dz = / £(2)dz. (ITD)
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Proof: The proof of this global version of Cauchy’s theorem is due to
J.Dixon [Dixon]. Consider the function g : U x U — C defined by

(=16 o,
9(zw) = w==z ’
f'(z) yifw = 2.

Lemma 1.2.10 g s continuous.

Proof: It’s immediate that ¢ is continuous in U x U \ {((,¢) : ¢ € U}.
Let us show its continuity at a point ((, (). Given € > 0 choose § > 0 such
that [ — (| <& = |f'(¢) — f'(¢)] < €. Let z and w belong to the open set
D((,0)NU. If w =z we get |g(z,2) — g(¢,{)| < €. If z # w consider the
line segment joining them, ¢(t) = (1 —¢)z + tw, 0 < ¢t < 1. We have

flw) = f(z) = f(£(1)) = F(€(0)) =

fie) () dt =

F1e®) (w = z) dt

so that

Since ¢(¢,¢) = f'(¢) = fol 1'(¢) dt we obtain
1
g(zw) ~ 9(¢.0) = [ [£/00(®) = £1()] .
0

By (iii) of Remark 1
l9(z,w) = g(¢ O < sup [f'((t) = f1(O)] <e

te[0,1]
and the lemma is proved.
O
Next we consider, for fixed w € U, the function g, : U — C defined by
gw(2) = g(z,w). This function is clearly holomorphic in U \ {w}. We claim
the
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Lemma 1.2.11 g, is holomorphic in U.

Proof: By the previous lemma, g,, is continuous at w and g, (w) = f'(w).
Put ¢(2) = (z —w)gw(2). ¢ is continuous in U, holomorphic in U \ {w} and
¢(w) = 0. Now,

lim 2 =0 o Emwgu(@) oy 2 ),

z—w Z—w Z—w zZ — W Z—w

so ¢ is differentiable at w and therefore holomorphic in U. Around w it has
a convergent power series expansion

o(z) = f'(w —l—Zaj Z—w) =
(z = w)[f'(w) + Zaj(z —w)’™!
=2

o0 .
We conclude g,(2) = f'(w) + Y. a;(z —w)’ ™" and the lemma is proved. w
j=2

is called a removable (or fake) singularity (which will be considered later).
O
Returning to the proof of the theorem, we let ¢ : U — C be defined by

o) = 5 [9tzw)du

We claim that ¢ is continuous. In fact, let (z,) — z be a sequence
in U, convergent to z € U. The set ({z,}52; U{z}) X ¢ is a compact
subset of U x U. Hence, g is uniformly continuous in this set and therefore
9w (2zn) — gw(2z) uniformly on w. This shows the continuity of .

Let us prove that ¢ is holomorphic in U. Consider a closed triangular
region T" C U with boundary A. Then,

[t g | [oe ] oo
2m/[/g“’ ]dw:o

because [ ¢y (z) dz = 0 since gy, is holomorphic. Invoking Morera’s theorem
A

we conclude that ¢ is holomorphic.
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Set V ={z € C:Z,(z) = 0}. By hypothesis, C\U C V and by theorem
1.1.1, the unbounded component of C\ ¢ is also contained in V. Define the
holomorphic function 9 : V' — C by

P(z) = i / jj(iu)z dw.

If ze UNYV then

o(z) = 2%” / f(wu)} : £(2> dw =

L[ flw) f(z) 1 _
%/w—zdw_%ri/w—zdwi

[ fw)

2mt ) w—z

w— f(2)To(2) =

Lo flw)
27TZ_U/w_zdw—w(z).

Hence, there exist a holomorphic function ¥ : UUV — C such that V=
and W}y = 1. Since V contains the complement of U we have that ¥ is an
entire function. Now,

lim ¥(z) = lim 9¥(2)=0

|z|—00 |z|—00

and we conclude that |¥| is bounded. By Liouville’s theorem ¥(z 0 for

) =
all z € C. It follows that ¢(z) = 0 for all z € U. Hence, for z € U \ g,

1 f(w) )1
m!w_zdw‘m/w_zdw—

L[ f(w)
27”0/ . dw — f(2)Z,(z)

w —

and (I) is proved.
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To prove (II) we use (I) as follows: choose ( € U \ ¢ and let F(z) =
(z =) f(#). Since F(¢) = 0 we get

/f :/ (2dz—2mI () F(¢) = 0.

Finally, let op and o be cycles in U such that Z,,(¢) = Zs, (¢) for all
¢ € U. Consider the cycle g — 1. Then Zy_s,(() = Zs,(¢) — Zs,(¢) = 0.
By (II),

This proves (III) and finishes the proof of the theorem.

1.3 Meromorphic functions

The annulus A((; Ry, Re) with center ¢ € C and radii Ry, Ry where
0 < R; < Ry < 00, is the open set

A(C;Rl,Rg) = {ZGC:Rl < ‘Z—C’ < RQ}.

Holomorphic functions defined in an annulus have a representation by
power series as follows:

Theorem 1.3.1 (Laurent’s expansion) Consider a holomorphic func-
tion f: A((; R1, Re) — C. Then

me +Zan >

m=1

s 1
where the series Z bm ———
m=1 (Z o C)

E an (z— )" converges for |z — (| < Ro. Moreover, this expansion is

converges for |z — (| > Ry and the series

umque and the coeﬁ‘iczents b, and ay, are given by:

/f O™z, m>1
" omi

anzl/(zf(z)dz n > 0.

2171 - C)n—i-l
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Proof: See [Soares].
O

Definition 1.3.2 Let f : U — C be a holomorphic function defined in the
domain U. A point ( € C\ U is an isolated singularity of f if there exists
a positive R such that the annulus A(C;0,R) C U.

Invoke the Laurent expansion of f in A((;0, R):

oo b oo
fle)=>" WﬁLzan(Z*C)n-
m=1 n=0
We have the following mutually exclusive possibilities:
(1) b, = 0 for all m > 1. In this case we say that ( is a removable singularity
of f. By setting f({) = ap we have that f admits a holomorpic extension
to the disc D(¢, R).
(2) There exist a k > 1 such that by # 0 and b, = 0 for all m > k. In this
case we say that ( is a pole of order k of f, or simply a pole of f. Observe
that for z € A((;0, R) we have:

f— bk: PR bl o — n
IO =gt *(z—o*n;“”(z Q"
The rational function
Q) = — "

(z=C)F (z—¢)
is called the principal part of f at the pole (. It follows from (1) that

the function g(z) = (z — ¢)" f(2) has a removable singularity at ¢ and that
g(¢) = by, # 0. Hence,

tiny 1) =l P = o

(3) by, # 0 for infinite values of m. In this case we say that ( is an essential
singularity of f.
Another caracterization of isolated singularities is the following:

Proposition 1.3.3 Let  be an isolated singularity of f. Then,

(1) ¢ is a removable singularity if, and only if, |f| is bounded in some
annulus A((;0,R) C U.

(2) ¢ is a pole of f if, and only if, lirré f(z) = o0.

(3) ¢ is an essential singularity of f if, and only if, for every R > 0 such
that A(¢;0,R) C U, f(A(¢;0,R)) is dense in C.
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Proof: See [Soares]
O

Definition 1.3.4 A function f is said to be meromorphic on an open set
U if there is a subset P of U such that:

(i) P is discrete.

(i) f is holomorphic in U \ P.

(iii) f has a pole at each point of P.

Note that the possibility P = () is allowed and so holomorphic functions
are also meromorphic.

Definition 1.3.5 Let f be a meromorphic function on the open set U and
¢ € P. Invoke the Laurent expansion of f in an annulus A(¢;0,R) C U,

bi b1 > n
+o +3 a2 — O™
s R e R DLy

The Cauchy residue of f at ¢, noted Res(f,(), is the coefficient by .

f(z) =

Let us point out that Res(f, () is not invariant by changes of coordinates.
For instance, if f(z) = 1/z, then Res(f,0) = 1. Let h(w) = w/(w—1). Then
foh(w)=1—-1/w and Res(f oh,0) = —1.

Consider the principal part Q(z) =

by, b1
—_—F -+ of f at ¢
(z—C)F (z=¢)
and let o be a cycle in C such that ¢ € o. Applying (I) of Cauchy’s theorem

to the constant (entire) functions f;(z) =b;, 1 < j <k, we get

1/ b ) 77V =0, for2<j<k
iy GO 2,0 AQ =T (b, forj—1.
Therefore,
o [ Qe = T Res(@,0) (*
We have the ’

Theorem 1.3.6 (Cauchy’s residue theorem) Let f be a meromorphic
function on the domain U and P be its set of poles. If o is a cycle in U \ P
such that Z,(w) =0 for allw & U then,

ﬁ [ 1) dz= Y T,(Q) Res(£.0).

ceP
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Proof: By theorem 1.1.1 we know that Z, is constant in each connected
component C of C\ g. If C is unbounded, or if C N (C\ U) # 0 then, by
theorem 1.1.1, or by the hypothesis, Z,(w) = 0,V w € C. Since the set P
is discrete, we conclude that the set P* = {z € P : Z,(z) # 0} is finite
(it could as well be empty). Hence the summation above is actually over a
finite number of points ( € P.

Let P* = {¢1,...,(n} and Q1, ..., Q@ be the principal parts of f at

C1y- -y Cm, respectively. Set g = f — (Q1+ -+ Q). The points (1,. .., m
are all removable singularities of g and therefore ¢ is holomorphic on the

open set U \ (P \ P*). By hypothesis, Z,(w) = 0 for all w ¢ U \ (P \ P*),
so that we can apply (II) of Cauchy’s theorem 1.2.9 to the function g and
obtain

0:/g(z)dz:/f(z)dz—/(Ql(z)—i-----l-Qm(z))dz.

g o

But this gives, using (%),

m

3mi | 1908 = 2 55 [ Qita)d: =3 To(6) Res(@uo)

i=1

Since Res(Q;, ;) = Res(f,¢;) we get

ﬁ / f(z)dz =" T,(¢) Res(f,{).

cepP

O

The next two results are very useful consequences of the residue theorem.

Before stating them let’s recall the multiplicity of a zero of a holomorphic

function of one variable. Suppose f : U — C is a holomorphic function

defined in a neighborhood U C C of a point ¢ and such that f(¢) = 0.
Expanding f in power series around ( we get

FE =3 an(z—0F = (= — O g(2)
k=p

where a, = g(¢) # 0, g is holomorphic and g(z) = Zauﬂ' (z — C)j. The
j=0

number p = pu(f, () is the multiplicity of the zero ¢ of f.
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Remark 2 Let f be a meromorphic function in U and L’f be the function

f'(z)
L'f(z) = :
& =76
of f. To see this let ¢ € U. If f(¢) # 0 then L'f is holomorphic in a
neighborhood of ¢ and Res(L'f,{) = 0. If ¢ is a zero of multiplicity u of f,
then f(z) = (2 — ()" g(2) in a neighborhood of ¢, ¢g(¢) # 0 and
fz) _ » 4=
L'f(z) = = + :
D% Tt
so that L'f has a pole of order 1 at ¢ with Res(L'f,{) = p. Now if ¢ is
a pole of order m of f then, in an annulus A((;0,€) C U we have f(z) =
(z — €)™ h(z), where h is holomorphic in this annulus with h({) # 0. Hence
f'(z) _ —m  W(z)
L'f(z) = = +
D% Tt
and L'f has a pole of order 1 at { with Res(L'f,{) = —m. Summarizing
Res(L'f,{) = 0 <= f is holomorphic at ¢ and f({) # 0.

We claim that the poles of L'f are the zeros and poles

Res(L'f,({) = p > 0 <= ( is a zero of multiplicity u of f.

Res(L'f,() = —m < 0 <= ( is a pole of order m of f.
¢

Let’s now make the following convention. If f is a meromorphic function
on U, denote by Z and P its sets of zeros and poles, respectively. The
number of zeros and poles of f in V C U, Z(f;V), P(f;V), counted with
multiplicities is, by definition:

Z(f; V)= ¥ w(f,Q)

CEVNZ
P(f;V)= > m(f,Q)
¢evnp
where m(f, ) is the order of the pole ¢ of f. With this at hand we have the

Theorem 1.3.7 (Argument Principle) Let U C C be a domain and ~y
a closed path in U such that Z,(¢) = 0 for all ( € U. Assume I,(¢) = 0
or 1 for all ¢ € U\ v and let U* = {¢ € C: Z,(¢) = 1}. Suppose f is
a meromorphic function on U and that f has neither zeros nor poles on 7.
Then

mmmmﬁWﬁv;/ﬁjmzﬂ@

where I' = for.
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Proof: We start by proving the last equality

1 dz
Ir(0) = 27 /7 271'1/ I(t

1 ) ( "(z
21/ Gomyi >ﬂ=£a/%5@-

5

To prove the first equality let us look at the function L’ f. It is meromorphic
in U and by the hypotheses and remark 2, it has no poles on 7. Let P(L'f)
denote its set of poles. Invoking the Residue theorem 1.3.6 and remark 2
again we get

IO N
27ri7/f(z)d 27riij(>d

ST Res(I'f,Q) = 4f;U") — P(f;U).
ceP(L'f)

O

Theorem 1.3.8 (Rouché’s principle) Let U C C be a domain and v a
closed path in U such that Z.,(¢) = 0 for all ¢ U. Assume Z,({) =0 or 1
forall ( € U\ v and let U* = {¢ € C:I,(¢) = 1}. Let f be holomorphic
on U, with no zeros on 7. If g is holomorphic on U and satisfies

1f(z) =g <|f(2)] Vzen

then
Z(g;U*) =Z(f;U7).

Proof: The inequality above implies that g has no zeros on . Hence the
previous theorem 1.3.7 holds for g and we get Z(g; U*) = Z5(0) where A is
the closed path A = go. On the other hand we also have by theorem 1.3.7,
Ir(0) = Z(f;U*) with I' = f o . It remains to show that Z,(0) = Zr(0).
We have by hypothesis

IT(t) — A(t)] < |T'(¢)| Y telo,1].

o A(t)

Note that this gives I'(t) # 0 and A(t) # 0 for all ¢t € [0,1]. Set &(t) = Ok
Then [1 —£(t)| < 1 which gives £ C D(1,1), so that 0 lies in the unbounded
component of C\ ¢ and we conclude Z¢(0) = 0. Since

¢ _ N T
&0 AWM T
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we get

(es)
I
M
—
o
SN—
|
DN
3
5
\H
I
—~~
~
SN—

0

0“2 ) T

1 1
1 [ A1) e .
2m’0/ 0 dt—io dt =T (0) — Zr(0)

and the theorem is proved.
O

Rouché’s principle can be used to prove the Fundamental Theorem of
Algebra (exercise).
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Chapter 2

The Index and the
Multiplicity

In this chapter we introduce the topological index of Poincaré Hopf and
the algebraic multiplicity, which became known as Milnor number. These
concepts are fundamental and extremely useful and we shall exploit them
when we talk about residues.

2.1 The Poincaré Hopf index

2.1.1 The Brouwer degree

The basic references for this section are the books by E. Lima [Lima 1]
and J. Milnor [Milnor].

We will be mainly concerned with problems of local nature, so it suffices
for our purposes to consider only manifolds which are embedded in euclidean
spaces. The first tool we need is the

Theorem 2.1.1 (Sard’s theorem) Let U C R™ be an open set and f :
U — R" be a smooth map. Denote by X the set of critical points of f, that
is, ¥ = {p € U : rankf’(p) < n}. Then the image f(X) C R" has Lebesgue
measure Zero.

Proof: See [Milnor]. O
Without difficulty we deduce from this the (exercise)

Corollary 2.1.2 (Brown’s theorem) Let X andY be smooth ma- nifolds
and f : X — Y be a smooth map. Then the set of reqular values of f,
Y\ f(X), is everywhere dense in Y.

23
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g
In order to fix notations let us recall the concept of orientable manifolds.
An orientation for a finite dimensional real vector space is an equiva-
lence class of ordered bases, the relation been defined by: the ordered basis
B determines the same orientation as the ordered basis B’ if the isomor-
phism changing B into B’ has positive determinant. B and B’ determine
opposite orientations if the isomorphism changing B into B’ has negative
determinant. It follows that each non-trivial vector space has precisely two
orientations. In case the vector space is zero dimensional we define orien-
tations by the symbols +1 and —1. For R” the standard orientation is the
one corresponding to the ordered canonical basis

B ={e1,...,en} where e¢; = (0,...,0,1,0,...,0).

i—th position

Now let X be a connected manifold, dim X = n > 1 (with boundary
or not). X is orientable if we can choose an orientation for each tangent
space T, X in such a way that the following holds: given p € X, there exist
a neighborhood p € U C X and a diffeomorphism ¢ : U — V, p(U) =V,
where V- C R" is open (V C {z € R" : 2, > 0} is open, in case X
has boundary) which preserves orientation, that is, ¢'(p) carries the chosen
orientation for 7, X into the standard orientation for R".

An orientation for a connected manifold can also be given in terms of
differential forms. More precisely, X is orientable if there is a nowhere zero
continuous n-form w on X. Two such forms, say wi, wo, are said to define
the same orientation if wo = pw; with p a positive continuous function on
X (see [Limal] for details).

If X has a boundary and is orientable, an orientation for X induces an
orientation for 0X as follows: given p € dX, choose a positive basis B =
{vi,v2,...,v,} for T, X with the following property: {vs,...,v,} generate
T,0X and vy is an outward vector. Then B’ = {vs,...,v,} determines
the positive orientation for 7,0X. If dim X = 1, to each boundary point
p is assigned the orientation —1 or +1 depending on whether a positively
oriented vector at p points inward or outward.

Before introducing the concept of degree recall that a continous map
f : X — Y between two manifolds is proper provided the inverse image
fYHK) C X is compact whenever K C Y is compact.

Let X and Y be oriented manifolds, both of dimension n, ¥ connected
and f : X — Y a smooth, proper map. Pick a regular point p € X of
f. Then the tangent map f'(p) : T,X — T¢p)Y is a linear isomorphism
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between oriented vector spaces. Define the sign of f/(p) by

i« [+1 if f'(p) preserves orientation
sgn f(p) = { —1 , if f’(p) reverses orientation

Now, if ¢ € Y is a regular value of f set deg(f,q) = > sgnf'(p). The
pef~1(q)
remarkable fact about deg (f,q) is

Theorem 2.1.3 The integer deg (f,q) does not depend on the regular value
qgey.

Proof: See [Lima 1].

Hence we have the

Definition 2.1.4 The degree of the map f is deg f = deg (f,q) whereq €Y
s a regular value of f.

Recall that a smooth homotopy between two maps f,g : X — Y is a
smooth map F': X x [0,1] — Y such that F'(0,.) = f and F(1,.) = g. The
degree is invariant under homotopy, more precisely:

Theorem 2.1.5 If f is smoothly homotopic to g, then deg f = degg.

Proof: See [Lima 1].
O
We shall need the following useful result: suppose that X"+ is a compact
oriented manifold with boundary 0X and Y is connected and oriented. Let
f:0X — Y be a smooth map (note that f is necessarily proper).

Proposition 2.1.6 If f admits a smooth extension F' : X — Y, then
deg f = 0.

Proof: See [Milnor].

2.1.2 Holomorphic maps

In this section we’ll be interested in maps f : C" — C™ and in map
germs.

Let U C C" be a domain (open and connected set). Recall that if n = 1,
then a function f : U — C is holomorphic provided f/(z) exists for every
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z e U. If we identify C ~ R?, 2 = 2 + iy, 2 = © — iy, f(z) = u+iv and
introduce the derivations

0 120y 2_1(0,.0)
0z 2 \0x Z@y "0z 2\ 0z z(‘9y ’

then f holomorphic is equivalent to:

of 1 (8f ,8f>

/—777 g
fﬁaz 2

1
ox oy
and is also equivalent to: f is continuous and its partial derivatives with
respect to x and y exist and satisfy the Cauchy-Riemann differential equation

of 1 <af ,af) .

9z 2\ar oy

ox y

This last equivalence is a difficult theorem of Loomann and Menchof (see
[Na]). It is easy to show this equivalence in case the partial derivatives of f
are continuous (exercise).

Consider now a function f : U — C, U c C".

Definition 2.1.7 f is called partially holomorphic if, for each point (p1,...,pn) €
U and each j =1,...,n, the function of one variable defined by

Zj = f(pla yPj—15%255Pj+15- - - apn)

is holomorphic. A continuous partially holomorphic function is called holo-
morphic.

A nontrivial theorem due to Hartogs states that a partially holomorphic
function is necessarily continuous (see [H6|, theorem 2.2.8), so we could skip
the word continuous in the above definition.

Let O(U) be the set of holomorphic functions on U. Then,

Proposition 2.1.8 O(U) is an algebra whose set of units O*(U) consists
of the holomorphic functions on U which vanish nowhere.

Proof: Exercise.
O

Exercise 1 Let U C C" be a domain and denote by dim¢ O(U) its dimen-
sion as a C-linear space. Show that

dimcO(U) < 00 <= dimcOU) =1 <= n=0. &
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Identify C" ~ R*" by
(21, .y 2n) = (1 + Y1, -, Tn + 8Yn) = (T1, Y1, -+, Ty Yn)-

In C™ we introduce the derivations

o _ 1o oy 92 _1[f9 .0
6zj N 2 835]‘ Zayj ’ 82j_2 aCl?j Zayj

forj=1,...,n.
Invoking the theorems of Loomann-Menchof and of Hartogs we see that
a function f is holomorphic if, and only if, it has partial derivatives and
they satisfy the Cauchy-Riemann equations:
of 1 (a £ of

— — 1 =0 1<3<n.
axj“ayj)  tsJ=n

0z 2

Exercise 2 Show that

of\_of . (u)_of .
aZj N 32]- aZj N 8Zj.
Definition 2.1.9 A map f = (f1,..., fm): U — C™, where U is a domain
in C", is holomorphic if each component f; is a holomorphic function. If

also f is a bijection and f~1 is holomorphic, then f is a biholomorphism or
biholomorphic.

We now treat questions of orientation. Let C" a~ R*" with the identi-
fication given above. Consider the complexified of R*", that is, R*" @ C.
The meaning of this is that we consider R?*™ as a complex vector space, so
the scalar field is now C and dim¢(R*" @ C) = 2n. We have the following

bases of R?" @ C:
B _{a 9 9 8}
1= 8x1’8y1”"’3$n’3yn .

Of course this is a basis of R*" (as real vector space) and determines the
standard orientation.

5_{63 ‘95}
2702, 07, 02, 0%,
and
B_{a 9 9 3}
3 = 821,...,8zn7821,...,82n .

Let us use these bases to show the
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Proposition 2.1.10 Biholomorphic maps preserve orientation.

Proof: We will show that if we consider f as a smooth map from R*" into
itself, then the derivative f’(p) preserves the orientation determined by Bj.

Let f = (fi1,..., fn) be a biholomorphism, which we write in coordinates
as f(x1,Y1,--,TnyYn) = (u1,v1,...,Un,v,). Then the derivative f'(p) is
represented by the matrix

8(U1, Ul) 6(’&1, ’Ul)
a(xlv yl) 8('7;7” yn)
[f'(p)] = : :
O(Unp, V) O(tn, vp)
8(1’1, ?/1) a(xn7 yn) Ip
relative to the basis By, where
au] 8uj
O(uj,v5) ory  Oyk :
= , 1<5,k<n
CTN TN Qv Ov; J
axk 8yk ‘p

The change from the basis

o 0 . 0 0
—_— to the basis —_—,
8.%‘]' 8yj aZj (92’]'

is given by the matrix
1/2
P = <—i/2 i/2

Hence, passing from the basis

1 —2

1/2> with P! = (1 ’)

{‘9 9 9 3}
Ox1’ Oy’ Oy Oyn

to the basis

{3 9 9 3}
02102 9z 02,

the matrix representing f’(p) becomes

A(u1,v1) d(u1,v1)
Pil e O 8(3[:1,y1) 8(xn7yn) P tee 0
0 P_l 8(un,fun) a(Th;,'Un) 0 T P
A(z1,y1) O@n,yn) 7 |p
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0f1 of1
021 i .. Oz i
df1 of1
0 021 0 0zp,
Ofn Ofn
021 i .. Oz i
Ofn Ofn
0 5 O 5

Changing now from the basis

{a 9 9 8}
0z  0z1" 0z, 0z

{3 92 2 5}
0z1” 0z, 0717 07y

this last matrix transforms into

to the basis

df1 of
0z Ozp, 0 -0
O
071 0zp
Y R
07 Oz,
0 -0 9 O
071 0zn 7 Ip
hence is of the form
Jfp) 0
1f'(p)] = :
0 Jf(p)

where

T5p) = (gf <p>> .
J 1<4,5<n

29
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In particular

det[f'(p)] = detJf(p) det Jf(p) =
det Jf(p) det Jf(p) = |det Jf(p)|* >0
and the proposition is proved.

We finish this section with the

Definition 2.1.11 Let p € C". A map germ (smooth or holomorphic) or
germ at p is an equivalence class of maps (smooth or holomorphic) where
two maps are equivalent if they agree on a neighborhood of p. We adopt the
notation f: (C" p) — (C™,q) to denote the germ of f at p with f(p) = q.

2.1.3 The index

We denote by |z| the hermitian norm in C", |z| = zj Zj. Consider

map germs f : (C" p) — (C", q). Without loss of generality we shall assume
f(p) = ¢ =0 and we also refer to p as a root of f = 0.

Definition 2.1.12 Let f : (C",p) — (C",0) be a holomorphic map germ
with f~1(0) = {p}. The index or Poincaré Hopf index of f at p, noted
T, (f), is the degree of the smooth map

i . Sanl(p) _ S%n—l

Vi

where S2"~Y(p) is the euclidean sphere of radius ¢ > 0, S?"~1(p) = {z €
C": |z —p| = ¢} and S ' is the unit sphere centered at 0 € C".

Remark that if € is sufficiently small then the index is well defined and,
by Proposition 2.1.6, it does not depend on € (exercise).

To illustrate this concept we have the

Proposition 2.1.13 If f : (C",p) — (C",0) is the germ of a biholomor-
phism, then T, (f) = 1.

Proof: We need the auxiliary
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Lemma 2.1.14 Let U be an open convex subset of C", p e U, and ¢ : U —
C holomorphic. Then there exist holomorphic functions g1,...,g, : U — C
such that

n

¢(z) = d(p) + Y 9;(2) (25 — )
j=1

o¢

where p = (p1,...,pn). Moreover, g;(p) = s (p).

j

Proof: Fix z € U and define h(t) = ¢(p + t(z — p)). Since U is convex h

is well defined on the interval [0,1]. We have

a

Now to the proof of the theorem. By using a translation (which is

necessarily orientation preserving) we may assume p = 0. The derivative
of f at 0 is given by

) e f(t2)
f10).z = fim =
hence we let ,
f(tz) ,for0<t <1
F(z,t) = t

1(0).z , fort=0.

To see the smoothness of F' we invoke the above lemma:

F(z,t) = (Zglj(tz) zj,...,Zgnj(tz) zj) Vit e[0,1].
j=1 j=1

Now, F(z,t) # 0 for all ¢ € [0, 1] because f is bijective and then
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gives a smooth homotopy between f/|f| and f/(0)/]f'(0)|. This linear iso-
morphism preserves orientation, since GL (n;C) is connected, and we get
1=To(f'(0)) =Zo (f).
O
Choose a closed euclidean ball centered at p, B.(p), of radius e small
enough so that the only solution of f(2) = 0 in Be(p) is p.

Proposition 2.1.15 Z,(f) is the number of points of the set
f7H¢) N Be(p) where ¢ is a regular value of f sufficiently close to 0.

Proof: Let § = inf [f| > 0. Then [f(z) —t¢| > 6 —¢[¢] > 0 for all
S (p)

t €10,1], z € S?»1(p) and ¢ a regular value sufficiently close to 0. It follows
that f=1(¢t¢) N S2"~1(p) = () for all 0 <t < 1. We then have that

flz) —t¢
FED=Te i
gives a smooth homotopy between ’ o g| and |§| Hence, Z, (f) = deg é : §|

Let {&1,...,&) = f71(¢) N Be(p). Choose two by two disjoint small
spheres SQ" (&), centered at &; and satisfying SQ” L&) nS1p) = 0.
Consider the oriented manifold

= Be(p) \ Uj1 Bs, (&)
Its boundary is the disjoint union

OX = S~} (p) LS5 H(&;) -+ TSR (&)

f=¢
[f=<¢

|§ §| to all of X. By proposition 2.1.6 we get deg ¢ = 0 but, due to

the orientation of X,

The map ¢ = 10X — S271(0) admits the obvious smooth exten-

dego=Tp(f) = Ze, (f=C) = —Tg, (f = 0.

Hence, I, (f) =Z¢, (f =)+ +Z¢, (f —¢) = k since f is biholomorphic
at each §; and then Z¢, (f — () = 1 by proposition 2.1.13.
g
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Example 2.1.16 Let f(21,22) = (22,21 + 23). Then f~(0) = {0} and the
index Zg (f) is given by the number of solutions of the equations z? = ¢; and
21 + 25 = (o where 0 < |((1,(2)| << 1. We immediately obtain Zg (f) = 6.

More generally we have the

Theorem 2.1.17 Let X C C" be a compact and connected smooth manifold
with boundary, dimg X = 2n. Let f be a holomorphic map f : U — C"
where U is a domain containing X, p € X\0X, f(p) =0 and f~1(0)NOX =
(). Suppose the degree of the map

ot
|f]

is k. Then, the equation f = 0 has a finite number of solutions in the
interior of X and the sum of the indices of f at these points is precisely k.

10X — S¥H0)

Proof: Assume we have k4 1 distinct points &1, ..., x41 in the interior of
X satisfying f(&;) = 0. Choose two by two disjoint small spheres S(?j—l(gj),

centered at & and satisfying Sg;‘*l(fj) N O0X = (. Consider the oriented
manifold .
X =X\ UM Bs, (&)

Its boundary is the disjoint union

Ok+1

0X = OX TLSF (&) -~ IS5 H(Ewra).

The map ¢ : X — 5’%"—1(0), @ = f/|f], extends smoothly as f/|f] :
X - Sf”_l(O) and so, by 2.1.6, deg = 0. But, keeping in mind the
orientation of X, deg@ = degp ~Ze (f) =+ —Zg,, (f). Hence, degp =
e (f)+---+Zg., (f). Now note that the above proposition 2.1.15 tells us
that 7, (f) is a positive integer, because it is the number of elements of a
finite non empty set. We conclude deg ¢ > k+ 1 which is absurd. Therefore,
we have at most k solutions of the equation f = 0 in the interior of X, and
the reasoning above shows that the sum of the indices of f at these points
is exactly k.

a

From this we derive the

Theorem 2.1.18 (Additive character of the Poincaré Hopf index)
Suppose we have a holomorphic map germ f from C" to C" and p an isolated
root of f = 0. Consider a holomorphic deformation fy of the germ f =
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fo, depending on the complex parameter A\. Then, as A varies in a small
neighborhood of 0, the root p decomposes into a finite number of roots of f
and the sum of the indices of fy at these roots is equal to the index of fo at

p-

Proof: Suppose p =0 and take a ball Bs(0) with ¢ so small that f has no
zeros on the sphere 0Bs(0). Let d; > 0 be such that if |\| < d1, then f) has
no zeros on the sphere B;s(0). Put

inf Hz)] =K >0.
Al <61 )

z € 0B;(0)

Given € < K there exists d; > 0 such that if |A| < d2, then

sup |f(z) = fa(2)] <e.
9B5(0)

Let 63 = min{d1,d2}. We claim that, for |\| < d3 the maps

D 9Bs(0) — 571(0)

£l
are homotopic. It’s enough to show they are homotopic to f = fp. Consider
or = (1 —1t) f+t f\ and suppose there are ty € (0,1) and zy € 9B;(0) such
that ¢y, (20) = 0. This gives

FG) = T o).
But then
> [7(0) — o)l = 1o Il = 10 > K

a contradiction. Hence, ¢;(2) never vanishes and gives the desired homotopy
et (2)
lpe(2)]

Now,

f a
T —deg L = deg 22 — Te ().
o(f) =deg TR gief%_lﬁ(o) & (f))



2.2. THE MILNOR NUMBER 35

Definition 2.1.19 Let f,g: (C",p) — C" be two holomorphic map germs.
f and g are algebraically equivalent, or A-equivalent, if there is a holomor-
phic map germ A : (C",p) — GL (n; C) such that

f(z) = A(2) g(2).

The Poincaré Hopf index is invariant under A-equivalence, more pre-
cisely:

Proposition 2.1.20 If f,g: (C",p) — C" are A-equivalent and f~(f(p)) =
{p}, then Z,,(f) =Z,(9).

Proof: First of all recall that GL (n;C) is open, dense and connected
in M (n; C) (this is so since GL (n;C) = M (n;C) \ det™'(0) and det = 0
defines a real codimension two subvariety of M (n;C)). Let V C GL (n;C)
be a small contractible open neighborhood of A(p). Then there is a smooth
homotopy G(z,t) such that G(z,0) = A(z) € V and G(z,1) = A(p). It

follows that
G(2,t) g(»

)
G(2,1) 9(2)|

) _ ARl AW

_ n )9
f1 1A(2) g(2)] [A(p) g(2)]
choose a smooth real path v in GL (n; C) such that ~(0)

A g()
Hhen £ o)

is a smooth homotopy between

gives a smooth homotopy between

2.2 The Milnor number

2.2.1 First results on the multiplicity

We start by introducting some notations:

O, denotes the (local) ring of germs of holomorphic functions at p € C".
O, is a C-algebra.

M, denotes the maximal ideal of O, that is,

M, = {heO,: h(p) =0}.

Given f: (C",p) — C*, f = (f1,..., fx), we denote by s the ideal in
O, generated by fi,..., fi that is,

Ty={mfi+-+hefe:hjcOp}=(f1,.., fr)o,
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Definition 2.2.1 Let f : (C",p) — (C",0) be a holomorphic map germ.
The local algebra of f at p is the quotient C-algebra

Qr =0y /%y

A germ of biholomorphism v : (C",p) < induces a C-algebra isomor-
phism ¢* : Op — O, by ¥*(f) = f o1 hence, Qy is independent of the
choice of coordinates.

Definition 2.2.2 Let f : (C",p) — (C",0) be a holomorphic map germ.
The multiplicity of f at p, or Milnor number of f at p, noted p,(f), is the
dimension of the C-linear space Qy.

Example 2.2.3 Let f = (f1,f2) = (22,21 + 23), p = 0 (recall example
2.1.16). Wehave z§ = f1 € T¢, 2125 = z1fo—f1 € Trand 25 = 23 fo—2125 €
%¢. On the other hand, z3 = —2z mod Lt 2120 = —23 mod % and
2122 = —25 mod T¢. Hence, a basis of the C-linear space Qy is given by
{1, 21,22, 2122, 23, 2125} and we get po(f) = dime Qf = 6.

Lemma 2.2.4 Let f : (C",p) — (C",0) be a holomorphic map germ of
multiplicity 1 at p. Given any collection of p germs of functions in M,
hi, ..., hy, their product hy --- hy, lies in Ty.

Proof: Consider the u+ 1 germs Hy = 1, Hy = hy, H3 = hy - ho, ...
, Hypy1 = hy--- hy. Since dim¢ Qf = p, their classes in Qf are linearly
dependent and so there are complex numbers ay, ..., a, such that

ag+ay Hy + -+ +a, Hyq ng.
Let k£ be the smallest integer such that ag # 0. Then

ag Hiyr +app1 Hgpo + - +ay Hyq =

H H
Hiq (ak—i-akH k2 +--tay #Jrl) € ‘Zf.
Hiq1 Hiqq

H H,

LAESVIN +ay, "1 s a unit in O, (which means
Hiq k+1
it is algebraically invertible) and therefore Hy,1 € ;. It follows that

Hy11 = Hyp1 by hiyo -+ by € %5

But the factor ag + ag11

O
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The usefulness of this lemma will be exploited below, but first recall
that a holomorphic function F(z1,..., 2y,), defined around p = (p1,...,pn),
is expressible in the form

F=Fp+Fupi+ -+ Fppt Fp#0

where F}; is a homogeneous polynomial of degree j in the variables z; —
D1, - .-y 2n — Pn. The number m is called the order of F' at p .

Proposition 2.2.5 Let f,g: (C",p) — (C",0) be holomorphic map germs
where f has multiplicity p. Suppose each component of the difference g — f
has an expansion of the form g; — fi = Fy v, + Fipyr;41 + -+ - with vy > 1.
Then f and g are A-equivalent.

Proof: Write Fj, /s as

Fiure=Y aig(z1 —p1)"t (20 — pn)’"
J

with ji1 + -+ jn = |J| = p+ £. Hence, each term is a product of p+£ >
functions in 9, and by lemma 2.2.4 we can write each one as

aig(z1 =) (2 —pa)" =i i+ + Grn fa

Observe that the functions g lie in M, because the left side is of degree
p+ £ > p. We conclude F;,qp = be%#) fj with b,g‘frz) € M,. Summing
J
over £ we get g; — fi = > ¢ij fi, cij € M.
J
This gives g = (I + C) f, C = (¢i;). Since C(p) = 0 the matrix I + C is

invertible in a neighborhood of p and the proposition is proved.
O

Proposition 2.2.6 If f and g are holomorphic A-equivalent map germs
then, they have the same multiplicity at p.

Proof: Since f(z) = A(z)g(z) we have T; C ‘€, and, because A(z) is
invertible, €, C €¢ so that Ty =%,,.
O

Exercise 3 Let T : C" — C" be an invertible linear transformation. Show
that ,LLD(T) =1.
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Proposition 2.2.7 If f : (C",0) — (C",0) is the germ of a biholomor-
phism then, uo(f) = 1.

Proof: In fact, we have f(z) = f/(0).z + Fa(z) + F3(z) + - - and so f(z) —
1'(0).z = Fy(2) + F3(z) + ---. By the above exercise uo(f’(0)) = 1, by
proposition 2.2.5 f and f/(0) are A-equivalent and, by proposition 2.2.6,

po(f) = no(f'(0)).
0

Definition 2.2.8 A Pham map (see [Pham]) is a map T : C" — C" of the

form o '
TJ(zl,...,zn) = (2", 2% ..., 2]")

where J = (jl,jg,. ,]n) S Nn, Jx > 1, VEk.
Lemma 2.2.9 Zo (Y7) = puo(Y7).

Proof: This is shown by direct calculation. By 2.1.15, T (Y7) is the
number of solutions of 2{' = ¢, ..., 2" = &,, for (£1,...,&,) a regular value
of T/, which is ji jo - -+ jn. On the other hand, a basis for the local algebra
of Y7 at 0 is formed by the classes of the monomials

Mn

2L 0<my <71, ... ,0<my <jn.

There are j1 jo - -+ jn of such.
O

Proposition 2.2.10 Let f: (C",0) — (C",0) be a germ with multiplicity
w at 0. Consider the Pham map

T ) = (a1, 1)

n components

and the holomorphic deformation T[)\”Jru =YWL X, X in a small neigh-
borhood of 0 in C. Then f is A-equivalent to T[)fLH] for X #0.

Proof: Note that T[\“H] — A\ f = YWt and all components of Y+ have

degree > p. By proposition 2.2.5, TE\“H] is A-equivalent to A f. Since A f is
obviously A-equivalent to f the result follows.

O

Before we proceed to consider the question of additivity of the Milnor

number (as we did for the Poincaré Hopf index) let us give a result which is
very helpful in understanding the multiplicity.
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Theorem 2.2.11 Let f : (C",p) — (C",0) be a holomorphic map germ.
pp(f) is finite if, and only if, p is an isolated point in f~1(0).

Proof: Suppose p,(f) < co. Invoke lemma 2.2.4 to write, for i =1,...,n,

(zi —pi)t' = Z 9ij [j-
J

If we had a sequence (pr) = ((P1ks---,Pnk)) — p with px # p and f(pg) =
0 then, since the g;; are defined in a neighborhood of p, we would have

pir — p; = 0 for all 4, which is absurd.

To prove the converse we invoke Hilbert’s zero-theorem (see [Gul, p. 53).
Suppose p is isolated in f~1(0). Then, there exist m; > 1 such that the germ
(zi —pi)™ €%y, i=1,...,n. It follows that p,(f) < oco.

a

2.2.2 The preparation theorem

Definition 2.2.12 A Weierstrass polynomial of degree k > 0 is an element
h € Op, n—1lzn] of the form

h:zfl—l—alzﬁ*l%—...—i—ak,lzn—i—ak

where the coefficients a; are germs at 0 € C" 1 which vanish at 0, that is,
aj € Mo,n—1 C Op,n-1, 1 <j<k.

Let f : (C",0) — C be a holomorphic function germ. f isregular of order
kin z, if £(0,...,0,2,) = cxzk + -+, where c; # 0, that is, f(0,...,0,2,)
has a zero of order k at 0 € C.

The following is a fundamental result:

Theorem 2.2.13 (Weierstrass preparation theorem) Suppose f € Op ,,
s reqular of order k in z,. Then, there is a unique Weierstrass polynomial
h € Oo n-1lzn], of degree k in zy, such that f = uh, where u € Op , is a
unit.

Proof: The proof is given in the remark below.
O

Example 2.2.14 The holomorphic version of the implicit function theorem
follows immediately from 2.2.13. Suppose f(0) = 0 and 0f/0z,(0) # 0 (this
is the same as to say f is regular of order 1 in z,). Then, in a neighborhood
of 0 we have f(z1,...,2n) = u(2)(zn + a1(21,...,2n-1)), u(0) # 0 and a;
unique. Hence, the level set f = 0 is described by z, = —ai(z1,...,2n-1)-
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Theorem 2.2.13 is a consequence of the more general

Theorem 2.2.15 (Weierstrass division theorem) Suppose h € Oy n—1][z5]
is a Weierstrass polynomial of degree k. Then, any f € Og,,, can be written
uniquely in the form

f=9gh+R

where g € Op. and R € Op n—1[2n] is a polynomial in z, of degree < k.
Moreover, if f € Oo n—1([2n], then g € Op p—1[2zn).

Proof: See [Gu].
g

Remark 3 To see why theorem 2.2.15 implies theorem 2.2.13 we do as
follows: let f be regular of order k and consider H(z1,...,2,) = z¥. By the
division theorem f = g H + R which reads

f:gz,lfj—kalzﬁ*l+...+ak_1zn+ak

with a; € Ogp—1. If £ = 0 then f = ap and 2.2.13 holds. If £ > 1 then,
since f(0) = 0, we have ai(0) = 0 and thus a; € Mp,—1. Successive
differentiation with respect to z, and evaluation at z, = 0 shows that a; €
Mon_1, for j = 1,...,k — 1. Now, f(0,2,) = g(0,2,) zF and therefore
9(0,z,) is a non zero constant. It follows that g is a unit and 2.2.13 is
proved.

¢

Using the above theorem it can be shown that: O, is a unique factor-
ization domain and O), is a Noetherian ring (see [Gu]).

We will derive another form, much more general, for this theorem. But
first we consider a result from Commutative Algebra.

Let R be a commutative ring with identity and & an abelian group. &
is an R-module if we can define an action of ‘R in &:

(x +y)a = za+ ya
RxS — 6 (xy)a = x(ya)

such that
(z, @) — zav r(a+p) =za+zxp

la=«
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& is finitely generated over R if there is a finite number of elements ay, . . ., ay,
such that every element € & can be written as a linear combination of
the a; with coefficients in R, = z1a1 + - - -, +2pa,. We have the

Lemma 2.2.16 (Nakayama’s lemma) Let ‘R be a commutative local ring,
M C R its mazimal ideal and & an R-module. Suppose
(i) & is finitely generated.
(il)) B =M G.
Then & = {0}.

Proof: Letey,...,e, beaset of generators for & over R. Since & = M B,
each ej can be written as e = x1a1 + - -+ + Ty, with x; € 9. Using the
n n

fact that the e; generate & we have o; = yije;. Hence, ep = 7 2y j€;
— —
. J J
with 2 ; = > ;955 € 9. This amounts to
i=1
(I—-Z)e=0 (%)

where [ is the identity n x n matrix, Z = (z;), 1 < k,j < n, and e =
(61, PN ,en).

Now, 9 is precisely the set of non-invertible elements of $R. To see this
suppose € 9N were invertible. Then, zz7' =1 € M = M = R which
is absurd. Conversely, if ¢ 901 then, the ideal 2l generated by z is not
contained in M and, by maximality, 2l = SR. Thus, there is an element
y € R such that zy = 1 and « is invertible. It follows that SR/90 is a field.

Returning to system (x), the determinant of the the matrix I — Z is of
the form det( — Z) = 14z with x € 9. Hence it is invertible and the only
solution of the system is e = 0.

(|

Corollary 2.2.17 Let & is a finitely generated R-module. Then, &/ . &
is a finite dimensional vector space over the field R/IM. Letp : & —
B/ M. B be the projection onto the quocient and uq,...,u, be a basis for
B/IM.B. Choose elements ey, ... e, € & such that p(e;) = u;. Then the
elements of the set {e1,...,ey} generate & over *R.

Proof: To see that /9. & is a vector space over R/ is an exercise.
Now let {a1, ..., as} be aset of generators of & over R. Givenu € &/ 9. &
there exists 3 € & such that p(3) = u. Write 8 = 109 + - - - + xpy. Then

u=p(B) =z1p(1) + -+ Tgp(ow)
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where z; is the class of z; in 93/9). This shows {p(a1),...,p(cw)} is a basis
for &/ .G and so it is finite dimensional.

Suppose now {u1,...,u,} is a basis for &/ .S and {e1,...,e,} asin
the statement. Consider the submodule ‘B of & generated by {e1,...,en}
and let € be the quocient module € = & /8. Since & is finitely generated,
the same holds for €.

Let a € &. Then, p(a) =x1us + -+ + Tp up and thus « = x1e7 + -+ +
Tnen +t, where t € M B. Hence we have & = B + N &. But then

¢ =6/B = (B+M.6)/B =M. (6/B) =M.C.

By Nakayama’s lemma, € = 0 and thus & = ‘B.
g
Returning to our local ring of interest, let f : (C",0) — (C™,0) be
a holomorphic map germ and & a Opy,-module. The germ f allow us to
consider & as an Oy ,,-module as follows: it induces a ring homomorphism,
the pull-back f*, defined by f*h = h o f and then we have an action

OQmX®—>®

(h,a) — (f*h)a=(ho f)a.

The next theorem is nontrivial and is a cornerstone of the theory of
singulatities of maps. It holds in the real C'*° situation as well, where it is
known as the Malgrange-Mather preparation theorem (see [Mather]). For
our purposes it is enough to present it in the following particular form:

Theorem 2.2.18 (Preparation theorem) Consider a holomorphic map
germ f : (C",0) — (C™,0) and let & be a finitely generated Og,,-module.
Then:

& is a finitely generated Oy p,-module (via f*) if, and only if, the C-linear
space &/ (f* Mo . B) is finite dimensional.

Proof: Suppose & is finitely generated as Op,,-module (via f*). Let
{e1,...,exr} beaset of generators and choose an element u € &/ (f*Mo . ).
Ifp:6 — &/(f*Mym.B) is the natural projection, then u = p(«) for
some o € &. Now, « can be written as a = (hyjof)e;+---+(hgof)ex. Each
h; € Opm has an expansion h; = ¢;j + H; where ¢; € C and H; € My ,.
Thus, hjo f = c¢; + ¢ with ¢ € f*My,,. We have

u=pla)=cipler) + -+ cpplen)
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and the elements p(e1),...,p(e,) generate &/ (f*Moy . ).

The other direction is the nontrivial one and will be proved in three
steps.
Case of a submersion. Suppose n =m+1and f: (CxC™, 0) — (C™,0)
is the projection f(w,z) = z. Note that f*Iy,, coincides with MMy, as
a subset of Mg,,41. Choose ey, ..., e € & such that {p(e1),...,p(ex)} is
a basis for &/ (f*My . B) as a complex vector space. Now, f*IMg,, C
Mom+1 and there is a natural surjection

q: 6/ (fDom.6) — &/ Moms1. S,

thus q(p(e1)), ..., q(p(ex)) is a set of generators of &/ Mg 41 . . By corol-
lary 2.2.17 we have that

e1,...,e, generate & asan Ogpy1-module. (1)

Next we show that:

k
All elements of & have the form Y (cje; + hje;)
j=1
with cj € C and hj € Mom. Oom+1-
To see this observe that, since {p(e1), ..., p(ex)} form a basis for &/ (f*Mg 1, . ),
every element o € & can be written as & = c1e1 + -+ + ¢ e, + 8 with

~ ~ 4
B € f*Mom.B. Hence, 3 = Y gio; where g; € Mo, and 0; € G. By
i=1

k ~ k
(I), o; = Y pses with @5 € Ogpmy1. Thus, 5 = (Z gi <p5> es. Put

s=1 s=1 =1

(I1)

hj = Z gi; and (II) is proved.
Apply (II) to the elements we;, i =1,..., k. We get

k
wei:Z(cijej—i—hijej), cz-je(C, hijeﬁﬁ()m.(’)gmﬂ.
=1

If (6;;) is the identity matrix, then these equations take the form:
(wdij —cij—hij).e =0

where e = (e1,...,e;). Let (b;;) be the matrix whose entries are b;; =
wdi; — c;jj — hij. If (B;j) is the transpose of the matrix of the cofactors of
(bi ;) (Cramer’s rule) then,

(Bij).(bij) = det (bi;).(di ).
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Set P(w, z) = det (b;;). It follows that P(w,z)e; = 0 for each i. Since
hi; € Mom- Opm+1 we have that P(w,0) = det (wd; j —¢; ;) is a polynomial
in w of order d < k. Thus, P(w,0) = u(w) w? with u(0) # 0 and P(z,w) is
regular of order d at (0,0). By the Weierstrass preparation theorem 2.2.13,
k
P=vH. Given o € &, by (II) again we can write v as o« = Y (¢; €; + p; €;)
i=1
with ¢; € C and p; € Mom- Ogmr1. By the Weierstrass division theorem
2.2.15

d—1
pi=qH+Y Rij(z1,...,2m)w.
§=0
But then,
0 d—1
i .
Pi = <> (UH) + ZRij(zl,...,zm)wj =
v =
@ d—1 '
(f;) P+ ZRij(Zl,...,Zm)U)J.
7=0
d—1 .
Since Pe; = 0, we have that p;e; = > Rij(z1,...,2m)w’ ¢; and therefore
§=0
k k d—1 '
o= Z(Ciei"‘[%’ei) = Z Ci €; —{—ZRij(Zl,...,Zm)wj €;
i=1 i=1 §=0
and we conclude that & is generated by the kd elements eq, ..., ep, weq, ..., weg,
ywt e o wi ey as an Op,-module because R;j € Ogm-

Case of an immersion. Let f : (C",0) — (C™,0) be a holomorphic
map germ of rank n. By the rank theorem we have that, up to changes of
coordinates, f is written as

(215 y2n) — (21, -+, 20, 0,...,0).

Now, any germ g : (C",0) — C extends holomorphically to (C™,0) (simply
define g(z1,...,2n, 2Znt1s---+2m) = g(21,-..,2n)). This mea- ns that the
map f*: Opm — Ogy is a surjection. But then any finite set of generators
of & as an Og,-module is also a set of generators for & as an Og,,-module.
General case. Given f: (C",0) — (C™,0) define

F:(C"0) — (C",0) x (C™,0) by

§— (& f(8))-
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Denoting by 7; : C* x C™ — C'™! x C™ the projection
(21, 2z w) = (22, .., 2z, W)

we have f = mpo---om, o F. Since F is an immersion we see that & is
a finitely generated O(g g)nxm-module. Suppose now that &/ Mg, . G is
a finite dimensional complex vector space. Since Mo C M 0)n—1xm We
have a surjection

&/ Moy, . 6 — ®/m(0,0)n—1Xm N

and this last vector space is finite dimensional. Since 7, is a submersion, we
conclude that & is a finitely generated O(g ) pn—1xm-module. Look now at

*

MTp—1 - O(O,O) n—2xm O(O,O) n—1lxm

and apply the reasoning of the submersive case. We get & a finitely gen-
erated O(g,0) n—2xm-module. Continuing this way, with m;_5 and so on, we
obtain the result. The theorem is proved.
O
To see this theorem in action, consider a holomorphic map germ f :
(C",0) — (C",0) of finite multiplicity p at 0 and let & = Op,,. We have

f*:OOn—>OOn

and remark that f*My,, . Oy, = T¢. The complex vector space Opy, / f* Moy . Oon
is finite dimensional because dim¢ Oy, / ‘Zf = u. By the preparation theo-

rem we have that Oy, is a finitely generated Op,-module via f*. Moreover,

by corollary 2.2.17, Op,, is generated by u elements (via f*). This means

the following:

Given g € Oy, we can write

9(z) = (f(2)) er(2) + -+ + hu(f(2)) eu(2)

with h; and e; in Ogp.
We exploit this prepared form of the germ g as follows:

Lemma 2.2.19 Let f : (C",0) — (C",0) be a holomorphic map germ of
finite multiplicity v at 0. There exist neighborhoods of 0, U in the domain
and V in the target, such that all germs appearing in the preparation of all
polynomials are defined in U and V.
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Proof: Consider the finite collection of functions: 1, 2z, and e;, for 1 <
k<nand1<j<pu Write each one as

fr(w))ei(z) + - + [ (hu(w)) eu(2).

Let V be an open set in the target C" such that all functions h, appearing
in the preparation of this collection are defined. Let U C f~1(V) c C" be a
neighborhood of 0 in which all functions e; are defined. We now proceed by
induction on the degree of the polynomials. If P has degree 0 then P =c¢-1,
c € C. Any polynomial of degree d can be written as

P(z) =) #Qj+c-1

where the degree of the polynomials @; is smaller than d. Assuming the
lemma to hold for the Q;, it holds also for z;Q; and therefore for P.
O

2.3 Relation between 7 and p

In this section we show that the Poincaré Hopf index and the Milnor
number coincide. First some definitions.

Let U € C" be a domain and denote by O(U) the C-algebra of holo-
morphic functions defined in U. Let Ty be the ideal of O(U) generated by
the components of a holomorphic map f: U — C".

Definition 2.3.1 The algebra Qy (U) is the quocient C-algebra
o)/ %;.

The polynomial subalgebra Qf [U] is the image of the polynomial algebra
Clz1, ..., zn)ju by the quocient map q : O(U) — Q (U).

Suppose we have a holomorphic map germ f : (C",0) — (C",0) of finite
multiplicity p at 0. Consider a holomorphic deformation fy of f, A € C™,

fo=r.

Lemma 2.3.2 Let F: (C"xC™,0) — (C"xC™,0) be defined by F(z,\) =
(fa(2),A). Then the C-algebras Q¢ and Qp are isomorphic. Moreover, if
e1,...,ey form a basis for Qy then, they also form a basis for Q.
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Proof: Write F' = (F1,...,Fy, Ai,..., \y) with Fj = f; 5. Then, the ideal
generated by the components of F' is the same as the ideal J generated by
fiseo s fus Mooy Ane But Oy /3 = Oy, / T and thus Qp ~ Q. Suppose
now that eq,...,e, form a basis for the C-linear space Qy. Since QF ~ QO
these give also a basis for Qp.

O

Lemma 2.3.3 There exists a neighborhood Uy C C" of 0 such that, for all
|| sufficiently small, the C-linear space generated by the images of e1, ..., e,
in the algebra Qy, (Uy) contains the polynomial subalgebra Qy, [Ui].

Proof: By lemma 2.2.19 we can find a neighborhood Uy x Uy ¢ C" x C™
of 0 and a neighborhood V' c C" x C™ of 0, which we may suppose convex,
with F'(Uy; xUs) C V, such that every polynomial, when restricted to Uy x Us,
can be written in the form

m
P(Z) = Z gj(w7)‘) €j(Z), w = f)\(Z).
j=1
By lemma 2.1.14 each g; has an expansion of the form

gi(w,A) = G;(A) + f: w; gji(w, A).
=1

Substituting into the expression for P we get

P(z) =Y Gi(Nej(2) + > wihi(z,A),  w=fr(2).
i=1

J=1

Now, > fix(2) hi(z, A) lies in the ideal Ty, (Uy) provided |A| is small enough
i=1

(requir; A € Us). The lemma is proved.
O
With this at hand we have the

Proposition 2.3.4 Let f : (C",0) — (C",0) be a holomorphic map germ
of finite multiplicity u at 0. Consider a holomorphic deformation f of f,
A e C™, fo = f. There exists a neighborhood U C C" of 0 such that, for ||
sufficiently small, the dimension of the C-linear space Qy, [U] is at most p.

Proof: By lemma 2.3.3, dim¢ Qy, [U] < dim¢ Qy, (U) and, by lemma
2.3.2, dime Qy, (U) < p.
O
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Lemma 2.3.5 Suppose we have a holomorphic map f:U — C", U c C"
a domain, such that dim¢ Qy [U] < co. Then, each zero of f in U has finite
multiplicity. Moreover, the number of solutions of the equation f =0 in U
(counted without multiplicities) is bounded by dim¢ Qy [U].

Proof: Denote by v the dim¢ Qy [U] and let £ € U be such that f(§) =
0. Let ¢;, i = 1,...,v, be linear functions vanishing at ¢ and consider
the v + 1 functions, 1, 41, ¢14s,..., £102---£,. If p is the quocient map
p: Clar, ... zaljy — Qy [U] then, the classes p(1),..., p(f142---£,) are
linearly dependent. By repeating the same argument as in the proof of
lemma 2.2.4, we conclude that there is an element u € O(U), u(§) # 0, such
that ufl1ly---40, € Tf(U) Then,

u! (uélegéy) =01 ly--- 4, E‘Igf.

We’ve shown that any collection of v linear functions in M, have their
product in T¢ ;. Hence, M, C T¢ ¢ and therefore

dim ¢ OE/Tff < dim¢ Og /mzn < 00.

This shows the first part of the lemma. Suppose now we had v+ 1 solutions
in U of the equation f = 0, say &p,...,&,. For each j = 0,...,v choose a

polynomial P; such that
1 Jifi=y
P (&) =

0 ,ifi#j.
Consider a linear combination of the P; satisfying:
coPy+---+c, P,=0.

Evaluating at &; gives ¢; = 0 and hence the classes p(P;), 0 < j < v, are
linearly independent in Q [U], which is an absurd.
ad
Consider a holomorphic map f : U — C", U ¢ C" a domain, and
suppose that &1,...,& are all the solutions of the equation f = 0 in U.
Look at its germs at the points &1,...,&: and consider the corresponding
local algebras Qg, y. The sum

k
P s
=1
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is called the multilocal algebra of f in U. We define a homomorphism of
C-algebras

k
R:OU) - @ Qs
=1

as follows: given g € O(U) take its germs at the points &;, g¢,, and look at
their images g¢, € Qg, ¢. In other words, R(g) = (9¢,, - -, 9e,)-

Before exploiting X we introduce some notation. Let ¢ € O(U) and
£ € U. The Taylor polynomial of degree £ of g at £ is noted T, fg.

Lemma 2.3.6 Given a finite number of distinct points in U, say &1, ..., &k,
and a polynomial P; of degree d;, centered at &;, there exists a polynomial Q)
such that TgiQ =F;.

Proof: Let Q = Qo+ Q1+ -+ Qn, a sum of homogeneous polynomials
whose coefficients are to be determined. We first solve the system
Q&) = Pi(&)
: (*0)
Q(&k) = Pr(&k)
which is possible if N is large enough. Next we have the systems

oQ oP,

37]-(51) = aizj(ﬁl)

00 op )
e

afzj(fk) = aizj(fk)

By enlarging N we can solve (x1) without interfering with the solution of
(%0). Continuing this way we obtain the polynomial Q.
g
We have the

Lemma 2.3.7 Suppose dim¢ Q¢[U] < co. Then

k
N (C[zlv’ . '7Zn]\U) = @Qﬁif'
=1

Proof: By lemma 2.3.5 the number of solutions in U of the equation f =0
is finite, say &1,...,&k, and each solution &; is of finite multiplicity ;. If
g € O(U) then, g and its Taylor polynomial of degree u; at &, Tgig, are
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mapped into the same element of Q¢ . Choose a polynomial () such that
T{'Q = Tf'g (this possible by lemma 2.3.6). Then R(Q) = R(g) and the
lemma is proved.

g

We can now prove the

Proposition 2.3.8 The number of solutions in U, counting multiplicities,
of the equation f =0 is bounded by dim¢ Qy[U].

Proof: Write f = (fi,..., fn). Then X(f;) = 0 and thus the ideal T(U) is
mapped to 0 by . We then have an induced homomorphism of C-algebras

k
R: QU] — P Qs s
i=1
which is surjective by the previous lemma 2.3.7. Hence,

k
dimc Qf[U] > ) dimc Qg ;.
i=1

O

Proposition 2.3.9 Suppose f : (C",0) — (C",0) is a holomorphic map
germ such that po(f) < oo. Then uo(f) > Zo (f).

Proof: By theorem 2.2.11, 0 is isolated in f~1(0) and by proposition 2.1.15,
Zo (f) is the number of solutions of the equation fy = f— A =0, X a regular
value of f with |A| << 1, in a small neighborhood U of 0. By lemma 2.3.5
dime Qp, [U] = Zo (f)
and by proposition 2.3.4, dim¢ Qy, [U] is finite and
po(f) = dime Qy, [U].
The proposition is proved.

We finally have the

Theorem 2.3.10 Let f: (C",0) — (C",0) be a holomorphic map germ. If
po(f) is finite, then po(f) = Zo (f)-
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Proof: This is now a matter of putting together all bits and pieces we’ve
deduced so far. We start by considering a Pham map YT+ where 0=
to(f). By proposition 2.2.10 the deformation TMH} YHH LN f Ain a
small neighborhood of 0 in C, is A-equivalent to f.

By proposition 2.1.20

To (TE) = 24 (f)

and by propositions 2.2.6 and 2.2.10

po (T ) = o (£).

We now exploit the properties of the Pham map and of its deformation.
Fix a ball B¢(0) and a value of the parameter A in such a way that proposition

2.3.4 holds for T[)fﬂr”. Let {&} be the solutions in B¢(0) of the equation

Yl — .

By proposition 2.3.4,
po(THHY > dim ¢ Qi (1 1 [Be(0)].
By proposition 2.3.8,

dime Q) [Be(0)] = 3 e, (XX,

By proposition 2.3.9,
+1 +1
,u&(T[f ]) 21, (T[)ft ])

By theorem 2.1.17,

T[lﬁ‘l]

[u+1] A
ZI (Ty = deg |TE\“H]|

where this last map is restricted to the sphere 9B¢(0).
By theorem 2.1.18,
[u+1] Ylu+1]

A - - [u+1]
8 gy~ 48 ey = T ()

By lemma 2.2.9,
o (YWHY) = po( 1),
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It follows that
Z e, u+1 Z e, T[u+1]

Since all terms involved are positive and
1 1
e, () = e, (24,

we conclude

ne (T3 ) = 7, (XY v
But 0 is one of the solutions &; of the equation TE\“H] = 0 and thus
no(f) = po(CL) = Zo (X4HY) = 2o ().

The theorem is proved.



Chapter 3

Grothendieck residues

In this chapter we introduce the concept of point residue due to A.
Grothendieck. It embodies the Poincaré Hopf index, the Milnor number,
the intersection number of n divisors in C", which intersect properly, and
has many uses in deep results such as the Baum-Bott theorem, which is a
generalization of both the Poincaré Hopf theorem and the Gauss Bonnet
theorem in the complex realm. We hope the reader will appreciate such a
mathematical construction.

3.1 The Trace map

In this section we prove the Trace theorem, which is a basic result in
the understanding of point residues and has its origins in a theorem of Abel.
The reference for it is the work of P. Griffiths in [Gr]. The reader is assumed
to have some familiarity with differential forms.

We start by looking at a holomorphic map f: U c C" — C", f(0) =0,
with finite multiplicity © at 0. By theorems 2.1.18 and 2.3.10 we see that f
satisfies the following property: there is a connected open neighborhood V' of
0 such that, for ¢ € V, f~1(() is a finite set and the sum of the multiplicities

S ope(f-=mp
ef~1(¢)

Redefining U = f~1(V) we have that f : U — V satisfies:
(i) f is surjective.
(ii) f is open.
(iii) f is proper.

53
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(iv) for ¢ € V, f~1(() is a finite set and the sum of the multiplicities of the
zeros of the map f — ( is constant throughout V.

Such a map is called a finite map. This is equivalent to saying that
f:U — V is a ramified holomorphic covering of degree .

Let f : U — V be as above and 1 a holomorphic n-form on U, n =
g(z)dz1 N--- Ndzp, g € O(U).

Definition 3.1.1 The trace or push forward of n by f, noted fi(n), is the
holomorphic n-form defined on the open set Vieg C V' of reqular values of f,
obtained by the following procedure:
Let ¢ be a regular value of f and f~1(¢) = {&,...,&,}. Given an n-
vector
(v1,..,vn) € C" x--- x C",
n factors

or each component v; € C" there is a unique vector u;; € C" such that
p j q J

vy = fl(&)u” Set
Iz
f!(n)C'(Ula cee 7vn) = Z 7752(%1, .. 7uzn)
i=1

This amounts to do the following: if ¢ is a regular value of f and f~1(¢) =
{&, ..., &, }, then there is a neighborhood V of ¢ and neighborhoods Uy, of
& such that f. : Us — V; is a biholomorphism. Let f; ! denote the

|Ue 3 ¢ i

(3

inverse maps (f‘Ug_)_l. Then

A = (5 U, -

=1

Let us derive a local expression for fi(n). In the target V' we take coor-
dinates w = (wy,...,wy), write f = (f1,..., fn),

n=g(z)dz1 AN Ndz,

and
filn) = tr(w) dwy A - -+ A dwy,.

If fiy, = U — V¢ is as above we take coordinates (fi,..., fn) in Ug,.
Denoting by g; dfi A --- A dfy, the expression of n in these coordinates we
have that, for p € Ug,,

(v, o = 9i(f1(D); -5 Fa(P)) (df1)p A -+ A (dfn)p-
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Now, if {(e1)p, ..., (en)p} is the basis dual to {(df1)p, ..., (dfn)p} then,

(v, p-((e1)ps -+ (en)p) = gi(f1(D), - - s n(P))

and hence

Remark 4 In Ug,,

We’ve shown that the function
tr(n) : Vieg — C

is holomorphic. The Trace theorem asserts that this function admits a
holomorphic extension to an open neighborhood of 0 in V. There are two
proofs of this fact, one makes use of Remmert’s theorem and of Hartogs’
extension theorem (see [Gr|) and the other, given in [A-V-GZ], uses Cauchy’s
integral formula and hence exhibits an integral representation of tr(n). We
follow this last one since it will be very useful in the definition of the residue.
But before the proof we need some topological preliminaries (see [D-N-FJ).
Consider the maps

fl:U—R"

1£1(z) = ([f1(2)], - - [fn(2)])

and
lf —w|: U —R", weV

|f —wl(2) = (If1(2) —wil,-.., | fu(2) — wnl)

Let ID(0,€) be a polydisc of multiradius € = (€1, ..., €,), centered at 0 € V
and T, its distinguished boundary |wi| = e€1,...,|w,| = €,. Set I'c =
|17 (). T¢ is a compact real n-cycle in U, which is also a smooth submani-
fold of U if we take € a regular value of | f|. We have as coordinate functions
for I'¢, in an open dense set of I'¢, the arguments arg f; and, from now on,
we adopt as orientation for I'c the one determined by darg fi A---Adarg f,.
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Fix w € V and let p = (p1,...,pn), pi > 0, be a regular value of the map
|f — w|. Then,

Luwp={2€U:|fi(z) —wi| = p1,..., [fn(2) —wn| = pn} CU

is a smooth real submanifold of dimension n. The orientation for I'y, , is
obtained in the same way as that for T'..

Now let ¢ be a regular value of f and f~1(¢) = {&1,...,&,}. By choosing
p sufficiently small so that the torus

{U€V3\Ul—C1|:le--a\un—Cn’:Pn}

is contained in Vi we have that I'¢ , consists of precisely p tori T¢;, cor-
responding to &. Consider the meromorphic n-form on U, depending on

weV,
n

(fj — wj)'

J=1

Thw =

s

Lemma 3.1.2 Let ¢ be a reqular value of f. There exists a neighborhood
We C Ve of ¢ such that, for w € We,

) = (555) [ o
Tw,p

Proof: Choose W in such a way that I'y, , C f~1(V¢). We've seen that,

o
in V¢, the local expression of tr(n) is > g;(w). Now, by Cauchy’s integral
i=1

formula
_ (1" Gi(f1, - fa)dfs A-o- A dfy,
gi(w)_<27”'> / I - w))
T.. s J Wy
and thus
tr(n)(w) =

RN gilfr, - fu) dfy N Ndfn
( ) z; /TM ﬁ(fj—wj)

Jj=1
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O

Lemma 3.1.3 Let ( be a regular value of f sufficiently close to 0 € V
and p appropiately small. Then the cycles I'c and I'¢ , are homologous in

U\ f7HC) and so [T = [T¢,p) € Hu(U\ f7H(C); Z).

Proof: The map F(z,t) = |f —t¢|, 0 <t <1, induces a smooth homotopy
I'4¢,c between I'e = T'g c and I'¢ ¢, provided |¢| << 1. On the other hand, for
p sufficiently small, I'y = I'¢ ;54 exhibits a smooth homotopy between I'¢ .
and I'¢ p4e. Now consider the map G(z,t) = |f — (| — te. If p is a regular
value of G such that I'¢ , consists of x tori, then G~'(p) is a submanifold
A of real dimension n 4+ 1 of U x R. The projection 7 : U x R — U sends
AN (U x [0,1]) over an n+1-cycle whose boundary is I'¢ ey, UT¢, ,. Thus,
I'¢,e4p is homologous to I'¢,,. Since the homotopies above are smooth, we
have that I'c is homologous to I'¢c ,. Noticing that all the procedures were
carried out in U \ f~1(¢) we have the assertion of the lemma.

|

We then have the

Theorem 3.1.4 (Trace theorem) The holomorphic function
tr(n) : Vieg — C
admits a holomorphic extension to an open neighborhood of 0 in V.

Proof: We will show that if € is a regular value of the map |f|, sufficiently
close to 0 and such that both D (0,¢) and T, are contained in V' then, for
w € D(0,¢€), the function

v = (g7) 4 H(f]n—w])

Jj=1

is the desired extension of tr(n). Write n = g(z)dz1 A --- A dz,. Then

W(w) = < > / g(z dz1 A Ndzp,
211
Te — wj)

is holomorphic for w € D(0,¢). Let ¢ be a regular value of f and p small
enough so that lemmas 3.1.2 and 3.1.3 hold. Then,

(o)) = (52) / o
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in a small neighborhood of W, contained in ID(0,¢€) by 3.1.2. By 3.1.3,

w)w) = (55) [ o= (55) [ m=vw

w, p €

in W¢. The theorem is proved.

3.2 The Residue

Let f = (f1,..., fn) : U — V be a finite holomorphic map of multiplicity
pand g € O(U). Suppose  is a regular value of f and let f=1(¢) =

{517 .. 7€N}‘

Consider the sum
XM: 9(&)
2 det J (&)

where

_ (0fi,,
Jf(&) = <8Zj (§Z)>1§i,j§n.

Definition 3.2.1 The residue at 0 of g relative to f is the limit

ST
Reso(g, f) = %ﬂ%; m'

Of course we must show the limit exists. This is a job for the Trace
theorem 3.1.4.

Theorem 3.2.2 Let € = (€1,...,€,), € > 0, and consider the real n-cycle
e ={z €U :|fi(z)|] = e,1 < i< n} with orientation prescribed by the
n-form darg f1 A --- Adarg f,. If € is sufficiently close to 0 then,

1>" / gdzy N+ Ndzy,
2mi fioeofa

Reso(g. ) =

€

Proof: Consider the holomorphic n-form n = gdz; A--- Adz,. In an open
and dense subset of U we have

g
dzi N Ndzy, = ———df1 N--- Ndfy,
gdz 2 dot J f If1 If
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and, due to the manner in which the cycle I'¢ is oriented,

(1)”/gd21/\-~/\dzn_<1)" g dfi A---Ndfy,
2 fi- - fa 2mi A detJf  fi--fn

€

Over the open and dense set of regular values of f, the trace of the form
n is, by remark 4,

B - g(fi_l(w))
tr(n)(w) = ; det Jf(f{l(w)).

By theorem 3.1.4,

oo ) [

j=1

It follows that

I () = (51) [ A

€

O

Exercise 4 Show that, when n = 1 this reduces to the classical residue for
meromorphic functions, introduced by Cauchy.

Properties of the Residue
Property 1 Ifa,b € C and g,h € O(U) then,
Resqg(ag + bh, f) = aReso(g, f) + bReso(h, f).

Moreover, Resq(g, f) is alternating in the components f1,..., fn of [ due
to the orientation prescribed for the cycle T'..

Property 2 Resq(det Jf, ) = po(f) =Zo (f)-

To see this simply note that, if ¢ is a regular value of f and f~1(¢) =

E det Jf(&)
hen th det Jf(&)
{&1,..., &}, then the sum ; det Jf(&;)

Hence,

is constant and equal to po(f).

g S et 1)
Reso(det Jf, f) =1 ; det Jf(&;)

¢—0

= po(f)-
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Property 3 If f is a biholomorphism, then

_g(0)
Reso(g, f) = m.

In this case every point ¢ in V is a regular value of f and f~1(¢) = {¢}.
Thus,

L 9§ . 9§ _ g(0)
Reso(g f) = I 35 77©) ~ % Get J£(6) ~ det JF(0)'

Property 4 If g € ¢, then Reso(g, f) = 0.

Write g = hy fi+- - -+hy, frn. By property 1 it’s enough to show Reso(hq f1, f) =
0. Look at the n-form

B hifidzy N Ndzy, . hidzy A -+ Ndzy,
Jifn J2  fn '

Let D; = {z € U : fi(z) = 0}. w is holomorphic in the open set U’
U\(D2U---UDy) DU\ (D1U---UDy). The chain Ac ={z € U : |fi(z)| <
€1, |fi(2)| = €,2 < i < n} is contained in U’ and A, = +I'c. By Stokes
theorem

Al

Reso(hlfl,f)—/w—iA/edw—O.

Te

We then have
Theorem 3.2.3 det Jf ¢ Ty.
Proof: By property 2, Reso(det Jf, f) = po(f) # 0. Hence, by property

4, det Jf & Tf.
O

Exercise 5 Show that, if puo(f) =1 then f is a biholomorphism.
Property 5 (Transformation law) Suppose g : U — V is a holomorphic

map with g~1(0) = {0} and that g(z) = A(2)f(z), where A(z) = (a;;(z)) is
a matriz with holomorphic entries. Then,

Resg(h, f) = Resg(hdet A, g).
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The condition g(z) = A(2)f(2) tells us that T, C T;. We start by prov-
ing the transformation law in case f and g are A-equivalent, so T; = T,.
Consider the holomorphic deformation fy = f — A and the corresponding
deformation of g, gx = A(z)fy. By shrinking V', if necessary, we have that
gx and f — X have the same zeros 1, ...,§,, for A a regular value of f. At

each point &;, Jga(&) = A(&) - Jf(&). Hence,
det Jgx(&i) = det A(&;) - det Jf (&)
and so

¢ 5L h(&) det A(&)
ZdetJf Z det Jga(&)

i=1 =1

which gives

Resg(h, f) = hmzﬂ: _M&)
0 A=04 det JF(€)

s (&) det A(G)
)1\141’)1%); m = Reso(hdet A,g)

Now for the general case. Choose a smooth family of holomorphic
matrices A:(z) with Ap(z) = A(z) and det A;(0) # 0 for t # 0. Put
91(z) = Ay(2)f(z). Then, for t # 0, g and f are A-equivalent and by
the previous case

Reso(h, f) = Resg(hdet Ay, g) Vit #£0.

But

LA" hdet Ay d o Adz,
ReSo(hdetAt,gt):( ) / et Aydzy A -+ Ndz

211 gt1- - Gin
Fte

where the n-cycle I'te = {z : |g:(2)| = €}. By choosing € a regular value of
lg| = |go|, we have that T'g. is a smooth manifold and that e is a regular
value of |g| for [t| << 1. Hence, I';. can be realized as a small deformation
of the zero section I'g, in a tubular neighborhood of I'y.. It follows that 'y
and I';¢ are homologous and thus

(1)” / hdet Ay dz1 A -+ ANdzy,

211 / gi1° " Gin
te
( 1 >” / hdet Ay dz1 A -+ ANdzy,
271 gt1 - Gin

Foe
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so that
Resq(h, f) = %ir% Resg(hdet A, gi) =

(1)” / hdet Ay dzy A -+ ANdzy,
gt1 - Gin

lim
t—0

5 = Resg(hdet A, g).
27 /
Oe

3.3 Local duality

This is perhaps the most interesting property of the residue and deserves
a special treatment. Let f : U — V, f~1(0) = {0}, be as before and
consider its local algebra Qf at 0 € C". By property 1, Reso(g, f) is linear
in g and, by property 4, Res((g, f) depends only on the class g of g in Q.
Moreover, by theorem 3.2.3, the class of det J f defines a nonzero element of
Q. Therefore, the residue induces a C-linear functional,

Resofs: Qr — C

g Reso(g, f)

which in turn induces a C-bilinear form

‘Bof:QfXQf—>C

(§,h) — Reso(Gh).

We now present the Local duality theorem. For a smooth version of this
result we refer the reader to [E-L].

Theorem 3.3.1 (Local duality) The bilinear form
%Of : Qf X Qf —C
18 nondegenerate.

Proof: (we follow [G-H]) This assertion can be rephrased as: if Reso(g h, f) =
0 for all h € Opy, then g € T¢. Also, the fact that the map germ f is fi-
nite is equivalent to the following property of its components: the germs

fi,--oy fn € Ogyp, form a regular sequence (see [Gu]). This means that
fi is not a zero divisor in = Oy /(f1,..., fi—1)00,, 1<i<n.
By Hilbert’s zero-theorem we know that there exist my, ..., m, such that

z" € Ty, 1 <i<n. Consider then the Pham map

T(z) = (2L gmetdy,

rTn
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Lemma 3.3.2 By is nondegenerate.

Proof: This is done by direct calculation. Suppose
h(z) = 2" 2ln

and expand g in power series

9(2) =D iy i, A A

Then,
(1)”Z o / Z§1+J'1...z%n-&-jndzl/\_._/\dzn_
27 = Hoetn Z7l7l1+1 i =
<1>n Z . /6 dzy N -+ Ndzy,
27 St 1.t . 2,71711-1—1—721—]'1 RS m
Noticing that T'c = {2 : [z1] = €1,...,[2n] = €} is just a n-torus we have,

by Cauchy’s integral formula,

1\" dzy N -+ Ndzyp
27-‘-7' Z all"'zn m1+172'17j1 . mn+171n*]n -
1.0 r. ~1 n

Z

€
aml_jlv“'vm’n_j’n .

Hence, to say that Resg(gh,YT) = 0 for all h is the same as to say

that a;,.4, = 0 for 0 < 43 < my,...,0 < 4, < my. We conclude g €
1
<z{n1+ ,...,z;n”Jrl)oOn - (Zf.
a

Lemma 3.3.3 Let ¢ € Oy, be such that:
(i) The map ® = (¢, fa, ..., fn) satisfies ®~1(0) = {0}, where f = (f1,..., fa)-
(ii) ¢ € Ty, so that ‘To C Ty

If Boo is nondegenerate, then By ¢ is also nondegenerate.

n
Proof: Write o = Y a; f;, so that
i=1

2 air ay ... Qp f1
fo 0O 1 ... 0 f2

b 0 0 .. 1)\/



64 CHAPTER 3. GROTHENDIECK RESIDUES
n
Given g = > b; f; € T we have
i=1
arg=b <¥1 a; fi) + > (a1b; — bia;) fi =

i>2

b1 ®+ Z:Q(albi — bmi) fi € Icp

and thus we have morphisms in both directions,
¢100n/zf—>00n/‘3q>
induced by multiplication by a1, and the natural projection

7:00n /% — Oon /%y

ap a2 ... Qp
) 0o 1 ... 0 .
Since det | . _— = a1 we have, by the Transformation Law
0 O 1

(property 5),

Bos(g,h) =DBoalarg,h) Vg,he Oyn.

If B (g, h) = 0 for all h, then Reso((ai g) h, ®) = 0 for all h and, by
hypothesis, a1 g € T¢. Write

a1 g=cip+ Z cifi=aicf1 +Z(Clai + ¢i) fi-

i>2 i>2

It follows that

ar(g—-c1fi)=0 mod (f2,..., fn)oy,-

We have then two possibilities: either g — c1 fi € (f2,..., fn)o,, Or

ay is a zero divisor in Ogy / (f2,..., fn)o,,- If a1 is a zero divisor, then
so is a1 f1 and the same holds for ¢ = a1 fi + (a2 fo + -+ + an frn). But
this is impossible since ¢, fo, ..., f, is a regular sequence. We are left with

g—cifi € {fa-.., fn)o,, and thus g € Ty.
a

Now for the proof of the theorem. The fact that fi, fo,..., f, form a
regular sequence is equivalent to the following geometric fact: choose any k
distinct integers in {1,...,n} and look at the map

¢(2) = ([ (2), [52(2); - [ (2))-
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Then, the set W = ¢~1(0) is a subvariety of C" of dimension n — k, that is,
Wheg, which is the set of points in W at which the derivative ¢'(z) attains
its maximal rank, is a complex manifold of dimension n — k.

With this at hand we do as follows: consider the map Fy = (fa,..., fn)-
The variety F|~ 1(0) is an analytic curve through the origin in C". Choose
a hyperplane Hj, passing through 0, such that {H; = 0} N F;*(0) = {0}.
Change coordinates in C" by setting H; = 2z;. Then the map

qjl:(zinlJrl?fQ?"'?fn)v m1207

is a finite map.

By repeating this procedure with the map ¥, and so on, we obtain finite
maps

\I/j = (z{nl"'l, Z;n2+1, Ceey Z;-nj+1, fj+1, e ,fn), mi, ... ,mj Z 0.

Remark that Vg = f and ¥,, = Y. Invoking Hilbert’s zero-theorem we
choose my1, ..., m, such that z}nj €Ty, ,.

By lemma 3.3.2, By is nondegenerate and hence, by lemma 3.3.3,
Bow, , is also nondegenerate. Repeated application of lemma 3.3.3 give

By ; nondegenerate. The theorem is proved.
O
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Chapter 4

Residues and Kernels

In this chapter we will introduce the Bochner-Martinelli kernel, show
that it provides a generalization of Cauchy’s integral formula and, after, we
indicate how the point residue can be seen through this kernel.

4.1 Complex valued differential forms

Let U be a domain in C™. Recall the notations of section 2.1.2: we
identify C" ~ R*" by

(zlv'-‘yzn) - ($1+2y1)axn+1’yn) ~ (xlvylv"'vxruyn)

and consider the complexified of Rzn, R*" @ C. We have the following bases

of R* @ C:
B _{58 58}
b 3$173y1"“’3$n’3yn
and
B {3 9 9 3}
3 = aZl,...,azn,agl,...,az’n .

We observe that B3 induces a decomposition of R* @ C as a direct sum
of complex n-dimensional subspaces,

R”»2C=VaV

0 0 — 0 0
V—<aa> V—<azy“"azn>|@

67

where
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At each point £ € U, the tangent space T5R2” ~ R?" has as basis
(defining the canonical orientation)

0 0 0 0
{305 5 €). 50 )
with dual basis {dz1¢, dyig, ..., dTng, dyne}. Hence, with the identification
C" ~ R*, the complexified tangent space T g C" =~ R?*" @ C admits the
decomposition o
TEC C" = Vg eV ¢
where

Ve=(pn® 5 ©) . Te=(500520)

with the corresponding dual bases
Vg = <d2’1§, ... ,dZn£>‘C, Vg = <d21£, . 7d2n§>|<c~

A C® p-form w on U is given by a sum of terms of the types frdzy,
gsdyy and hid(z,y)k, where dz; = dxgy Adxiy, A--- Ndxg, dyy = dyj, A
dyj, N--- Ndyj,, d(z,y) K is a product of p-forms of types dx; and dy;, and
f1, 97, hi are smooth complex valued functions.

Now, dx; = (1/2)(dz; + dz;) and dy; = (1/24)(dz; — dz;). Expressing the
terms in w by using dz; and dz; we arrive at

w = Z kilw-,imjlmn,jsdzil A ANdzg, A dzjl Ao A deS,

which we abbreviate as w = > k1 jdz; Adz;. We say that each term of this
sum is a p-form of type (r,s), r + s = p. It follows that a p-form w has a
unique expression as a sum

w = w(pvo) + w(p_]"?l) + P + w(ovp),

where w(™*) is of type (r,s).

Let a°(U) be the C-algebra C°°(U,C) and a?(U) the @°(U)-module of
C* complex p-forms on U. The decomposition above induces a decompo-
sition

ar() = a®OU)eaP W) e o a®P(U).

We have the exterior differential d : @P(U) — aP*1(U) (see [Lima2]).
For f € a°(U), using the derivations defined in section 2.1.2, we have

=~ of =~ of

df = 2 %dzl + o aizldzl
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Define, on the level of functions,

=~ 0 =, =0
of = Z%d% and 8fzza—§dzi. (1)
i=1 """ i=1 """

On the level of forms, if
W =" i i deegedzi A Adzi AdZj A NdE,
we let
Ow ™) = 370k, i gyge Az Ao ANdz, NdZ Ao NdE, (2)
a form of type (r+ 1,s) and
O = N"Bkiyivjrge Nz Ao Nz, NdE A Ndz, (3)

of type (r,s +1). We are left with

dw™®) = 9w 4 Gu), (4)
For an arbitrary p-form w = > w(™%), we put
r+s=p
ow = Z dw™) and duw = Z O™, (5)
r+s=p r+s=p

It follows that d = 0 + @ and the following properties hold (exercise):

WP An) = OwP An+ (—1)PwP A dn,

O(wWP An) = OwP A+ (—=1)PwP A On.

Moreover, (exercise)
90w™) + 90w 4 90w + 9w = ddw™) = 0.

By comparing the form types in the above summation we conclude that

P2 =00 =0, 00+00 =0, 9 =00 = 0. (6)

A (p,0)-form wP0) = > firyipdziy Ao+ N dz, is holomorphic if the

coefficients f;, . ;, are holomorphic functions. In this case,

Ow = ngil,-4~7ip A dz,-l VANERRIA dzl-p = 0.

Conversely, if Aw®9 = 0, then w has holomorphic coefficients. For
holomorphic forms we have dw = dw.
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4.2 Volume forms and the Hodge *-operator

With the identification C" ~ R*", the usual inner product on R*" ex-
tends to a Hermitian product on 7~ C",

< av,bw >¢=ab < v,w >¢, a,beC, v,weTSC(C". (7)
The basis
0 0 0 0
PO GRLGRA L)

is orthogonal and

(2 0y (o 0y 1 .
0z 0z 5_ 0z’ 0% 5_2

for 1 <i <n (exercise). It follows that the decomposition
Tgc C" = Vg b Vﬁ

is orthogonal.

On the other hand, this Hermitian product induces naturally a Hermitian
inner product on the algebra of complex valued forms at a point &, which is
characterized by the property that: if {v1,...,v2,} is a basis for 7, £‘C C"™ and
{u1,...,uz,} is its dual basis, then

wjy Ao ANy, 1<51 <+ <jr<2n, 1<7r<2n

is ortonormal. It follows that two forms of different bidegree are orthogonal
and, for two (r, s)-forms w = >"ar ydzr AdzZ; and n =Y by jydzr NdzZy,

<w,n>e=2""Y"ar (&) br(£). (9)
.7

The factor 2" is because
<dz,dz; >¢=<dz,dz; >¢=2, 1<i<n, (10)
since the dual basis satisfies (8). The norm of w at £ is defined by

lwle = /< w,w >e¢. (11)

A volume form dV on U is a real, continuous 2n-form on U with |dV|¢ =
1, for all £ € U. Such a form clearly defines an orientation of U (see [Limal])
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and conversely, if U is oriented, then there is a unique volume form on U
which defines this orientation. In R*" ~ C™ the volume form is

dV =dxy ANdyr N\ -+ ANdxp A dyp. (12)

This translates into

)

n
dy = <2) dzy NdZL A - Adzy A dZ,. (13)
We leave to the reader, as an exercise, to show that equivalently,

1 ;o
Egn, where ¢ = %Z dz; N dz;
v = (._1)n(n71)/2 = (13Dbis)
Wdél/\---/\dén/\dzl/\~--/\dzn.
(A

The volume of U is, by definition, vol(U) = [, dV.
Consider now continuous differential forms on U with compact support.
We have a Hermitian inner product defined by:

<w,77>U:/<w,7]>5 ay. (14)
U

The associated norm is

lwlre = V< w,w >y. (15)

Suppose now that X C R" is a manifold of dimension N with boundary
0X. The inner product in RN induces, by restriction, an inner product in
Te0X C T¢X. We have then a unique volume element on 90X, dS, which
defines the induced orientation of 0.X. As before, the integral of a function g
along 0X is [,y gdS and the volume of 0X is [,y dS (this is not as obvious
as in the case of a domain U. Here we must use the Riesz representation
theorem which states that there is a unique positive Borel measure v on 0.X,
such that [,y ¢gdS = [5y gdv, g compactly supported).

Let i: 0X — RY be the inclusion map. If f is a defining function for X
in a neighborhood of £ € 0X such that |df|¢ = 1 then, by choosing N — 1
continuous real 1-forms 79, ...,ny in such a way that

{df§7772§7 777N§}
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is a positively oriented orthonormal basis of the cotangent space TgRN, we
have that
dS =1"(n2 A+ An). (16)

We are now ready to introduce the Hodge *-operator. First some nota-
tions. Consider the set {1,...,N}. If A C {1,..., N} we let |A| denote its
cardinality and A’ = {1,..., N} \ A, with the order induced by the order of
{1,...,N}. Given A,B C {1,...,N} we let

taking A onto B. (17)

sgno, if A= B as sets and ¢ is a permutation
o =
0, in all other cases.

Exercise 6 Show that 67 = 6%, 04 = 6308, 6% = (—1)"° where |A| = r,
|B| = s.

Theorem 4.2.1 Let dV be a volume form for the domain U C C". There
exists a unique operator

x: aP(U) — a*"P(U)

satisfying:

*(awg + bne) = a(xwe) + b(xne), a,be C. (18)

that is, * is C-linear.
* is real, *w = *w. (19)
wxw=(=1)2"PPy e ar(U). (20)
x1 = dVé, *dVg =1. (21)
we AN =< w,n >¢ dVe. (22)
Proof: Choose an orthonormal basis {u1,...,us,} for T, £‘C C" such that

ur A Augp = dVe. Let ug = uj A+ Aug,.

By linearity, it’s enough to show that the properties above determine *u ;
for each p-tuple J C {1,...,2n}. By (21) it is only necessary to consider 1 <
p <2n—1. By (18), xu; is a (2n-p)-form and thus *ti; = 3 g |—op—p K UK,
with ax € C and the sum extends over all strictly increasing (2n-p)-tuples
K c {1,...,2n}. For one fixed such K we have

UK//\*'H/L]:CLK’U,K//\UKZQK(;EIKQn}dV£. (23)

-----

By (22),
ugr Axty =< ugr,uy > dVe = 5[‘](/ dVe. (24)
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(23) and (24) give ax = 0%, (557_{(72”} = 5{1{_(_.7271} and we’ve discovered the
face of *:
*Uy = 5‘{]1{“7271} Ujr. (25)

This shows uniqueness.

For the existence, choose any orthonormal basis {uy, ..., u,} for T, £<c c"
such that ui A- - -Aug, = dVe. Define xu; by (25) and extend it by demanding
C-linearity. We leave to the reader the task to verify that * so defined
satisfies all the stated properties. Notice that we've shown that * does not
depend on the choice of the orthonormal basis.

d
Specializing further to (r, s)-forms we have
Proposition 4.2.2
w(r,s) c ar,s(U) — >I<W(r,s) c an—s,n—r(U)‘ (26)
w(r,s) e ar,s(U) — % % w(r,s) _ (_1>r+sw(r,s)' (27>
For J C{1,...,n} and |J| = s,
(_1)8(8—1)/2
2n S,L’Vl /LGJ/

Proof: For w(™) € a™*(U) we have < w(™) n >¢# 0 only when 7 €

a™(U). (22) implies that xw(™s) € @™~ ""=5(U) and so *w(™*) € a"=*"=7(U).
(27) follows from (20). Now,

dzi Ndzy A Adzg Adz, = (=1)°C D2 dz5 Adzy A (dz Ad2) .

By (22), dzj A xdzy = 2°dV. Replacing dV by its expression (13) we get
dzy N¥dzy = 2° (;) (—1)56=V20z; Adzy A (dz A dZ) 1.

It follows that

in(—l s(s—1)/2
2”—8

which is the conjugated of (28).

xdzy = dZJ/\(dZ/\dZ)J/

O

Returning to volume forms let us now consider a real manifold X € R",

of dimension n, with boundary 0X. Suppose f is a defining function for X
in a neighborhood of a point £ € 0X. Then
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Proposition 4.2.3

. [ *dfe
dSe =1i" . (29)
¢ (df5\>
y d
Proof: Choose ug,...,u, € T¢R" such that Wfﬂ,u% ..., Uy is a positive
3

orthonormal basis. By (25),

The proposition follows from (16).

Exercise 7 Show that

sdf = > ngdxl/\--J\Jm\i/\---/\dxn.
=1 Li

Also, calculate the area of the unit sphere in R".
In the complex situation we have the

Corollary 4.2.4 Let U € C" be a domain, with boundary OU a smooth
manifold. Suppose f is a defining function for U in a neighborhood of a

point £ € OU. Then,
ds = 23" (ﬂ) . (30)

Proof: We have, xdf = x(0+ 9)f = *0f + *0f, by (19). Now,
7j=1
and then, by (28),

" Af 1 & of _
*af:Zdz'*dzjzgn—lwzdz-d’zj/\(/\dzi/\dzi):
j=1 9%j j=1"J i#] (31)
1 n—1
gaf/\(n—l)!
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where ¢ is the form given in (13 bis). Conjugate this expression to get *0f.
We are left with

n—1

S

wdf = C af—:é)f)/\(n_l)!. (32)

Now, i*df = 0 because f = 0 defines OU around £. Hence, —i*(9f) =
i*(0f). It follows from (32) and (31) that

n—1
i* (xdf) = 2i* (1 af A (ng—l)'> — 21" (+0). (33)

(30) is then a consequence of (29).

4.3 The Bochner-Martinelli kernel

In order to define and exploit the Bochner-Martinelli kernel we must
first use integration by parts to derive a formal adjoint of . The procedure
is the same as in Riemannian geometry, where the formal adjoint of d is
used to define the Laplace-Beltrami operator.

Let w € a™*(C"), n € a™**(C") and suppose at least one of them
has compact support. Recall the inner product defined in (14). We have
Ow € a™*1(C") and so

< Ow,n >cn:/ < Ow,n >¢ dV.
Cn

Now # € @™ " 5~1C") by (26). Thus, dw A ¥ € @™"*(C") and <
Ow,n >¢ dVe = (w A xi))¢. Choose a closed euclidean ball B containing the
support of the pertinent form in its interior. Then

<5w,77>cn:/5w/\*ﬁ:/5w/\*ﬁ.
cn B

We have d(w A *77) = Ow A xij + 0w A xij + (—=1) TPw Ad x 7. But dw A *ij = 0
since w A *7j € @™"~1(C") and we are left with

d(w A *7)) = Ow A *7 + (=1)"Pw A d * 7.

On the other hand, w Ad* ) = wAO*f+wAI*7. Bt wAI*n =0
because 0 * 7 is of type (n —r+1,n —s—1) and so

d(w A7) = 0w A5+ (=1)"T°w A 0 * 7.
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We conclude
< Ow,n >cn = / Ow A *i) = / d(w A 7)) —/ (=1)" P w A * 1.
B B B
By Stokes theorem,

/d(w/\*ﬁ):/w/\*ﬁzo

B oB

since w A 7 = 0 on OB and thus

< Ow,n >(Cn:/5(U/\*f]:—/(—1)T+SW/\5*77].
B B

By (27), (1) 0% = *x D % 7. By (19), % % 0 7] = * * 0 * 1. Therefore,

<Ow,n>en=— | WA*x*x0*n =

- (34)
WA*(—%0%n) =<w,—*xJ*xn >cn

U:ﬂ\ m.\

and — * Ox is the formal adjoint of 0.

Suppose now that neither w nor 7 have compact support. We then do as
follows: let U € C" be a limited domain whose boundary dU is a smooth
manifold and assume w and 7 are smooth in a neighborhood of the closure
U. Then, proceeding exactly as in the deduction of (34) we arrive at

<Ow,n>y=<w,—*x0*n>y +/d(w/\>k77).
U

Using Stokes theorem we get

<5w,77>U:<w,—*8*77>U+/w/\*ﬁ. (35)
oU

Exercise 8 Show that

<—*8*n,w>U:<n,5w>U—/(D/\*n. (36)
oU
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We now introduce a kernel in C" x C", which is the complex analogue
of the Newtonian potential in R"™ x R":

1
—2—log|w—z\2 forn=1
G(w,z) = i (37)
(n—2)! 2-2n
——|w — # for n > 2.
27
In what follows, w will denote the variable of integration and z will be
a parameter and we let

2 n
Qop—1 = o ir 0 and A= |w—z% (38)

Notice that, since the area of the sphere 512%”_1 c C" of radius R is gy, R 1,

Qo1 18 just the area of the unit sphere S%nfl.

Definition 4.3.1 The Bochner-Martinelli kernel (for functions) is the dou-
ble form
K(w, z) = — * 0, G(w, 2)

of type (n,n — 1) in w and type (0,0) in z.

Lemma 4.3.2 K(w, z) is represented by the form

K= (n — 1)' Xn: (u_J,‘ — 22) dw; N (/\ d’u_}j A dwj) . (39)

~ 2
(2mi)" w — 2[*" & it

Proof: We have

(n—1)! N
awG('lU,Z) = — m 1:21 (wz — Zi) dw,
and so
— % Oy G(w z)*Ll)'zn:(u_J—z) * dw (40)
w I - 27_[_”’“) o 2’2,” pt (2 ] (N
By (28),

1 _

Substituting this into (40) gives (39).
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Notice that for n =1 (39) reads

K(w, z) = L

dw

. M
2Tt w — 2

which is just the Cauchy kernel in one variable.

Lemma 4.3.3 9,K(w,z) =0 on C" x C"\ {w = z}.

Proof: To simplify the writting put C,, =

the form

K=C,A™" Z (@i — Ez) dw;
=1

Thus,

Q|
g
=
||
T M5

3

Cr, A" 0y
=1

Now, Op,A™" = —
k=1

(n—1)!
(2mi)"

. Then (39) assumes

A (/\ du‘;jAdwj> :
i

OwA™ /\Z i — Zi) dw; N\ (/\dwj/\dwj>:

_Z’L

_nAnlz

—nA " dwy A dwi A ---
Also,

D {Xn:(u_)i—zz‘)dwz’ A (/\ d@j/\dwj)} =

=1

ndwy Adwy A---

and the two terms in (41) cancel each other.

i — Zi) dw; N (/\ dw; /\dwj> +
J#i
(41)
Z i — Zi) dw; N (/\ dwj/\dwj)] .
i
nA~""1 3 (wy, — 2;) dwy, and hence
J#
— %) dw; A dw; A (/\ dw; N dwj) =
J#
A dw,, N dw,,.
J#i
A dw,, A dws,
O

K normalizes the area of spheres, more precisely,
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Lemma 4.3.4 Let B.(z) denote the euclidean ball centered at z and with
radius €. Then,

Kw,z) =1
OBe(z)
for all z € C" and for all € > 0.
Proof: We have L 8A
OwG(w, 2) = —— —.
(w,2) agp—1 A"

Now, along the sphere OB(z), A = €2 and then,

— % 0yG(w, 2) = _ * ON (42)

Q2n—1€2"

on 0B.(z).
On the other hand, f(w) = |w — z|?> — €2 = A — €2 is a defining function
for Be(z) satisfying 0f = 0,,A and

df = dy\ = En: (wz — 57;) dw;.
i=1
By (9),
|df 2 = < df df >¢=2""" En:(gi —Z)(& — z) = 21T = 4¢?

i=1

where £ = (&1,...,&,) € 0B(z), so that |df| = 2¢ on the sphere. Invoking
(30) we see that
xOp\ = %0 f = €dS

on 0B¢(z) and (42) becomes,
— % 0yG(w, 2) = ———— €dS = ———dS. (43)

Qp—1€2" Qgp_q€2n~t

Integration gives

OBc(z) OBc(z) OBec(z)
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Theorem 4.3.5 Let U C C" be a limited domain whose boundary OU is
a smooth manifold. Suppose f is a smooth complex function defined in a

neighborhood of U. Then, for z € U,

f(z) =< 0f, 0,6 >y — / f N *0,G.
oU

Proof: Given z € U choose € small enough so that B.(z) C U. Invoking
(35) we have, taking due attention to the orientation,

< Of, 006G >\B,(») =

< f,— % Oy e >t\Be(z) T / A *gwiG — / A *&TG (44)
oUu

8B.(z)

Since G = G,
Ow * 0uG = Oy * 0yG = Oy (%0, G) = Dy (¥0,G) = —DyK = 0

by lemma 4.3.3. Therefore (44) assumes the form
< Of,04G >U\Be(z) — / fA*%0,G = — / f A *0,G. (45)
au dB(z)

We now let € — 0. The left side of (45) tends to

< 0f,04,G >u —/fA*awG
oUu

and it remains to show
lim / A %90G = f(2) (46).
OBe(z)
To see why this holds we do as follows:
— [ fw)sousw ) == [ )+ @) = f:)] 5 6w, ).
0Bc(z) OBe(2)
Now,
= [ U+ fw) - £E) 06w, 2) =
OBc(z

)
— / f(2) % 0wG(w, z) — / [f(w) = f(2)] * 0wG(w, 2).
0Bc(z)

OBc(2)

(47)
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But,

- [ 1@ 08w = f() [ —rou6w.2) -
0Bc(z) 0Bc(z)
) [ K. = 1)
0Bc(z)
by lemma 4.3.4 and (47) reads

= [ rrs0uG= @) [ 1fw) - F)]* 0u6(w,2).
OBc(z) 0B (2)
Since f is continuous, sup |f(w)— f(z)] — 0 as € — 0 and, by the
)

wEDBe(z
proof of lemma, 4.3.4
-1
0wG =—FdS
*0yy G(w, 2) P T

on 0B(z). Hence,

| @) = )]+ 0u6(w, )| <

OBc(z)
1
su w) — Z) dS =
wE@BIZ(z)’f( ) f( )’ Qop_1€2n71 /

8B.(z)

sup |£(w)— £(5)] — 0
wEOBe(2) €

and (46) is true. The theorem is proved.

Notice that, when n = 1 theorem 4.3.5 reads
1 f(w) 1 of dw A dw
f(z)—%/w_zdw (W) ——,
oU

C2mi ) dw w— 2
U

which is the classical generalized Cauchy integral formula for smooth func-

tions.

Theorem 4.3.6 (The Bochner-Martinelli integral formula) Let U C
C" be a limited domain whose boundary OU is a smooth manifold. Suppose
f:U — C is continuous and f is holomorphic in U. Then,

f(z) forzeU
[ 1w Kw.2) = {
ou 0 for z & U.
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Proof: Suppose first that f is smooth in a neighborhood of U and df = 0.
If z € U, the result follows from theorem 4.3.5. If z ¢ U then,

d(fK)=0(fK)=0f AK+ fAOuK=0
by lemma 4.3.3. By Stokes theorem,

Oz/d(fK):/fK.
U oU

The proof of the theorem now proceeds by constructing an exhaustion
of U by relatively compact domains Uy, whose boundaries are smooth man-
ifolds, U = Uk>1Uk, Ui C Ug1, and passing to the limit k — oo.

g

Let us now consider By(w) = K(w,0). We have, by (39),

Bo(w) = 2m |w\2" Z w; dw; A (/\ dw; A dwj) )

J#

A manipulation shows that (exercise),

_ -1 &
Bo(w _yMn=1/2 (n 95 (w) A d(w), 48
where
Y w) =dwy A -+ A dwy,
and ‘ -
Di(w) = (=1 Yy diwy A -+ A divg A - - div,.
Let

_ n(n— (n_l)'
= (1"

We now define

S Bz =) A Q)

B(z, C.:) =Ly =1 |Z ~ C‘Q . (49)

This is the same as

; (=17 z = G) A (dz5 —dG) AdG A - AdG,
B(2,¢) = ln — = . (50)
2 =l
B(z, () is related to the Grothendieck residues, as we will indicate in the
next section.
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4.4 Dolbeault cohomology

We now want to introduce a cohomology theory for the 0 operator.
Recall that De Rham’s cohomology on U is defined by (see [Lima2]): let
ZP(U) = {w € aP(U) : dw = 0}, p > 0, (closed p-forms) and BP(U) =
d(aP~Y(U)) if p > 1 and B°(U) = {0} (exact p-forms). Since d* = 0,
BP(U) is a subspace of ZP(U). The quocient spaces

1) = 205

measure the obstruction to solving the equation df = w on U, that is, given
w such that dw = 0, find 0 satisfying df = w. Notice that the differentiable
structure of U is clearly involved in the definition of the groups HY,,(U).
Locally, the necessary condition dw = 0 is also sufficient to solve df = w
(Poincaré’s lemma). A deep theorem by De Rham shows that in fact the
groups H},,(U) depend only on the topology of U, since this result exhibits
an isomorphism HY,,(U) ~ HF(U; C) (singular cohomology with coefficients
in C).

For example, the kernel B restricts, by (43), to a positive multiple
of the area element of the sphere Sg"_l(O). Bo is then a generator of
HE 1 (5371(0);C).

Now for the Dolbeault cohomology. Given w € a(™*)(U), s > 1, one
wants to find a solution 6 € a“s—l)(U) of the equation 90 = w. Again,
because 9° = 0, a necessary condition is that dw = 0. “Locally”, this
necessary condition is also sufficient, more precisely, for polydiscs in C"
a solution can be found. This is the content of the Bochner-Dolbeault-
Grothendieck lemma (see [Gu]). On the other hand, the solvability of this
equation globally, even for U C C" a domain, is a much more involved
question and depends on the global complex analytic properties of U.

The definition of the Dolbeault groups is: let

Zps(U) = {w e a™)(U) : w = 0}
(0 closed (r, s)-forms) and
B o(U) =0 (@ "DW)) if s>1 and Byo(U)={0}.

The quotient
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is the (r,s) Dolbeault cohomology group of U. Remark that O(U) =
HIO(U).

Let us briefly indicate how the Bochner-Martinelli kernel is related to
point residues. We cannot present complete arguments here since, to do so,
we would have to develop sheaf cohomology theory. We refer the reader to
[G-H].

For X a complex manifold of dimension n and QP the sheaf of complex
valued smooth p-forms on X, the Dolbeault theorem gives an isomorphism

HY(X,ar) ~ H2(X).

To define point residues we considered meromorphic forms of the form

dzy AN -+ Ndzy, . . .
n=g %, with f = (f1,..., fn) a finite holomorphic map. We
L f
may assume f defined in a small euclidean ball B centered at 0 € C". Recall
that f=1(0) = {0}.
Since d = @ on forms of type (n,q), we have a natural map

H"Y(B\{0},a") = Hz" 1 (B\{0}) — HER (B\{0}C).

B\ {0} is homotopically the sphere S3"~'(0) and By is a generator of
H71(S3"71(0); C) ~ C. The arrow above is then just integration over
the sphere and the above sequence of spaces and maps means

1 n Dolbeault theorem
271 K “n “n-
(0)

~ 2n—1
Sé

wy, is called the distinguished Dolbeault representative of (27:71)”
Consider the map
F:B—-C'x(C"
defined by
F(z)=(z+ f(2),2).
It can be shown that w, = g F*B (recall (50)) and that

_ 1 Zdzl/\"'/\dzn: 2) F*B(2
Reso(o. /) = o [ 90 Gy p ) = | 9G)FBE0.

. sz 1(0)
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