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ABSTRACT

We consider compact surfaces with constant nonzero mean curvature whose boundary is a convex
planar Jordan curve. We prove that if such a surface is orthogonal to the plane of the boundary,
then it is a hemisphere.
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Let M be a compact surface inmersedifiwith constant mean curvatufé whose boundary

oM =T is a planar Jordan curve of length Let D be a planar region enclosed Byand letA be
the area ofD. Let us consider the cycl& U D oriented in such a way that its orientation, along
M, coincides with the one defined by the mean curvature vectorY lbet a Killing vector field in
R3 andn, be a unitary vector field normal o in the orientation o/ U D. Let v be the unitary
co-normal vector field alon§M = T pointing inwardsM. By the flux formula it is known that
|H| < i where equality holds if and only if = np. That is, if and only ifv is constant and
orthogonal taD alongT.
In this work we consider the ca$#l| < 5 and we show that, in the above conditionsyf

is embedded ant is convex, thenV is a hemisphere. Explicitly we prove that:

THEOREM 1. Let M be a compact embedded surface in R3 with constant mean curvature H # 0
whose boundary dM isa Jordan curveI' inaplane P ¢ R®. Suposse that I is convex and M is

perpendicular to the plane IP along its boundary. Then M is a hemisphere of radius ﬁ
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This theorem generalizes a result obtained by Brito and Earp (Brito and Earp 1991). We succed

in discarding their assumption th@d/ should be a circle of radiu%—l.

A sketch of the proof of the theorem is as follows.

First, under the hypothesis of the theorééhmust be totally contained in one of the halfplanes
determined byP (see (Brito et al. 1991), for example). Now let* be the reflection oM with
respect to the planB. Since M is orthogonal tdP alongT, we have thatV := M U M* is a
compact surface without boundary, embeddeRi3nNote thata priori M is only of clas<C* along
I". We will prove thatM is at least of clas&’3. In this way we are able to use a classical result due
to Alexandrov (see (Hopf 1983), for example) in order to establishith&ta sphere and therefore
M is a hemisphere.

The regularity ofM alongr is achieved by means of the theory of elliptic partial differential
equations. Lep be any pointin” C M andQ be an open neighborhood of 0]?,11\71 chosen in
such a way that locally arounul M may be described as the graph of a function? — R. For
our purposes, it is suffices to consideof classC*?.

It is clear thatu € C1(Q). So, Vu is well-defined and continuous. Sin€eis bounded we
have thait € W2(Q).

Let us denote the linear space of k-times weakly differentiable functiomg‘gg2). For p > 1
and k a non-negative integer, we &7 (Q) = {u € WX(Q), D°u € L?(Q) for all |o| < k}.

The Holder space€*(Q2) are defined as the subspacestb{Q) consisting of functions
whose k-th order partial derivatives are locally Holder continuous whith exponienf.

We define ort2 the following linear operators:

Liv := D;(a" D;v), ve WH(Q) i,j=12
and
Lov:=A"Djv, veW?(Q) i,j=12
where the coefficients”/ are given by

1
a11=a22=—, 12=Cl21=0
1+ |Vul|2

and the coefficienta/ are defined byA™ = 1+u?, A¥? = A% = —u,uy, A% = 14 u2. Finally,
the symbolsD;, D;;, i, j = 1, 2 stand for partial differentiation.

We prove that is a weak solution to the equatidnu = 2H. By the Corollary 8.36 (Gilbarg
and Trudinger 1983) we havee C1*(Q). Moreover, by the Lebesgue’s dominated convergence

theorem and Lemma 7.24 (Gilbarg and Trudinger 1983) we can conclude thav2? (') for
any subdomaii®2’ CC Q. FixedQ2" CC 2, we consider the equation

Lov = 2H (1+ |Vu[?)?. (1)
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We obs?farve that € W22(Q2). Thus,L,u is well-defined. Moreover, we have thigu = 2H
(14 |Vul?)? in Q. It means that: € W2(Q') is a solution to the equation (1) just above. Now
using the Theorem 9.19 (Gilbarg and Trudinger 1983) we obtain C%>*(Q’). Repeating the
same procedure we conclude that C*°(Q'). Thus,M is C*. So,M is aregular compact closed
surface embedded iR with constant mean curvature. By the Theorem 5.2 (Chapter V, (Hopf
1983)) we conclude thal is a (round) sphere and therefoveis a hemisphere.
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RESUMO

Consideramos superficies compactas com curvatura média constante e ndo nula as quais tém como bord
uma curva de Jordan plana convexa. Provamos que, se uma tal superficie € ortogonal ao plano do bordo
entdo é um hemisfério.

Palavras-chave: superficies com bordo, curvatura média constante, equacdes diferenciais parciais elipticas.
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