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Resumo

Este trabalho esta dividido em trés partes. Na primeira parte, investigamos
o comportamento das constantes das desigualdades polinomial e multilinear
de Bohnenblust—Hille e Hardy—Littlewood. Na segunda parte, mostramos um
resultado 6timo de espacabilidade para o complementar de uma classe de ope-
radores multiplo somantes em ¢, e também generalizamos um resultado rela-
cionado a cotipo (de 2010) devido a G. Botelho, C. Michels e D. Pellegrino.
Além disso, provamos novos resultados de coincidéncia para as classes de
operadores multilineares absolutamente e multiplo somantes (em particular,
mostramos que o famoso teorema de Defant—Voigt é 6timo). Ainda na se-
gunda parte, mostramos uma generalizacao das desigualdades multilineares
de Bohnenblust—Hille e Hardy-Littlewood e apresentamos uma nova classe de
operadores multilineares somantes, a qual recupera as classes dos operadores
multilineares absolutamente e multiplo somantes. Na terceira parte, prova-
mos a existéncia de grandes estruturas algébricas dentro de certos conjuntos,
como, por exemplo, a familia das funcoes mensuraveis a Lebesgue que sao
sobrejetivas em um sentido forte, a familia das funcoes reais nao constantes
e diferencidveis que se anulam em um conjunto denso e a familia das fungoes
reais nao continuas e separadamente continuas.

Palavras-chave: Desigualdade de Bohnenblust—Hille, desigualdade de Hardy—Littlewood,
funcao continua, funcao diferenciavel, funcao mensuravel, lineabilidade, operadores mul-
tilineares somantes.
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Abstract

This work is divided into three parts. In the first part, we investigate the be-
havior of the constants of the Bohnenblust—Hille and Hardy—Littlewood poly-
nomial and multilinear inequalities. In the second part, we show an optimal
spaceability result for a set of non-multiple summing forms on ¢, and we also
generalize a result related to cotype (from 2010) as highlighted by G. Botelho,
C. Michels, and D. Pellegrino. Moreover, we prove new coincidence results for
the class of absolutely and multiple summing multilinear operators (in par-
ticular, we show that the well-known Defant—Voigt theorem is optimal). Still
in the second part, we show a generalization of the Bohnenblust—Hille and
Hardy—Littlewood multilinear inequalities and we present a new class of sum-
ming multilinear operators, which recovers the class of absolutely and multiple
summing operators. In the third part, it is proved the existence of large al-
gebraic structures inside, among others, the family of Lebesgue measurable
functions that are surjective in a strong sense, the family of non-constant
differentiable real functions vanishing on dense sets, and the family of non-
continuous separately continuous real functions.

Key-words: Bohnenblust—Hille inequality, continuous function, differentiable function,
Hardy—-Littlewood inequality, lineability, measurable function, summing multilinear ope-
rators.
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Introduction

Part I: The Bohnenblust—Hille and Hardy—Littlewood
inequalities

To solve a problem posed by P.J. Daniell, Littlewood [101] proved in 1930 his famous
4/3-inequality, which asserts that

(,i rT<ei,ej>|%‘) <21,

ij=1

for every continuous bilinear form T : ¢y X ¢g — K. One year later, and due to his
interest in solving a long standing problem on Dirichlet series, H.F. Bohnenblust and
E. Hille proved in [42] a generalization of Littlewood’s 4/3 inequality to m-linear forms:
there exists a (optimal) constant Bﬂra‘;}f > 1 such that for all continuous m-linear forms
T:0% x---x £ — K and all positive integers n,

m+1

n om 2m
(. 2 !T(ejl,-.-,ejmﬂ’n“) < B T
J1

The problem was posed by H. Bohr and consisted in determining the width of the maxi-
mal strips on which a Dirichlet series can converge absolutely but non uniformly. More
precisely, for a Dirichlet series > a,n™*®, Bohr defined

o, = inf {r 1> a,n~* converges for Re(s) > 7"} ,

o, = inf {r : > a,n~* converges uniformly in Re (s) > r + ¢ for every ¢ > 0}

and S := sup{o, — 0, }. Bohr’s question asked for the precise value of S. The answer
came from H.F. Bohnenblust and E. Hille (1931): S = 1/2. The main tool is the, by
now, so-called Bohnenblust—Hille inequality. The precise growth of the constants Bﬁgfgj
is important for applications and is nowadays a challenging problem in Mathematical
Analysis. For real scalars, the estimates of B{Rﬁl";}f are important in Quantum Information
Theory (see [106]). In the last years a series of papers related to the Bohnenblust-Hille



inequality have been published and several advances were achieved (see [6, 62, 65, 68,
111, 119, 129] and the references therein). Only very recently, in [32, 111] it was shown
that the constants B’rnlllt have a sublinear growth, which means a major change in this
panorama since all prev1ous estimates (from 1931 up to 2011) predicted an exponential
growth. For real scalars, in 2014 (see [75]) it was shown that the optimal constant for
m = 2 is v/2 and in general BInult > 91=% . In the case of complex scalars it is still an
open problem whether the optlrnal constants are strictly greater than 1.

Given o = (ay, ..., a,) € N define |a| := a1+ - -+a,, and 2 stands for the monomial
- x% ) for x = (xq,...,2,) € K" The polynomial Bohnenblust—Hille inequality (see
[6, 42] and the references therein) ensures that, given positive integers m > 2 and n > 1, if
P is a homogeneous polynomial of degree m on (2 given by P(z1,...,z,) = Z|a|:m (o T
then

m+1

2m
2m_
< > |aa ) < B 1P
|a|=m
for some constant Bpol > 1 which does not depend on n (the exponent is optimal),
where [|P|| := sup,. B, |P(z)|. The search of precise estimates of the growth of the

constants Bp . is crucial for different applications and remains an important open problem
(see [32] and "the references therein). For real scalars, it was shown in [56] that the
hypercontractivity of Bp R.m 18 optimal. For complex scalars the behavior of Bpoqln is still

unknown. Moreover, in the complex scalar case, having good estimates for B2, is crucial
to applications in Complex Analysis and Analytic Number Theory (see [65]); for instance,
the subexponentiality of the constants of the polynomial version of the Bohnenblust—Hille
inequality (complex scalars case) was recenly used in [32] in order to obtain the asymptotic
growth of the Bohr radius of the n-dimensional polydisk. More precisely, according to
Boas and Khavinson [41], the Bohr radius K, of the n-dimensional polydisk is the largest
positive number r such that all polynomials ) _ a,z* on C" satisfy

> anz”

a

sup 3 a2 < sup

zerD” « zeDn

The Bohr radius K; was estimated by H. Bohr, and it was later shown (independently)
by M. Riesz, I. Schur and F. Wiener that K; = 1/3 (see [41, 43] and the references
therein). For n > 2, exact values of K,, are unknown. In [32], the subexponentiality of
the constants of the complex polynomial version of the Bohnenblust—Hille inequality was
established and using this fact it was finally proved that

lim —&o_ =1

1 )
n=roo 4/ 1E2

solving a challenging problem in Mathematical Analysis.

The Hardy-Littlewood inequality is a natural generalization of the Bohnenblust—Hille
inequality for £, spaces. The bilinear case was proved by Hardy and Littlewood in 1934
(see [91]) and in 1981 it was extended to multilinear operators by Praciano-Pereira (see
[128]). More precisely, the classical Hardy—Littlewood inequality asserts that for 0 <

11/p|:=1/p1+ -+ 1/pm < 1/2 there exists a (optimal) constant Cg’ > 1 such that,



for all positive integers n and all continuous m-linear forms 7": £} x --- x £ — K,

m+1—2|%|
" om 7w
m+1—2[L1 mu
(. ATl el ™ 2|p|> < Gt I
J1seIm=
When [1/p| = 0 (or equivalently p; = -+ = p,, = 00) since 2m/(m + 1 — 2|1/p|) =

2m/(m + 1), we recover the classical Bohnenblust-Hille inequality (see [42]).
When replacing (7 by £} the extension of the polynomial Bohnenblust-Hille inequality
is called polynomial Hardy—Littlewood inequality. More precisely, given positive integers

m > 2and n > 1, if P is a homogeneous polynomial of degree m on £}, with 2m < p < oo,

given by P(z1,...,Zn) = X 4=, @ax®, then there is a constant Cﬂzofnp > 1 such that

mp+p—2m

2mp Zmp ol
Z |a/a|mp+:ﬂ*2m S C]Ilzymyp |P|| ,
|a|=m
and Cﬂi?ylnvp does not depend on n, where || P|| := SUD.ep, |P(2)].

When p = oo we recover the polynomial Bohnenblust-Hille inequality. Using the
generalized Kahane-Salem—Zygmund inequality (see, for instance, [6]) we can verify that
the exponents in the above inequalities are optimal. The precise estimates of the constants
of the Hardy—Littlewood inequalities are unknown and even its asymptotic growth is a
mystery (as it happens with the Bohnenblust—Hille inequality).

Very recently, an extended version of the Hardy-Littlewood inequality was presented
in [6] (see also [73]).

Theorem 0.1 (Generalized Hardy-Littlewood inequality for 0 < |1/p| < 1/2). Let p :=

(P1y- -y Pm) € [1,+00|™ such that 0 < |1/p| < 1/2. Let also q == (q1,...,qm) € [(1 —
11/p|)7Y, 2]™. The following are equivalent:

(1) There is a (optimal) constant Cg'a' > 1 such that

9m—1

00 00 am
2| ( 2 \T(ejl,---,ejm)\q’”) < CRimpa I

J1=1 Jm=1

for all continuous m-linear forms T : X, x ---x X, — K.

1

(2) LyopLgmi (1)

For the case 1/2 < |1/p| < 1 there is also a version of the multilinear Hardy-Littlewood
inequality, which is an immediate consequence of Theorem 1.2 from [5] (see also [73]).

Theorem 0.2 (Hardy-Littlewood inequality for 1/2 < [1/p| < 1). Let m > 1 and
P = (P, Pm) € [L,00]™ be such that 1/2 < |1/p| < 1. Then there is a (optimal)

constant Dﬁﬂp > 1 such that

N 1 1-[5]
(‘ > 1|T<eil,...,eim>|1|pl) < DT
11 5eeeybm =



for every continuous m-linear operator T : @’1 X oo X E;,Vm — K. Moreover, the exponent
(1—|1/p|)" is optimal.

In this part of the work, we investigate the behavior of the constants C’Hrg‘;}f’pyq, D%};ﬁt’p

(Chapter 1) and Cﬂgf;yp (Chapter 3). In Chapter 2 we answer, for 1 < p < m, the question
on how the Hardy—Littlewood multilinear inequalities behave if we replace the exponents
2mp/(mp + p — 2m) and p/(p — m) by a smaller value r (see Theorem 2.1). This case
(1 < p < m) was only explored for the case of Hilbert spaces (p = 2, see [47, Corollary

5.20] and [61]) and the case p = oo was explored in [57].

Part II: Summability of multilinear operators

In 1950 A. Dvoretzky and C. A. Rogers [76] solved a long standing problem in Banach
Space Theory when they proved that in every infinite-dimensional Banach space there
exists an unconditionally convergent series which is not absolutely convergent. This result
is the answer to Problem 122 of the Scottish Book [104], addressed by S. Banach in [26,
page 40]). It was the starting point of the theory of absolutely summing operators.

A. Grothendieck, in [88], presented a different proof of the Dvoretzky-Rogers theorem
and his “Résumé de la théorie métrique des produits tensoriels topologiques” brought
many illuminating insights to the theory of absolutely summing operators.

The notion of absolutely p-summing linear operators is credited to A. Pietsch [124] and
the notion of (g, p)-summing operator is credited to B. Mitiagin and A. Pelczynski [105].
In 1968 J. Lindenstrauss and A. Pelczyniski’s seminal paper [100] re-wrote Grothendieck’s
Résumé in a more comprehensive form, putting the subject in the spotlight. In 2003 M.
Matos [102] and, independently, F. Bombal, D. Pérez-Garcia and I. Villanueva [44] intro-
duced a more general notion of absolutely summing operators called multiple summing
multilinear operators, which has gained special attention, being considered by several au-
thors as the most important multilinear generalization of absolutely summing operators:
let 1T < pi1,...,pm < q < 0o. A bounded m-linear operator 7' : E; X --+ X E,, — F is
multiple (¢;p1, ..., pm)-summing if there exists C,, > 0 such that

00
2
J1yeesdm=1

for every (xgk))]o‘;l € (y (Ey), k = 1,...,m. The class of all multiple (¢;p1,...,pm)-
summing operators from F; x --- x E,, to F will be denoted by

1 m k)\ oo
T, 2™y ('),

Y

k=1 W,Pk

q) <On 1l

zult(q;pl,...,pm)(Ela s 7Em> F)

The roots of the subject could probably be traced back to 1930, when, as we have
already said, Littlewood [101] proved his famous 4/3-inequality to solve a problem posed
by P.J. Daniell. One year later, interested in solving a long standing problem on Dirichlet
series, H.F. Bohnenblust and E. Hille generalized Littlewood’s 4/3 inequality to m-
linear forms. Using that L (co; F) is isometrically isomorphic to ¢4 (E) (see [72]), the
Bohnenblust—Hille inequality can be interpreted as the beginning of the notion of multiple
summing operators, because in the modern terminology, the classical Bohnenblust—Hille



inequality [42] ensures that, for all m > 2 and all Banach spaces E, ..., E,,,

E(El, ,Em,K) = qult( 2m_.q 1) (Eb ,Em,K) .

pessiy R TIREE)

In Chapter 4 we prove that, if 1 < s < p*, the set (£ ("™/,; K) \quh«ﬂ. ) (", K))U
m+1 38

{0} contains a closed infinite-dimensional Banach space with the same dimension of
L(™,;K). As a consequence we observe, for instance, a new optimal component of
the Bohnenblust-Hille inequality: the terms 1 from the tuple (2m/(m + 1);1,...,1) is
also optimal. Moreover, we generalize a result related to cotype (from 2010) due to G.
Botelho, C. Michels, and D. Pellegrino, and we investigate the optimality of coincidence
results for multiple summing operators in ¢y and in the framework of absolutely summing
multilinear operators. As a result, we observe that the Defant—Voigt theorem is optimal.
In Chapter 5 we present a new class of summing multilinear operators, which recovers
the class of absolutely (and multiple) summing operators. Moreover, we present a unified
version of the Bohnenblust—Hille and the Hardy—Littlewood inequalities with partial sums
which ensures that these results are in fact, corollaries of a unique yet general result.

Part 1II: Strange functions

Lebesgue ([99], 1904) was probably the first to show an example of a real function
on the reals satisfying the rather surprising property that it takes on each real value
in any nonempty open set (see also [86, 87]). The functions satisfying this property
are called everywhere surjective (functions with even more stringent properties can be
found in [80, 95]). Of course, such functions are nowhere continuous but, as we will see
later, it is possible to construct a Lebesgue measurable everywhere surjective function.
Entering a very different realm, in 1906 Pompeiu [126] was able to construct a nonconstant
differentiable function on the reals whose derivative vanishes on a dense set. Passing
to several variables, the first problem one meets related to the “minimal regularity” of
functions at a elementary level is that of whether separate continuity implies continuity,
the answer being given in the negative.

In this part of the thesis we will consider the families consisting of each of these kinds
of functions and analyze the existence of large algebraic structures inside all these families.
Nowadays the topic of lineability has had a major influence in many different areas on
mathematics, from Real and Complex Analysis [29], to Set Theory [84], Operator Theory
[92], and even (more recently) in Probability Theory [79]. Our main goal here is to
continue with this ongoing research. We will focus on diverse lineability properties of the
families MES (the family of Lebesgue measurable functions R — R that are everywhere
surjective), P (the vector space of Pompeiu functions, i.e., the functions f : R — R
that are differentiable and f’ vanishes on a dense set in R), DP (the vector space
of the derivatives of Pompeiu functions) and certain subsets of discontinuous functions,
completing or extending a number of known results about several strange classes of real
functions.
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Preliminaries and Notation

For any function f, whenever it makes sense, we formally define f(oo) = lim, , f(p).
Throughout this thesis, F, Fy, Es, ..., F shall denote Banach spaces over K, which shall
stands for the complex C or real R fields. In addition, £(E4, ..., By, F) stands for the
Banach space of all bounded m-linear operators from E; X --- x E,, to F' under the
supremum norm and when Fy = --- = E,, = E we denote L(E1, ..., E,; F) by L(™E; F).
The topological dual of E shall be denoted by E* and for any p > 1 its conjugate is
represented by p*, i.e., 1/p+ 1/p* = 1. For p € [1, 00|, as usual, we consider the Banach
spaces of weakly and strongly p-summable sequences, respectively, as bellow:

wEBE*

1/p
G(E) =9 (75)32, C B H(xj);";lem = sup ( ) |g0(:1cj)|p) < 00

and
- 1/p
(E) = 4 (25)52 C B |[(25)52]], = (Zl ||xj||”> < o0
]:

(naturally, the sum ) should be replaced by the supremum if p = 0c0). Besides, we set
X = ¢ and X,, := {, := (,(K). For a positive integer m, p stands for a multiple
exponent (p1,...,pm) € [1,00]™ and

1 1
=L 4.+ L

Pm

T =

Khinchine’s inequality

The real Khinchine inequality (see [72]) asserts that for any 0 < g < oo, there are
positive constants Ag 4, Br 4 such that, regardless of the scalar sequence (aj)Jo-‘;l in {5, we

have ) ) )
oo 2 4 q o 2
1
Arq (Zl!aﬂz) < (fo dt) < Bg, (Zl!aﬂz) :
]: ]:

where r; are the Rademacher functions. More generally, from the above inequality to-
gether with the Minkowski inequality we know that (see [17], for instance, and the refe-

i a;r;(t)




rences therein)

o ; 2 . N
1 D D P < AL X Ghegari () oy, ()| dt
JiseensJm=1 Il jm=1

j17"'7jm:1

1
< Bﬁ&( > ’ajl---ij) ; (1)

where [ = [0,1]™ and dt = dt,---dt,,, for all scalar sequences (ajlmjm);f..,jm:l in 4.

The optimal constants Ag, of the Khinchine inequality (these constants are due to U.
Haagerup [90]) are:

1
© Apy =2 (F(ﬁq)) if ¢ > go = 1.8474;

° A]R,q = 2%7% if q < qo.

The definition of the number gy above is the following: ¢y € (1,2) is the unique real

number with
T (f10_+1) VT

2 2

For complex scalars, using Steinhaus variables instead of Rademacher functions it is well

known that a similar inequality holds, but with better constants (see [98, 133]). In this
case the optimal constant is:

1

o Acy=T (Z2)7if g€ [1,2].

The notation of the constant Ak, shown above will be employed throughout this thesis.

Kahane—Salem—Zygmund’s inequality

Using the argument introduced in [39, Theorem 4] we present a variant of a result by
Boas, that first appeared in [6, Lemma 6.1}, and that is proved in [1].

Kahane—Salem—Zygmund’s inequality. Let m,n > 1, p1,...,pm € [1,+00|™ and, for

p > 1, define
11 ifp>2
— 2 P — 4
a(p) { 0, otherwise.

Then there exists a m-linear map A : 7 X --- x £y — K of the form

n

A(Zl,...,2m> = . 2 ejl,,.jmz]ll«~z]”-lm
JLsees Jm=1
with €;,...;,, € {—1,1}, such that
Al < C,, - n 3t ta(pm) (2)




The essence of the Kahane-Salem-Zygmund inequalities probably appeared for the
first time in [96], but our approach follows the lines of Boas’ paper [39]. Paraphrasing
Boas, the Kahane-Salem-Zygmund inequalities use probabilistic methods to construct
a homogeneous polynomial (or multilinear operator) with a relatively small supremum
norm but relatively large majorant function (we refer [1, Appendix B| for a more detailed
study of the Kahane-Salem—Zygmund inequalities).

Minkowski’s inequality

The following result is a corollary of one of the many versions of Minkowski’s inequality,
whose proof can be found, for instance, in [85, Corollary 5.4.2].

Minkowski’s inequality. For any 0 < p < ¢ < oo and for any scalar matric (a;;); jen,

i <]§1 |%‘|p> é < (Ji (ﬁl \az’j|q)§> ;.

Holder’s (interpolative) inequality for mixed ¢, spaces

1S

The following general Holder’s inequality was presented in the classical paper [33] on
mixed norms in L, spaces. We shall now work with L,(N) = £, since it is the case we are
interested in. We need to recall some useful multi-index notation: for a positive integer
m and a non-void subset D C N we denote the set of multi-indices i = (iy,...,1%,,), with
each i, € D, by

M(m,D) :={i=(i1,...,im) EN"; Gy €D, k=1,...,m} = D™

We also denote

M(m,n) := M(m,{1,2,...,n}).
For p = (p1,...,pm) € [1,00)™, and a Banach space FE, let us consider the space
Up(X) i= Ly, (U, (- (6, (X)) - .)),

namely, a vector matrix (2i)ic vq(n) € fp(X) if, and only if,

i1=1 10=1 im—1=1 \im=

When X = K, we just write ¢, instead of ¢,(K). Also, we deal with the coordinatewise
product of two scalar matrices & = (ai)ic pq(m,ny 20d B = (03)ic py(mny» 1€

ab = (aibi)ieM(m,n) :

The following result seems to be first observed by A. Benedek and R. Panzone (see
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[33]):

Holder’s inequality for mixed ¢, spaces. Let m,n, N be positive integers, r € [1,00)™
and q(1),...,q(N) € [1,00]™ be such that

1 _1)+..._|_ 1 je{1,2,...,m}

ri gl ;(N)?
and also let a := (a?)ieM(m,n), k=1,...,N be scalar matrices. Then
N N
[Tar]| < II lakllqw -
k=1 ly k=1

In particular, if each q(k) € [1,00)™, we have

am—1(k) a2
am (k)

SIS [ (2 fotmo)

k=1 | \ i1i=1 im=1

Using the above result we are able to recover the interpolative inequality from [5, 6,
7, 32] (see also [4]) that we can also, in some sense, call Hélder’s inequality for multiple
exponents. Under the point of view of interpolation theory it is not a complicated result

but, just in 2013, it began to be used in all its full strength.

0

i)ie/vt(m,n)‘ It is straightforward to

For a positive real number 6, let us define a’ := (a

see that

0
12l = llallg

where q/0 := (1 /0, ...,qm/0).

Holder’s interpolative inequality for multiple exponents. Let m,n, N be positive
integers andr,q(1),...,q(N) € [1,00]™ and 0y, ...,0n € [0,1] be such that 61+---+0y5 =
1 and

L0 4. .4 b forallj=1,...,m.
Then, for all scalar matriz a = (ai)ic pqm,ny we have
N 0
lall, = I1 lallqg,

In particular, if each q(k) € [1,00)™, the previous inequality means that

i

T"m—1 T2 %
> (i yairm) "o
i1=1 im=1
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Im—1(k) a2 (k)
am (k)

SIS [ (2 ko)

k=1 | | i1=1 im=1

Lineability notions

A number of concepts have been coined in order to describe the algebraic size of a
given set; see [21, 31, 35, 78, 89] (see also the survey paper [38] and the forthcoming book
[18] for an account of lineability properties of specific subsets of vector spaces). Namely,
if X is a vector space, o is a cardinal number and A C X, then A is said to be:

e lineable if there is an infinite dimensional vector space M such that M \ {0} C A,

e a-lineable if there exists a vector space M with dim(M) = « and M \ {0} C A
(hence lineability means Rg-lineability, where Xy = card (N), the cardinality of N),
and

e mazimal lineable in X if A is dim (X)-lineable.
If, in addition, X is a topological vector space, then A is said to be:

e dense-lineable in X whenever there is a dense vector subspace M of X satisfying
M\ {0} € A (hence dense-lineability implies lineability as soon as dim(X) = o0),
and

e mazimal dense-lineable in X whenever there is a dense vector subspace M of X

satisfying M \ {0} C A and dim (M) = dim (X),

e spaceable in X if there is a closed infinite dimensional vector subspace M such that
M\ {0} C A (hence spaceability implies lineability), and

e mazimal spaceable in X if A in X is spaceable and dim(A) = dim(X).

According to [24, 28], when X is a topological vector space contained in some (linear)
algebra, then A is called:

e algebrable if there is an algebra M so that M \{0} C A and M is infinitely generated,
that is, the cardinality of any system of generators of M is infinite.

e densely algebrable in X if, in addition, M can be taken dense in X.
e «a-algebrable if there is an a-generated algebra M with M \ {0} C A.

e strongly a-algebrable if there exists an a-generated free algebra M with M\ {0} C A
(for a = Ng, we simply say strongly algebrable).

o densely strongly a-algebrable if, in addition, the free algebra M can be taken dense
in X.

Observe that strong a-algebrability = a-algebrability = a-lineability, and none of
these implications can be reversed; see [38, p. 74].
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Chapter

The m-linear Bohnenblust—Hille and
Hardy-Littlewood inequalities

In 1931 F. Bohnenblust and E. Hille proved in [42] that there exists a (optimal)
constant B's' > 1 such that for all continuous m-linear forms T': £2 x --- x {2 — K,
and all positive integers n,

m+1

2m

< 2. (s e5,) 1 < B 1Tl (1.1)

J1yeerdm=1

The precise growth of the constants Bﬂ%”‘;}f is important for many applications (see, e.g.,
[106]) and remains an open problem. Only very recently, in [32, 111] it was shown that
the constants have a sublinear growth. For real scalars (2014, see [75]) it was shown that
the optimal constant for m = 2 is V2 and in general Bﬁf‘,‘}f > 91=% . In the case of complex
scalars it is still an open problem whether the optimal constants are strictly grater than
1; in the polynomial case, in 2013 D. Nunez-Alarcon proved that the complex constants
are strictly greater than 1 (see [108]). Even basic questions related to the constants By
remain unsolved. For instance:

. m lt oo . .
e Is the sequence of optimal constants (BK‘}n )mzl increasing?

o oo
e [s the sequence of optimal constants (Bﬁg"#f)m: ) bounded?
o [s BTt =17

The best known estimates for the constants in (1.1), which are recently presented in
32], are (B} = 1 is obvious)

m
mult -1
B]K,m S H AK 2j—-2>
j=2 T

where Ag (2j_2)/; are the respective constants of the Khnichine inequality, i.e.,

J

]:
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Bgut < I 2%, for 2 <m <13,
=2
i (1.2)
X m 3 1 325
Bﬁu,it < s _m I (F(f/;r])> j Cform > 14
’ j=14

In a more friendly presentation the above formulas tell us that the growth of the constants
By is sublinear since, from the above estimates it can be proved that (see [32])

mult ] 0.21139
Bghy < m'z <m ;

2—log2—~
BEut < 1.3-m~ 2 < 1.3.m036182

where v denotes the Euler—-Mascheroni constant. Differently of the above estimates, all
previous estimates (from 1931 up to 2011) predicted an exponential growth. It was only
in 2012, with [119] (motivated by [68]), when the perspective on the subject changed
entirely.

The Hardy-Littlewood inequality is a natural generalization of the Bohnenblust—Hille
inequality to ¢, spaces. More precisely, the classical Hardy—Littlewood inequality asserts
that for 0 < |1/p| < 1/2 there exists a (optimal) constant Cg's* > 1 such that, for all
positive integers n and all continuous m-linear forms 7": €7 x --- x 7 ~— K,

_o| L
m—+1 2‘13‘

n 2m : 2m
( Z ‘T(ejlv'-'7€jm)‘m+l_2|p|> < Cﬂlg,l;rlip HTH : (13)

jl?"':jmzl

Using the generalized Kahane-Salem-Zygmund inequality (2) (see [6]) one can easily verify
that the exponents 2m/(m + 1 — 2|1/p|) are optimal. When |1/p| = 0 (or equivalently
pL =+ =Dy = 00), since 2m/(m + 1 — 2|1/p|) = 2m/(m + 1), we recover the classical
Bohnenblust-Hille inequality (see [42]).

The precise estimates of the constants of the Hardy—Littlewood inequalities are un-
known and even its asymptotic growth is a mystery (as it happens with the Bohnenblust—
Hille inequality). The original estimates for Cg' (see [6]) were of the form

cmit < (yv2)" (1.4)

K7m7p -

Very recently an extended version of the Hardy-Littlewood inequality was presented
in [6] (see also [73]).

Theorem 1.1 (Generalized Hardy—Littlewood inequality for 0 < |1/p| < 1/2). Let p :=
(P1,y -+, Pm) € [1,400]™ be such that 0 < |1/p| < 1/2. Let also q :== (q1,---,qm) €
[(1—[1/p|])~1,2]™. The following are equivalent:

1) There is a (optimal) constant CPU > 1 such that
K,m,p,q

9m—1 o a1

00 00 am 2
Do X T (e e )™ < Cmpa T

Jj1=1 Jm=1

for all continuous m-linear forms T : X, x --- x X, — K.
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1 1 1
(2) gt < |

Some particular cases of Cg‘;ﬁfp,q will be used throughout this chapter, therefore, we

will establish notations for the (optimal) constants in some special cases:

e If pp = --- = p, = oo we recover the generalized Bohnenblust—Hille inequa-
lity and we will denote C’]g“;rlf(oo oo)q DY Byt Moreover, if g1 = -+ = gy =

2m/(m + 1) we recover the classical Bohnenblust-Hille inequality and we will de-

mul mult.
note B o /(mt1),...2m/mi1)) PY Bitms

o If gy = =¢qn=2m/(m+1—2|1/p|) we recover the classical Hardy—Littlewood
inequality and we will denote C]Irglrlrlzt,p,(2m/(m+lf2\1/p|),...,2m/(m+172\1/p|)) by C’ﬁé‘fﬁp. More-
over, if p; = - -+ = pp, = p we will denote C%' by Cputt

For the case 1/2 < |1/p| < 1 there is also a version of the multilinear Hardy-Littlewood
inequality, which is an immediate consequence of Theorem 1.2 from [5] (see also [73]).

Theorem 1.2 (Hardy—Littlewood inequality for 1/2 < |1/p| < 1). Letp = (p1,--.,Pm) €
[1, 00]™ be such that 1/2 < |1/p| < 1. Then there is a (optimal) constant D' > 1 such
that

1

N L -5

S )T < DT
Q1 yeeeyim=

for every continuous m-linear operator T : @ﬁ X e X %Vm — K. Moreover, the exponent

(1 —11/p|)~* is optimal.

The best known upper bounds for the constants on the previous result are D]@‘}ip <

(V2) " and Dt < (2/y/7)™ " (see [5, 73]). We will only deal with this second case of
the Hardy—Littlewood inequality in Chapters 2 and 5. Again, we will establish notations

for the (optimal) constants D' | in some special cases:

e When p; = --- = pp, = p we denote D' by Dt .

Our main contributions regarding the constants of the multilinear case of the Hardy—
Littlewood inequality can be summarized in the following result, which is a direct conse-
quence of the forthcomings sections 1.1 and 1.2.

Theorem 1.3. Let m > 2 and let og = /2 and oc = 2/+/%. Then,

(1) Let q = (q1, ..., qm) € [1,2]™ such that |1/q| = (m+1)/2 and max¢; < (2m?* —4m +
2)/(m?* —m — 1), then

m

mult —1

Big < 11 Ay 52
j=2 ™77

mp+2m—2m2 —p

(2) G, > 2" for 2m < p < 00 and Oy, > 1.
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(3) (i) For [1/p| <1/2,

Cmlt < (o) 2 V15| gy 2l

Kmp

In particular, (CE )OO

B p is sublinear if |1/p| < 1/m.

1
(ii) For 2m3 — 4m? + 2m < p < oo,

mult H A—

Kmp —

(4) Let 2m < p < oo and let q := (q1,..,qm) € [p/(p — m),2]™ such that |1/q| =
(mp+p—2m)/2p. If maxq; < (2m?* — 4m +2)/(m* —m — 1), then

Cmult ﬁ A*l
2j—2-

K m,pﬁq

Note that, for instance, if 2m3 —4m? +2m < p < oo, the formula of item (3)(7i) is not
dependent on p, contrary to what happens in item (3)(i), where we can see a dependence
on p but, paradoxically, it is worse than the formula from item (3)(7i). This suggests the
following problems:

e Are the optimal constants of the Bohnenblust—Hille and Hardy—Littlewood inequa-
lities the same?

e Are the optimal constants of the Hardy-Littlewood inequality independent of p (at
least for large p)?

Several advances and improvements have been obtained by various authors in this
context. We can highlight and summarize these findings in the following remarks:

Remark 1.4. D. Pellegrino and D.M. Serrano-Rodriguez proved in [120] the following
result: if m > 2 is a positive integer, and q = (q1, ..., ¢) € [1,2]™ are such that |1/q| =
(m+1)/2, then, for j = 1,2,

— m
(m—=1)(1-q;)q;+ '21 4
i=
i#£]

mult
Bqu > 2 q1°am ,

with ¢ = q1 ¢/, i = 1, ...,m. In particular’,
I I -1
Bmut(l,Q,..g) - Bﬂrél,l;nt,(z,l,z,...a) - (\/E)m .

Remark 1.5. J. Campos, W. Cavalcante, V.V. Favaro, D. Nunez-Alarcén, D. Pellegrino
and D.M. Serrano-Rodriguez proved in [55] that, for ¢, € [1,2],

3gmm—2m—>5qm+4
2gm (m—1)

Bmult , > 9
(m—1)q 2(m—1)gm =
R, (i Tigm s s ot g 2 0m )

!The optimal value for the constant Bﬁ“:}f (1,2,...2) Was first obtained by Daniel Pellegrino in [118].
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In particular, it was possible to conclude that

Bﬁlgltzl/:% 4/3,2) Bﬁ%{%4/3,8/5,8/5) = B§1‘§324/3,2,4/3) =294

Remark 1.6. Very recently, D. Pellegrino presented? new lower bounds for the real
case of the Hady—Littlewood inequalities, which improve the so far best known lower
estimates (item (2) of the previous theorem) and provide a closed formula even for the
case p = 2m (see [55]). Pellegrino’s approach is very interesting because even with a
simple argument, he finds an overlooked connection between the Clarkson’s inequalities
and Hardy—Littlewood’s constants which helps to find analytical lower estimates for these
constants. More precisely, using Clarkson’s inequalities, D. Pellegrino proved that for
m > 2 and p > 2m, we have

2mp+2m7p72m2
mp

Cmult 2
Rm,p T sup ((142)P" +(1—a)p*)1/P* *
z€[0,1] (14a2P)1/P

Remark 1.7. If p = (p,...,p) in Theorem 1.3 (3)(i) we have the following estimate for

Cgut with 2m < p < oo:

Qm(m 1) p—2m

Cplt < (ow) 7 (BEAYS (1.5)

Km,p =

Very recently, D. Pellegrino in [113]? proved that, for m > 3 and 2m < p < 2m3 — 4m? +
2m, we can improve (1.5) to

E 2
p—2m—mp+6m2 —6m3+2m? w)

Ot < (o) gy 0 (5

When p = 2m3 — 4m? + 2m this formula coincides with Theorem 1.3 (3)(ii) when p —
2m3 — 4m? + 2m.

Remark 1.8. Let py € (1,2) be the unique real number satisfying

F(I?o_ﬂ):ﬁ

2 2

D. Nunez-Alarcon and D. Pellegrino in [109] found the exact value of the constant in the
particular case K =R, m =2, q = (p/(p—1),2) and p = (p,00) with p > po/(po — 1).
More precisely, they showed that

=
B =

mult -9
R,2,(p,00), (527 2)

whenever p > po/(po — 1). For 2 < p < py, they found almost optimal constants, with
better precision than 4 x 107

Remark 1.9. D. Pellegrino proved in [116] that for m > 3, 2m < p < oo and q :=
(q1, s qm) € [p/(p—m),2]™ such that [1/q| = (mp +p —2m)/2p and maxq; > (2m? —

2The original paper that D. Pellegrino presented the new lower bounds for the real case of the Hardy—
Littlewood inequalities has been withdrawn by the author (see [112]). This arXiv preprint is now incor-
porated to [55].

3This arXiv preprint is now incorporated to [14].
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4m +2)/(m? —m — 1), we have

(m+1)(2—max g;)(m—1)>

(7n+1)(27maxqi)(anl)2 m (m27m72)maxqi
" (me) (1- D fzomenel ) L
Ot < (o) i) (T 47, o (16)
e

Kmp,q = 2L
J

The estimates (1.6) behaves continuously when compared with Theorem 1.3 (4).

1.1 Lower and upper bounds for the constants of the
classical Hardy—Littlewood inequality

From [32, 111] we know that Bﬂrg"#f has a sublinear growth. On the other hand, the
best known upper bounds for the constants Cg'y  are (\/i)m_l (see [5, 6, 73]). In this

. -1 .
section we show that (\/§)m can be improved to

camty < (V2)" 7 (mpy =l

1.7)
2m-1)| 5| 1-2|L (
mul 2 P mul
Cbﬂ&)—-(i?) (Bﬂmw ‘py
These estimates are better than (\/5) because Bmult is sublinear. Moreover, our

estimates depend on p and m and catch more subtle mformation since now it is clear
that the estimates improve as |1/p| decreases. As |1/p| goes to zero we note that the
above estimates tend to Bg'' (see (1.2)) and, for instance, if |1/p| < 1/m we conclude

that (C]{(}“gfp) , has a sublinear growth. One of our main results in this section is the

following;:

Theorem 1.10. Let m > 2 be a positive integer and |1/p| < 1/2. Then, for all continuous

m-linear forms T': ) X ---x £} — K and all positive integers n, we have
m+172|%|
" T T
( Z |T(6j17'~-7€jm)|m+12|p|> Cm,lﬂt,p HTH ) (18)
jlv"'yjmzl

with CFY o as in (1.7). In particular, (Cﬁ%";}fp) | has a sublinear growth if [1/p| < 1/m.

Remark 1.11. If p; = --- = p,, = p and 2m3 — 4m? 4+ 2m < p < oo, we already have

better information for C’ﬁg‘ﬂfp when compared to the previous theorem (see Theorem 1.17).

Proof of Theorem 1.10. For the sake of simplicity we shall deal with the case p; = --- =
Pm = p- The case p = oo in (1.8) is precisely the Bohnenblust—Hille inequality, so we just
need to consider 2m < p < co. Let (2m — 2)/m < s <2 and \g = 2s/(ms + s — 2m + 2).
Since (m —1)/s +1/Ag = (m +1)/2, from the generalized Bohnenblust-Hille inequality
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(see [6]) we know that there is a constant Bﬁﬁ(/\ojsm s = 1 such that for all m-linear
forms T": 07 x --- x {7, — K we have, for alli =1,....,m,

1

;)\0 Ao
2 (Z T (&1, ---,ejm)ls> < B vossrs) 1T (1.9)
Ji=1 \j,=1

Above, Z%Zl means the sum over all j, for all & # 4. If we choose s = 2mp/(mp + p — 2m),
we have \g < s < 2. The multiple exponent (A, s, ..., s) can be obtained by interpolating
the multiple exponents (1,2,...,2) and (2m/(m + 1),...,2m/(m + 1)) with, respectively,
01 =2(1/Xo—1/s) and 03 = m(2/s — 1), in the sense of [6].

It is thus important to control the constants associated with the multiple exponents
(1,2...,2) and (2m/(m + 1), ...,2m/(m + 1)). The exponent (2m/(m + 1), ...,2m/(m + 1))
is the classical exponent of the Bohnenblust—Hille inequality and the estimate of the cons-
tant associated with (1,2...,2) is well-known (we present the details for the sake of com-
pleteness). In fact, in general, for the exponent (2k/(k + 1),...,2k/(k+1),2,...,2) (with
2k/(k 4+ 1) repeated k times and 2 repeated m — k times), using the multiple Khinchine
inequality (1), we have, for all m-linear forms 7" : 2 x --- x £ — K,

k41

< > ( > |T(ej1,...,e]~m)|2>%k2+kl>2k

jl:"'7jk:1 jk:Jrlv"'?jm:l
n —(m—Fk) n
(0% (A% (Jomr | X mienalton) - m, (t)
.jl"“»jk:zl k41 jk+17"'7jm:1

2k k+1 k41

mdtkﬂ---dtm) o );fﬁ) o

~(m—k) =
= AK 2k ( Z ./‘[O,l]mfk

JisensJk=1

n
T<€j17 05 Gl ' Z LT (tk+1)ejk+17 e
Jr+1=1

2k k+1

ﬁdtk-i-l e dtm)

N
ol

jm:
=4, (] ST (ennene 3 T lti)e
R, 2k [0,1]m—F ; Jir o Sk Je+1 \Vk+1)Cgk 19 o
k+1 J1yejk=1 Je+1=1

k+1
2k

kakl
! dbpyr - dtm)

Zn: Tjm (tm)ejm>

Jm=1
—(m—k) mult
< A a sup Bk
TRty tm €[0,1]

= A VBRI ITI.

2k
K, k+1

n n
T( Ty ey Ty Z rjk+1<tk+1)€jk+17"‘7 Z ij(tm)ejm>H

jk+1:1 jmzl

So, choosing k = 1, since Ag; = ox' and Bﬁg‘{“ = 1 we conclude that the constant

associated with the multiple exponent (1,2, ...,2) is o' ~!

Therefore, the optimal constant associated with the multiple exponent (Ao, s, ..., s) is
less than or equal to
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ie.,
2m(m—

Bmult (0. ) > 1) (Bmult)% (1 10)
K,m,(Xo,s;...,8) — K R,m : :

More precisely, (1.9) is valid with Bﬂgl‘j}f(/\o ) as above.

Let \; = Xop/(p — Aoj) for all j = 1,....,m. Note that \,, = s and that (p/\;)" =
Aji1/A; for all 5 =0,...,m — 1. Let us suppose that 1 <k < m and that

1

" N SA—1\ Me—1
-21 (Z |T(6ju-~-v€jm)|s> < B vossrs) I
Ji= ji=1
is true for all continuous m-linear forms 7" : (7 x Fome X Uy x £5, x - x L7, — K and
for all 2 =1, ..., m. Let us prove that
1
n n s\ A
mul
2 (Z T (ejq, -.-,ejm)ls> < B .5, 1Tl
Ji= \gi=1
for all continuous m-linear forms 7" : £} X L X Ly x L5, x - x L3 — K and for all

1=1,.

The initial case (the case k = 0) is precisely (1.9) with BE‘;&QO’SMS) as in (1.10).
Consider
T e L0, ime 00, 00, .. 05 K)

)P oo ? o0

and for each x € Bg; define

k— 1 times

T o XXl x-ox i — K
(z(l), . z(m)) = T(2W) L 2B B L) m)))

with 2z(%) = (asjzj(-k))?zl. Observe that ||T|| > sup{||T®@] : = € Byn}. By applying the

induction hypothesis to T, we obtain
" " S k-1 A16171
> (Z \T(eju-.-,ejm)lslﬂfjkls>

Ji=l \j,=1

Ji=1

n n
= '21 (Z ‘T(ejl,...,ejk1,:cejk,ejk+1,...,ejm)}s>
Ji=

1

. N N1\ ™1
— -Zl (Z |7 (ejl,...,ejm)F)
Ji=

Ji=1
< B s [Tl
< B o ITL (L11)

foralli=1,....m
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We shall analyze two cases, namely, ¢ = k and i # k.
e 1 =kFk.

Since (p/Aj_1)" = Aj/Aj_1 for all j = 1,...,m, we conclude that

jr=1

S\ Mk
Z <Z |T(ej1>"'>6jm)‘s>
Je=1

n

_ jzi:l (; T (e, o ejm)13> |

Jk=

n

N %)\k—l Tl—l
Jk=1 .

" n SAk—1
= sSup Z |y]k| (Z |T(ej17“'=ejm)’8>
yeBm  jr=1 Jn=1

Ak—1

" " SAk—1\ Me—1
= | sup > |z | M1 <AZ |T(ej1,...,ejm)|s>
Jr=1

IEB[Z/)I ]kzl
1

%Akq Agp—1
S S
|xjk| )

n

— Sup Z <Z |T(6j17"‘7€j7n)
Jr=1

IEB[;)I ]kzl /;

< B |IT|
where the last inequality holds by (1.11).
o i #k.
Let us first suppose that k € {1,...,m — 1} . It is important to note that in this case

M1 < Ay < s forall k€ {1,....,m—1}. Denoting, fori=1,....,m,

Si - (/\Z |T(€j17 R ejnz)|s>
Ji=1

we get

Z (Z |T<€j17”'7ejm)|s> - Z Sz)\k - Z Sz‘)\k_ssf

Ji=1 Ji=1

LA . R n ) NP
=y ¥ o)l 52 o5n Honeim)l
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s(s—A
n (s sOp—Ap_1)

n T 5=Ak—1
z:z i) AT

l

Therefore, using Holder’s inequality twice (first with the exponents (s — A\g_1)/(s — Ax)
and (s — M\_1)/(M — Me—1) and then next with Ap(s — A1)/ Ap_1(s — Ax) and Ap(s —
Ai—1)/8(Ak — Ag—1) we obtain

i(iﬁ@wwmﬁy

Ji=1 \j,=1

s=Ag A= Ak—1

4 LA (L W T
< Z Z ];7/\1; J;n Z |T<€j1>"'7ejm>|s
i J

]kil K= 1 7,

Ak—1 STk
A 8=Ap_1

Ak

A
n k—1
Z |7°( 1485158 m )1~ €im)|°
B T T
L \jr=1
.(Ak_)‘kfl)s

5k i 5=Ak—1
<3 (Z !T(egu---,ejm)ls> : (1.12)

<z

Jk

jkl ]_

We know from the case i = k£ that

1. (Ap—Ag_1)s

AR\ Ak ST Ap—Ap_1)s
S mu. ﬁ
z(zuwww%m) < (B, ITI) T (1)
J

k=1 \ji=1

Now we investigate the first factor of the right side in (1.12). From Hélder’s inequality
(with the exponents s/(s — Ax_1) and s/\;_1) and (1.11) it follows that

A

Ak Ak n
n Ak—1
Z Z T (ejy5-5€5m)|° _ Z 1T (ejy5-r€5m)|°
) .s T s Ap_1 - S.s T s Ap_1
I=1 \jr=1 Jk ’ j

Je=1||( o i
Ak—1

T yeeny T yeery
—  sup Z ‘y]kl Z | eJi A:y;nﬂ — sup Z Z | e]i A:J;n\ |xjk|)\k 1

yeBm | jrp=1 r€Bn jr=1j, =1 S
Ak—1
n T(ej, sy )| M1

= sup 30 3 ot e e e e

(EEBgn Jz—lj -1 S

S=Ap_1 l)\
(5 el o)t : n AR

< sup > | X ST (e €5, P25,

t€Bm ji=1 \ j;=1 Ji=1

SAk—1
n n k—1
~ sup Z:(E:Vr@hwweﬁJPWnP) < (B, 7))

z€Bgn ji=1 \ j;
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Replacing (1.13) and (1.14) in (1.12) we finally conclude that

Ak
> ( > |T<ej1,...,ejm>|s>

Ji=1 \j,=1
Z It Ap—150x It Qp= k1)
< (BRm o 1T = (BRmvors,o ITIN) e

= (BEM g 1T

It remains to consider & = m. In this case \,, = s and we have a simpler situation
since

1

> (z |T(€jm€jm)|s)s -5 (z |T<ej1,...,ejm>|s)5

Ji=1 \ 7 im

ji=1 Jm=1 \j,=1
< B]Irghfrlrlzt (Xo,s,- ||TH
where the inequality is due to the case ¢ = k. This concludes the proof. O

Now we will provide nontrivial lower bounds for Cﬁﬂtp Currently, the best lower
bounds for the constants of the real case of the Hardy—Littlewood inequalities can be
founded in [55] (see Remark 1.6), but our next result was the first in this direction and

we present the proof for the sake of completeness.
Theorem 1.12. The optimal constants of the Hardy—Littlewood inequalities satisfies

rnp+2m72'm2 —p

C’ﬁ{“#ﬁp > 2 mp >1 for 2m <p < oo,
and
Cpnto > 1.
. . .. . w
Proof. Following the lines of [75], it is possible to prove that Cg'w’, > > 1
mp+2m— 2m2 P
for 2m < p < oo, but note that when p = 2m we have 2 e = 1 and thus we do

not have nontrivial information.
All that remains is to prove the case p = 2m. The next step follows the lines of [75].
For 2m < p < oo, consider T3, : 612, X éf, — R given by

(20, 2@) s 2050 4 0,0 0,0 o)
and 15, : €2m DX x Ezm_l — R given by

(x(1)7 m’x(m)) — (xgm) + l‘gm))Tm—l,p(f(l), ...,SB(m))
—f—(l'gm) . xgm))Tm_l’p(Bgm—l(x@)), Bgmﬂ (I(2)), - BQ(a:(m—l)))7

where z(®) = (xgk))izl_ "€ 2" 1 <k <m, and B is the backward shift operator in

Ef,m*l . Observe that

|Tmp(ac(1), ...,x(m))|

)
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< |a{™ 4 20| Ty (2D, 1))
a2l — 2| T (B (2W), B (2®@), ..., B2 (2™D))
<N Tl (|28 + 25| 4 2™ = 25™))

= [T pll2mac{ 2™, 257}
< 2 Tnagll - 1l

Therefore,
“Tmm” < 2m_2HT2,p”' (1-15)
Note that )y
|Ts,pll = sup{ I T35, Il = =V, = 1},
where TQ(, 62 — R is given by 23 — Toyp (2 ( N x(z)). Thus we have the operator

2D 1 2 1 1 2
Ty @) = (@ + af)al? + (@) - ag”)ay.

Since (£,)" = £, for 1 < p < oo, we obtain

(z(D
1755 = |l + 2, 2 —289,0,0,..)

p*-

Therefore
1 L) p* ! 1
T2l = sup{(|2$" + 2V + o) — 2P )7 oV 4 2P = 1),

We can verify that it is enough to maximize the above expression when :rgl),xé) > 0.
Then

B =

| Topll = sup{((z + (1 = a?)7)"" + & — (1 —a”)5[" )" -z € [0, 1]}
= max{sup{f,(z) : z € [0,27]}, sup{gy () : € 277, 1]}}

where
folz) = (@ + (1 =) )" + (L —aP)r — )" )"

and

NI
Y

o) = (& + (L= a?)2 )" + (& — (1 — a?)n)?")

It is not too difficult to see that
| To,ll < 2 (1.16)
(for instance, the precise value of ||y 4| seems to be graphically v/3 (see Figure 1.1)).

From (1.15) and (1.16) we would conclude that [|T},,| < 2™'. On the other hand,
from Theorem 1.3 we have

mp+p—2m

mp+p—2m mel 2mp Zmp
m—1\" 95, __ mult om— 1
(4 ) e - Z |Tm7p(€]1 ) e]m) | mpEp=am < C]R m p2
jl 7777 ]m:
and thus s
mp+p—2m 2
mult (4m—1y" 2mp _ gmetZm—2mT—p
CRomp >~ —— =2 mp =1,
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as required. O

Figure 1.1: Graphs of the functions f; and g4, respectively.

1.2 On the constants of the generalized Bohnenblust—
Hille and Hardy—Littlewood inequalities

In this section, among other results, we show that for 2m? — 4m? +2m < p < oo
the constants C’ﬁg‘;ﬁp have the exactly same upper bounds that we have now for the
Bohnenblust-Hille constants (1.2). More precisely we will show that if p > 2m?*—4m?+2m,

then

J

e, < 1T (2-1)77,

C —
7m7p j:2 j

Cmult < ﬁ 22]’172 for 2 <m <13

By <] [ , Sm= 1o, (1.17)

j:
o m 3_1Y)\ 2-27
Cﬁg%t’p < olossL_m 11 (%) ,  form > 14.
j=14

It is not difficult to verify that (1.17) in fact improves (1.7). However the most interesting
point is that in (1.17), contrary to (1.7), we have no dependence on p in the formulas and,
besides, these new estimates are precisely the best known estimates for the constants of
the Bohnenblust—Hille inequality (see (1.2)).

To prove these new estimates we also improve the best known estimates for the gene-
ralized Bohnenblust-Hille inequality (see Section 1.2.1). The importance of this result
(generalized Bohnenblust—Hille inequality) trancends the intrinsic mathematical novelty
since, as it was recently shown (see [32]), this new approach is fundamental to improve
the estimates of the constants of the classical Bohnenblust—Hille inequality. In Section
1.2.2 we use these estimates to prove new estimates for the constants of the Hardy—
Littlewood inequality. In the final section (Section 1.2.3) the estimates of the previous
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sections (Sections 1.2.1 and 1.2.2) are used to obtain new constants for the generalized
Hardy-Littlewood inequality.

1.2.1 Estimates for the constants of the generalized Bohnenblust—
Hille inequality

The best known estimates for the constants Bmlﬂt m(qr,ngm) A€ Presented in [5]. More

precisely, for complex scalars and 1 < ¢4 < -+ < ¢, g 2, from [5] we know that, for
q= (q17 (RS Qm)7

j 2m<
Bt < (H r(z- -))
s

<[ (rm O fr e )7

3)

=}
s~

(1.18)

J=1

In the present section we improve the above estimates for a certain family of (¢1, ..., ¢)-
More precisely, if max g < (2m? — 4m + 2)/(m? —m — 1), then

mult 1)-==
B(C,m,(ql,...,qm) S jl;[2 F (2 o J) ’

A similar result holds for real scalars. These results have a crucial importance in the next
sections.

Lemma 1.13. Let m > 2 and i € {1,...m}. If ¢ € [(2m —2)/m,2] and q = 2(m —
D)g;/((m + 1)q; — 2), then

m
mult < -1
BK,m,(q,...,q,qi,q,...,q) - ]1:[2A —

with q; in the i-th position.
Proof. There is no loss of generality in supposing that i = 1. By [32, Proposition 3.1] we

have, for each k =1, ..., m,

_m
2m—2 m—2

37
Z (Z |T(6]17"”6jm)’2> < AH; 2m=2 ]Iréuqlvlzt el

jr=1 \Jr=1

< H = 17|

.

(see proof of Theorem 1.10 for details).
We define
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where the 2 is in the k-th coordinate and take 6; = m — (2m —2)/qy and 0y = --- = 0,,, =
2/q; — 1. Recalling that ¢; > (2m — 2)/m we can see that 65 € [0,1] for all k =1,....,m.
It can be easily checked that

O _ ... fm_ — 1 gnd

qi(1) am (1) @ ql_(lj)"i"”"i‘ ~ == for j=2,...,m.

an(j) ¢
Then a straightforward application of the Minkowski inequality (using that (2m — 2)/m <
2) and of the generalized Hélder inequality ([33, 81]) completes the proof. O

Lemma 1.14. Let m > 2 be a positive integer, 2m < p < oo and q1, ..., Gm € [p/(p —m),2].
If |11/q| = (mp + p — 2m)/2p, then, for all s € (maxg;, 2], the vector (qfl, s q;bl) belongs
to the convex hull in R™ of {3 1" G1k€hy .oy Y pey Gmier }, Where aj, = s~ if k # j and
aje = A, if k= j, and A s = 2ps/(mps + ps + 2p — 2mp — 2ms).

Proof. We want to prove that for (qi,...,q,) € [p/(p —m),2]™ and s € (maxg;, 2] there
are 0 < 0;5 <1, j=1,...,m, such that

m

Z ejzs = 1’

j=1
1 _ 91,5 92,5 em,s
a Am,s + s + + s

Azel_»s_i_..._i_m Om,s

dm S S >\7n,s ’
Observe initially that from |1/q| = (mp+ p — 2m)/2p we have maxgq; > 2mp/(mp +
p — 2m). Note also that for all s € [(2mp — 2p)/(mp — 2m), 2] we have
mps + ps + 2p — 2mp — 2ms > 0 and Zﬁ < Ams < 2. (1.19)
Since s > maxq; > 2mp/(mp +p — 2m) > (2mp — 2p)/(mp — 2m) (the last inequality is
strict because we are not considering the case p = 2m) it follows that A, s is well defined
for all s € (max ¢;, 2]. Furthermore, for all s > 2mp/(mp + p — 2m) it is possible to prove

that A\, s < s. In fact, s > 2mp/(mp + p — 2m) implies mps + ps — 2ms > 2mp and thus
adding 2p in both sides of this inequality we can conclude that

_ 2ps 2ps __
)\m,s T mps+ps+2p—2mp—2ms < 2p 8. (120)

For each j = 1,...,m, consider 0;5 = Ay s (s —q;)/q; (8 = Ams). Since 370, g =
(mp + p — 2m)/2p we conclude that

m mo (5—g;) A m )
2 0= iy T (S | =1

Jj=1

By hypothesis s > maxgq; > ¢; for all j =
j=1,..mand thus 0 < 0;, <> 0;,=1.
Finally, note that

1,...,m, so it follows that 6;, > 0 for all

)\m’3<5—qj) 1 Am,s(s—qj')

)?'3'7S + 1—9]',5 _ Qj(s—)\m,s) + _(Ij(S—/\m,s) _ 1

m,s s )‘W,S S qj )
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Therefore
1L O1s | B2 Om,s
q1 o A’m,s + S + + LR
1 91 Kl 9m71 El Gm s
= s + -+ 5 + -
and the proof is done. O

Combining the two previous lemmas we have:

Theorem 1.15. Let m > 2 be a positive integer and q = (q1,...,qm) € [1,2]". If
11/q] = (m+1)/2, and max g; < (2m* —4m + 2)/(m* —m — 1), then

m
mult
BKm (q1yee0Gm) — H

Proof. Let s = (2m? —4m +2)/(m?* —m —1) and ¢ = (2m —2)/m. Since (m —1)/s +
1/qg = (m+1)/2, from Lemma 1.13 the exponents (t1,...,tm) = (S, ..., $,q9), .-, (¢, S, ..., 5)
are associated with

m
Bmult H
K,m,( Stm

By hypothesis maxq; < (2m? —4m +2)/(m* —m — 1) = s, then, from the previous
lemma (Lemma 1.14) with p = oo, the exponent (qi,...,¢y) is the interpolation of
(2s/(ms+s+2—2m), S, ..., S), ..., (S, ..., 5,28/ (ms + s + 2 — 2m)).

Note that 2s/(ms+s+2—2m) = (2m—2)/m and from Lemma 1.13 they are associated
with the constants

m
mult
BKvm Q17 7Q7n H

which completes the proof. n

Corollary 1.16. Let m > 2 be a positive integer and q = (q1,...,qm) € [1,2]™. If
11/q] = (m+1)/2, and max ¢; < (2m? — 4m + 2)/(m? — m — 1), then

J

mult o 1)2°2%
B(Cvmv((hr-wq”b) S 1;[ F (2 o 3) ’

s i

1
ﬁf?vl@t,(ql,.,.,qm) < 2227*2, for 2 <m <13,
j:
Bmult < 2446381_ﬂ m p(%_%) 2-32; -
Ry (qrym) = 55440 ~ 2 jg4 —r s f07” m -~ .

The following table compares the estimate obtained for Bg“;rlf( ) b
and the new and better estimate obtained in Theorem 1.15.

n [5] (see (1.18))
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lsqps - Sgm=2 BE%E(QI ..... qm)
m > 2 qil +-F qu = 2 and Estimates of [5] | Estimates of
max ¢; < % (see (1.18)) | Theorem 1.15
5 Q= =q =555 =167 < 1.34783 < 1.34745
10 G = =qo= 32001}, o = 1.8201 < 1.55231 < 1.55151
20 == o = =gor, ¢20 = 1.905 < 1.79162 < 1.79137
50 G =" = qu = S0 g50 = 1.9608 < 2.170671 < 2.170620
100 || g1 == qoo = Soor G100 = 1.9802 < 2.511775 < 2.511760
1000 1 =+ = Qogg = 9300 000000008 < 4.08463471 | < 4.08463446
q1000 = 1998002000002

1.2.2 Application 1: Improving the constants of the Hardy—
Littlewood inequality

The main result of this section shows that for 2m? — 4m? + 2m < p < oo the optimal
constants satisfying the Hardy-Littlewood inequality for m-linear forms in ¢, spaces are
dominated by the best known estimates for the constants of the m-linear Bohnenblust—
Hille inequality; this result improves (for 2m?® — 4m? 4+ 2m < p < o) the best estimates
we have thus far (see (1.7)), and may suggest a subtler connection between the optimal
constants of those inequalities.

Theorem 1.17. Let m > 2 be a positive integer and 2m3 — 4m? + 2m < p < co. Then,

Jor all continuous m-linear forms T : £ X --- x {7 — K and all positive integers n, we
have i
n 2mp 2mp m _
( > !T(ejl,---,ejm)!’"””zm> < (H AKlm) 1| - (1.21)
J1yejm=1 j=2 g

Proof. The case p = oo in (1.21) is precisely the Bohnenblust-Hille inequality, so we
just need to consider 2m® — 4m? +2m < p < oco. Let (2m —2)/m < s < 2 and A\gs =
2s/(ms + s+ 2 — 2m). Note that

ms+s+2—2m >0 and 1< Xhos <2 (1.22)

Since (m —1)/s+1/Xos = (m + 1)/2, from the generalized Bohnenblust—Hille inequality
(see [6]) we know that there is a constant C,, > 1 such that for all m-linear forms
T:00 x - x 0, — K we have

1

n n %/\O’S 20,8
Z (Z |T (€j17 2] ejm>|s> < Cm HTH ) (123)

Ji=l \j,=1

foralli=1,.....m.

If we choose s = 2mp/(mp + p — 2m) (note that this s belongs to the interval [(2m —
2)/m,2]), we have s > 2m/(m + 1) (this inequality is strict because we are considering
the case p < 00) and thus A\gs < s. In fact, s > 2m/(m + 1) implies ms + s > 2m and
thus adding 2 in both sides of this inequality we can conclude that

2s 2s __
)\075 = m < 5 = S. (124)
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Since p > 2m?® — 4m? + 2m we conclude that s < (2m? —4m + 2)/(m? —m — 1).
Thus, from Theorem 1.15, the optimal constant associated with the multiple exponent
(Xo.ss S, S, ...y 8) 1 less than or equal to

—1
K. 20=2
g

A

—3

Cpn =

j=2

More precisely, (1.23) is valid with C,, as above. Now the proof follows the same lines,
mutatis mutandis, of the proof of Theorem 1.10 (see [17, Theorem 1.1]), which has its
roots in the work of Praciano-Pereira [128]. O

It is simple to verify that these new estimates are better than the old ones. In fact,
for complex scalars the inequality

—2m
m 2mm=1) [ =
-1 2 p -1
H AC,L& < (\/_E) HQ AC?‘Qj;2

7j=2 J

is a straightforward consequence of

o o4—1 o \" !
[k < ()

which is true for m > 3. The case of real scalars is analogous.
The following table compares the estimates for C’gf‘;llfp obtained in Theorem 1.10 (see
[17]) and the estimate obtained in Theorem 1.17 for 2m” — 4m? + 2m < p < co.

o
m>2 || 2m® —4m? +2m < p < oo | Estimates of P%stimates of
Theorem 1.10 | Theorem 1.17
p="173 < 1.30433
4 p = 500 < 1.29114 < 1.28890
p = 1000 < 1.29002
p = 1621 < 1.56396
10 p = 3000 < 1.55822 < 1.55151
p = 5000 < 1.55553
p = 240101 < 2.175275
50 p = 500000 < 2.172854 < 2.170620
p = 1000000 < 2171737
p = 1960201 < 2.514590
100 p = 5000000 < 2.512869 < 2.511760
p = 20000000 < 2.512037
p = 1996002001 < 4.08512258
1000 p = 6000000000 < 4.08479684 | < 4.08463446
p = 50000000000 < 4.08465395

Recall that from the previous section that for p > m? the constants of the Hardy—
Littlewood inequality have a sublinear growth. The graph 1.2 illustrates what we have
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p=2m%— 4m? +2m
150 —

100 —

50 —

2 3 4 5
" m 1 ,)+2/
mul - 3
--== C% < [Ir (2 - 7) (sublinear)
j=2
2m(m—1) 5
mult 2 p mult ”7—7") sublinear
C mpS (\/E) (BC,m) ! ( )
2m(m—1) 2
— mult 2 p mult ) 2=~ exponential growth
CCmp < (ﬁ) (BCm) r ( p g )

Figure 1.2: Behavior of C2' .

thus far, combined with Theorem 1.17.

1.2.3 Application 2: Estimates for the constants of the genera-
lized Hardy—Littlewood inequality

The best known estimates for the constants Cgn' — are (\/§)m_1 for real scalars

and (2/y/m)""" for complex scalars (see [6]). In Theorem 1.10 (see [17, Theorem 1.1])
and the previous section (see (1.17)) better constants were obtained when ¢ = ... =
Gm = 2mp/(mp+p—2m). Now we extend the results from [17] to general multiple
exponents. Of course the interesting case is the borderline case, i.e., 1/q; 4+ -+ 1/¢m =
(mp 4+ p — 2m)/2p. The proof is slightly more elaborated than the proof of Theorem 1.17
and also a bit more technical than the proof of the main result in [17].

Theorem 1.18. Let m > 2 be a positive integer, let 2m < p < oo and let q :=

(q1, s qm) € [p/(p —m), 2™ be such that |1/q| = (mp +p —2m)/2p. If maxq; < (2m* —
4m +2)/(m? —m — 1), then

| m
mut
]Km,pq H

Proof. The arguments follow the general lines of [17], but are slightly different and
due to the technicalities we present the details for the sake of clarity. Define for s €
(max q;, (2m? — 4m + 2)/(m?* —m — 1)),

Am.s = 2ps : (1.25)

) mps+ps+2p—2mp—2ms

Observe that A, is well defined for all s € (maxg;, (2m? —4m +2)/(m?* —m — 1)).



34 Chapter 1. The m-linear Bohnenblust—Hille and Hardy—Littlewood inequalities

In fact, as we have in (1.19) note that for all s € [(2mp — 2p)/(mp — 2m), 2] we have
mps + ps +2p — 2mp — 2ms > 0 and p/(p—m) < A, < 2. Since s > maxgq; >
2mp/(mp +p —2m) > (2mp — 2p)/(mp — 2m) (the last inequality is strict because we
are not considering the case p = 2m) and (2m? —4m +2)/(m* —m — 1) < 2 it follows
that A, s is well defined for all s.

Let us prove
Crult o< A (1.26)

K,m,p,(Am,s,S,.- 2 -
for all s € (max q;, (2m? — 4m + 2)/(m? —m — 1)). In fact, for these values of s, consider
Xos = 2s/(ms + s + 2 — 2m). Observe that if p = co then A, s = \gs. Since (m —1)/s+
1/Xos = (m+ 1)2, from the generalized Bohnenblust-Hille inequality (see [6]) we know
that there is a constant C,, > 1 such that for all m-linear forms 7" : £%, x --- x {3 — K
we have, for all e = 1,....,m,

Ji=l \ji=1

é)\O,s ﬁ,s
2. (Z |T(€j17---,€jm)|s> < Co [|IT]] - (1.27)
Since 2m/(m + 1) < 2mp/(mp +p — 2m) < maxq; < s < (2m? —4m +2)/(m? —m — 1)
it is not to difficult to prove that (see (1.24)) Ags < s < (2m? —4dm +2)/(m* —m — 1).
Since s < (2m? — 4m + 2)/(m* —m — 1) we conclude by Theorem 1.15 that the optimal
constant associated with the multiple exponent (Ao, s, s, ..., s) is less than or equal to
LA

J

More precisely, (1.27) is valid with C,, as above. Since A, s = Aos if p = 00, we have
(1.26) for all s € (maxq;, (2m? —4m +2)/(m? —m — 1)) and the proof is done for this
case. For 2m < p < oo, let A\js = Aosp/(p— Nosj) for all j = 1,....,m. Note that
Am.s = 2ps/(mps + ps+ 2p — 2mp — 2ms) and this notation is compatible with (1.25).
Since s > maxq; > 2mp/(mp + p —2m) > 2mp/(mp+p — 2j) for all j =1, ...,m we also
observe that

N < 8 (1.28)

for all j = 1,....,m. Moreover, observe that (p/\;s)" = Aj1.5/A\js for all j =0,...,m — 1.
From now on, following the same steps in the proof of the Theorem 1.10, if we suppose,
for 1 < k < m, that

. n %)\kfl,s Ak—1,s
) (Z |T(€j1,-~a€jm)|5> < CullT|

Ji=l \j;=1
k — 1times

is true for all continuous m-linear forms 7": £ x = -+ X {7 x €3 X - X £} — K and
for all i = 1,...,m, it is possible to prove that

;Ak,s Ak,s
2 <Z ’T<€j1"“7ejm)’5> < G| T,

Ji=l \j,=1



Chapter 1. On the constants of the generalized Bohnenblust-Hille and Hardy—Littlewood
inequalities 35

k times

for all continuous m-linear forms 7' : £ x X Ly X €5, X - x L5 — K and for all ¢ =
1,...,m. This allows to conclude (1.26) for all s € (max g;, (2m? — 4m + 2)/(m? —m — 1)).

Now the proof uses a different argument from those from Theorem 1.10, since a
new interpolation procedure is needed. From (1.28) we know that A, s < s for all
s € (maxgq;, (2m? —4m + 2)/(m? —m — 1)). Therefore, using the Minkowski inequality
as in [6], it is possible to obtain from (1.26) that, for all fixed ¢ € {1, ...,m},

mult —1
CK,m,p,(s,...,s,)\m,s,s,...,s) S HQ AK 2j=2>
J= T

(1.29)

for all s € (maxq;, (2m? —4m + 2)/(m? —m — 1)) with \,, ¢ in the i-th position. Finally,
from Lemma 1.14 we know that (qf v q;bl) belongs to the convex hull of

{()\;}S, s ,5*1), e (571, s )\;js)},

for all s € (max g;, (2m? — 4m + 2)/(m? — m — 1)) with certain constants 6, , ..., ,, s and
thus, from the interpolative technique from [6], we get

0 0
Cmult < Cmult Ls . Cmult s
K7m7p7q - K7m7p7(>‘m,5757'~-75) K7m7p7(s7"~787Am,s)

91,s+"'+9m,s
ks —1 ke —1
< <H AK2j2> = HAKQJ'*Q'
j:2 K el

]

Corollary 1.19. Let m > 2 be a positive integer and 2m < p < oo. Let also q =
(q1, s qm) € [p/(p —m), 2™ be such that |1/q| = (mp +p —2m)/2p. If maxq; < (2m?* —
4m +2)/(m? —m — 1), then

m 557
Cmult < H T R )
(szzp’q - ] ?

j=2
m 1
Cityq < {1277 fa<m<1s
Jj=2
J
m M (T(3-1)\ ¥
Cﬁt%t’p’q < 245456434801_? H ( (%])) mez 14.
j=14
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Chapter 2

Optimal Hardy—Littlewood type inequalities
for m-linear forms on £, spaces with
I1<p<m

In [47, Corollary 5.20] it is shown that in ¢4 the Hardy-Littlewood multilinear ine-
qualities has an extra power of n in its right hand side. Therefore, a natural question
is:

e For 1 < p < m, what power of n (depending on r,m,p) will appear in the right
hand side of the Hardy—Littlewood multilinear inequalities if we replace the optimal
exponents 2mp/(mp + p — 2m) and p/(p — m) by a smaller value r?

This case (1 < p < m) was only explored for the case of Hilbert spaces (p = 2, see
[47, Corollary 5.20] and [61]) and the case p = oo was explored in [57]. The results of this
chapter answer the remaining cases of the above question (see Theorem 2.1) and extends
previous results to 1 < p < m (c.f. [47, Corollary 5.20]).

The following theorem is the main result of this chapter and it first item recovers [47,
Corollary 5.20(i)] (just make p = 2) and [57, Proposition 5.1].

Theorem 2.1. Let m > 2 be a positive integer.

(a) If (r,p) € ([1,2] x [2,2m))U([1, 00) X [2m, 0]), then there is a constant Hg"' = > 0
(not depending on n) such that

n r 2mr4+2mp—mpr—pr
(, > |T<ej1,'..,ejm>f) S S T 4]
J1

Jor all m-linear forms T : £} X --- x £ — K and all positive integers n. Moreover,
the exponent max {(2mr + 2mp — mpr — pr)/2pr,0} is optimal.

b) If (r,p) € [2,00) x (m,2m], then there is a constant HEY >0 (not depending on
K7m7r7p
n) such that

3=

n p+mr—rp
(. Z ’T(ejn s ejm)lr) < Hﬂglrlllwt,r,pnma)({ ’r 70} HT” )
J1
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Jor all m-linear forms T : {7 x --- x {7 — K and all positive integers n. Moreover,
the exponent max {(p + mr — rp)/pr,0} is optimal.

Proof. Let 1 < g < r < oo and E be a Banach space. We say that an m-linear form
S:E x--x E — Kis multiple (r; ¢)-summing if there is a constant C' > 0 such that

1 1
<C S ONTARN 3 (g |
< C sup ()] sup ()]

Ly pEBpx \ j=1 PE€Bp+ \ j=1

g1 Y gm J1yeesdm=1

|5 al;

for all positive integers n.

(a) Let us consider first (r,p) € [1,2] x [2,2m). From now on T": £ x -+ x £y — K is
an m-linear form. Since

and since T is multiple (2m/(m + 1); 1)-summing (we will see in the next chapter that
from the Bohnenblust—Hille inequality it is possible to prove that all continuous m-linear
forms are multiple (2m/(m 4+ 1); 1)-summing with constant Bg'"), we conclude that

m+1
n m 2m m
( 2 !T(ejl,---,ejm)!"%“> < By 1T nv. (2.1)

jl:"'mjmzl

Therefore, if 1 < r < 2m/(m + 1), using the Hélder inequality and (2.1), we have

n
( Z ’T(ejlv"'vejm)r)
jl,---,jmil

3=

m+1 2m—rm—r
n 9m_ 2m n  omr 2mr
S Z ’T(ejl, ...,ejm>’m+1 Z |1|2m—rm—r
jl 77777 jmzl jl ,,,, jm:1
m+1
n 2m am m 2m—rm—r
= z |T<€j1> s ejm)|m+1 (n ) amr
j17~“1j7n:1

2m—rm—r

m
< Bt |1 n¥
_ Bﬁwanr+2m21;:mpr7pr HTH .

Now we consider the case 2m/(m+1) < r < 2. From the proof of [16, Theorem 3.2(i)]
we know that, for all 2m/(m + 1) < r < 2 and all Banach spaces F, every continuous

m-linear form S : E x --- x E — K is multiple (r; 2mr/(mr + 2m — r))-summing with

mult
constant C]K,m,2mr J(r+mr—2m)- Therefore

( Z ‘T(ejlw“’ejm)r)
Tl Jm=1

3=
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mr+2m—r m

n  omr 2mr
S Cﬂi(n];,l@t% HT” Sup Z |gp(ej)‘mr+2m—r . (22)
W r4mr—2m

Since 1 < 2mr/(mr +2m —1r) < 2m/(2m — 1) = (2m)" < p*, we have

mr—r+2m

mnr
( sup i|so<ej>|mrmn) = (n(n7o ) )

LPGB([;)L)* 7j=1

2mr+2mp—mpr—pr

T (2.3)

and finally, from (2.2) and (2.3), we obtain

2mr+2mp—mpr—pr

1
n r
( > \T(€j17~-~,€jm)\r> SOt s m 2r 17| -

jl?"‘?jmzl T+m7‘72m

Now we prove the optimality of the exponents. Suppose that the theorem is valid for
an exponent s, i.e.,

jlv--vj’mzl

( > |T(6j1,-~,€jm)|r) < Hyopon® T

Since p > 2, from the generalized Kahane-Salem—Zygmund inequality (2) we have

m+4+1_m
P

n mult n® -
nr < CpHg, n'n 2

and thus, making n — oo, we obtain s > (2mr + 2mp — mpr — pr)/2pr.
The case (r,p) € [1,2mp/(mp + p — 2m)] X [2m, o0] is analogous. In fact, from the
Hardy-Littlewood /Praciano-Pereira inequality we know that

mp+p—2m

2mp
n 2mp
( > T(ej s €, 770 2*”) < Gy 1711 (2.4)

jl:"'vjmzl

Therefore, from Holder’s inequality and (2.4), we have

N T
( Z |T<6j17'-'>€jm)|r>
jlv"'ajmzl
mp+p—2m

2mp
n 2mp
§( > 1T(ejy,mr€5,,) [ mPrPm 2’”)

jl"“?jmzl
2mp+2mr—mpr—pr

n 2mpr
2mpr
X E | ]_ 2mp+2mr—mpr—pr

J1yesjm=1

2mp+42mr—mpr—pr

< Oy 1T ()= 2

2mp+2mr—mpr—pr

=Cn 17| (2.5)

K m,p
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Since p > 2m, the optimality of the exponent is obtained ipsis litteris as in the previous
case.

If (r,p) € (2mp/(mp+p—2m), 00) X [2m, 0c] we have (2mr + 2mp — mpr — pr) /2pr <
0 and

1 WPJQFP*QWL
n " n 2mp mp
(, > 1!T(€jl>---a€jm)!r> < ( > 1|T(€j17---,€jm)|’"”“’2m>
J1yeesJm= Iy Im=
< O, Il
e TN T G )

In this case the optimality of the exponent max {(2mr + 2mp — mpr — pr)/2pr,0} is im-
mediate, since one can easily verify that no negative exponent of n is possible.

(b) Let us first consider (r,p) € [2,p/(p — m)] x (m,2m)]. Define ¢ = mr/(r — 1) and
note that ¢ < 2m and r = ¢/(q¢ —m). Since q/(¢ —m) =r < p/(p —m) we have p < q.
Then m < p < ¢ < 2m. Note that ¢* = mr/(mr+1—r). Since m < g < 2m, by
the Hardy-Littlewood/Dimant-Sevilla-Peris inequality and using [73, Section 5| we know
that every continuous m-linear form on any Banach space E is multiple (¢/(¢ — m); ¢*)-
summing with constant Dg* . i.e., multiple (r; mr/(mr + 1 — r))-summing with constant
DR e so1y- S0 for T2 £ x -+ x £y — K we have (since ¢* < p*),

. G
( Z |T (6j17"'7€j7n) r)
j17"'7jm:l
mr+l—r m

L mnr mr
< D%}lnlf,% ||| < sup Y |Sp(ej)|mr+1r>

L,OGB(Zg)* 7j=1

mr mr+1—r m
—

= DRt T [(n(n 7)) 55

pt+mr—rp
= D%}lnlf,% |T||n

Above, if we had tried, via Holder’s inequality, to use an argument similar to (2.5) we
would obtain worse exponents.

Now we prove the optimality following the lines of [73]. Defining R : £3 x---x {; — K
by R(zW, - M) = > i :C;l) . ~x§.1), from Holder’s inequality we can easily verify that
|R|| < n'" 7. So if the theorem holds for n°, plugging the m-linear form R into the
inequality we have

1 _m
nr < HPSU non'Tw
and thus, by making n — oo, we obtain s > (p + mr — rp)/pr.
If (r,p) € (p/(p —m),0) x (m,2m] we have (p +mr — rp)/pr < 0 and

p—m

( i |T(ej17"‘7€jm)|r>r < < Zn: ’T(ejlv”'vejm)’p_pm> p

J1yeesdm=1 J1yesjm=1

S Dmult ”T”

K,m,p
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ptmr—rp 70}

—  pmult HTHnInaX{ o

K,m,p

In this case the optimality of the exponent max {(p + mr — rp)/pr,0} is immediate, since
one can easily verify that no negative exponent of n is possible. O

Remark 2.2. Observing the proof of Theorem 2.1 we conclude that the optimal constant

mult ; .
Hg?, . satisfies:

( .
Bﬁgﬂ}f i

f (r,p) € (1,25
Ot e i (rip) € [22,2] % [2,2m),
i< CRs if (r,p) € [1,00) x [2m, 0],
;1P T —
Dll%,uwlzt,f“} if (r,p) € [2, %Lm] x (m,2m)|,
D%‘#Ltp if (r,p) € (p_%,oo) x (m,2m)].
\ ) 9.
Using results of the previous chapters, we have the following estimates for the constants
[ Mk if (r,p) € [1,22] x [2,2m),
(m—1)(mr+r—2m) 2m—rm . 2m
(UK) " (nK,m) r if (Tap) € (m_-i-l’2] X [272m)>
! (o) =R
H,, <

(m71)<2m7p2+mp72m2) )
X (1K,m) mepmEmp if (r,p) € [1,00) X [2m,2m3 — 4m? + 2m)],
MK m if (r,p) € [1,00) x (2m3 — 4m? + 2m, q|,

(V2! if (r,p) € [2,00) x (m, 2m],

\

where og = v/2 and o¢ = 2/4/7 and

J

nem = 1] F(Q— 1>T%,
=2 !

Mem = |1 22]'71*2, for m < 13,

m M (T(3-1)\ 2
MR,m = 2755440 2 H —3/7?] , for m > 14.
Now we will obtain partial answers for the cases not covered by our main theorem,
i.e., the cases (r,p) € [1,2] x [1,2) and (r,p) € (2,00) x [1,m)].
Proposition 2.3. Let m > 2 be a positive integer.

(a) If (r,p) € [1,2] % [1,2), then there is a constant Hg'w' >0 such that

n r 2mr+2mp—mpr—pr
( 2 \T(ejl,---,ejm)V) < Hgyhpomo 171l (2.6)

jla'“»jm:l
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for all m-linear forms T : £ x --- x £y — K and all positive integers n. Moreover
the optimal exponent of n is not smaller than (2m — r)/2r.

b) If (r,p) € (2,00) x [1,m], then there is a constant HX' >0 such that
(

K,m,p,r
1 2m—p-+e
. : HEle o5 ifp > 2,
T(e;,....e; )| < bt
(]’1‘ '§m:1| ( J1 9 ]m)| ) — Hmult Qm:p T . _ 2
B K,m,p,rn P || || pr ;

Jor all m-linear forms T": £ x - - - x £ — K and all positive integers n and all € > 0.
Moreover the optimal exponent of n is not smaller than (2mr+2mp—mpr —pr) /2pr
and not smaller than (2m —r)/2r if 2 < p < m. In the case 1 < p < 2, the optimal
exponent of n is not smaller than (2m — r)/2r.

Proof. (a) The proof of (2.6) is the same of the proof of Theorem 2.1(a). The estimate
for the bound of the optimal exponent also uses the generalized Kahane-Salem—Zygmund
inequality (2). Since p < 2 we have

m 1
n < CpHEWY  nn2

2m—r

and thus, by making n — oo, s > =~

(b) Let 6 = 0if p =2 and 6 > 0 if p > 2. First note that every continuous m-
linear form on ¢, spaces is obviously multiple (co;p* — ¢)-summing and also multiple
(2;2m/(2m — 1))-summing (this is a consequence of the Hardy—Littlewood inequality and
[73, Section 5]). Using [47, Proposition 4.3] we conclude that every continuous m-linear
form on ¢, spaces is multiple (r;mpr/(2m + mpr — mr — p + ¢€))-summing for all ¢ > 0
(and € = 0 if p = 2). Therefore, there exist HEU > (0 such that

K,m,p,r

n T
( Z ‘T(eju"'aejm)r)
J1seesJm=1

< Hﬂ?%tpr [(n(n_pi*)2m+mp7:f:w7p+e)2m+mp;;:~m_p+é " HTH
= Higt, T | )
= Hgt, 7|

K7m7p7r

The bounds for the optimal exponents are obtained via the generalized Kahane-Salem—
Zygmund inequality (2) as in the previous cases. O

Remark 2.4. Item (b) of the Proposition 2.3 with p = 2 recovers [47, Corollary 5.20(ii)].

We believe that the remaining cases (those in which we do not have achieved the
optimality of the exponents) are interesting for further investigation' trying to have a full
panorama, covering all cases with optimal estimates.

!Daniel Galicer informed us that already have some progresses in this context. In cooperation with
Martin Mansilla and Santiago Muro they already have found the optimality of the exponent if 1 <7 <2
and 1 <p<2orifr>2andp=1,2m. Furthermore, if r > 2 and 2 < p < m they have better lower
bounds for the exponents and they believe that € > 0 appearing in Proposition 2.3 may be deleted.



Chapter 3

On the polynomial Bohnenblust—Hille and
Hardy-Littlewood inequalities

Given o = (ay, ..., a,) € N, define |a| := a1+ - -+, and 2 stands for the monomial
it xlr for @ = (21,...,2,) € K" The polynomial Bohnenblust—Hille inequality (see
[6, 42] and the references therein) ensures that, given positive integers m > 2 and n > 1, if
P is a homogeneous polynomial of degree m on (7 given by P(z1,...,z,) = Z‘M:m anx”,
then

m—+1

2m
_2m_ o
( XilaaV“*> < By 1Pl (3.1)

laj=m

for some constant B%?}n > 1 which does not depend on n (the exponent 2m/(m + 1) is
optimal), where || P|| := sup,.p,, |P(2)|. The search of precise estimates of the growth

of the constants BH‘;O;@ is fundamental for different applications and remains an important

)

open problem (see [32] and the references therein).
For real scalars it was shown in [56, Theorem 2.2] that

(117)™ < BE, < Cle) 2+ €)™,

where C'(€) (2 + €)™ means that given € > 0, there is a constant C (¢) > 0 such that

Bﬁ?}n < C(e)(2+¢)™ for all m. In other words, this means that for real scalars the

pol

hypercontractivity of By, is optimal.

For complex scalars the behavior of B is still unknown. The best information we

have thus far about Bgi1 are due to D. Nunez-Alarcén [108] (lower bounds) and F. Bayart,
D. Pellegrino and J.B. Seoane-Sepilveda [32] (upper bounds)

1
e
Bl s (1 + W) 4 for m even;
C,m =

(1 + 2”11,1)7%‘1 , for m odd;
B < Cle) (1+e)™.

The following diagram shows the evolution of the estimates of BE Tln for complex scalars.

0.
)
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’ Authors H Year H Estimate ‘
Bohnenblust and Hille (jzilj’\}j?il) B(E?}n < mEn (v2) m—1
N O || I o) v
und SeounSeplved | (Ado.buthy BE, £ C01+9"

When replacing £7, by £} the extension of the polynomial Bohnenblust-Hille ine-
quality is called polynomial Hardy—Littlewood inequality and the optimal exponents are
2mp/(mp + p — 2m) for 2m < p < oco. More precisely, given positive integers m > 2 and
n > 1, as a consequence of the multilinear Hardy—Littlewood inequality (see [5, 73]),
if P is a homogeneous polynomial of degree m on £ with 2m < p < oo given by

P(xy,...,x,) = Z‘M:m an,x®, then there is a constant C’Hioilp > 1 such that

mp+p—2m

2mp
2mp ol
( Z |6L |mp+p 2m> < Cﬂzm,pHPH? (32)

jal=m
and C’H%Om »
zed Kahane-Salem—Zygmund inequality (2) (see, for instance, [6]) we can verify that
the exponents 2mp/(mp + p — 2m) are optimal for 2m < p < oco. When p = oo, since
2mp/(mp +p —2m) = 2m/(m + 1), we recover the polynomial Bohnenblust-Hille ine-
quality.

As in the multilinear case, for m < p < 2m there is also a version of the polynomial
Hardy-Littlewood inequality (see [73]): given positive integers m > 2 and n > 1, if P is

does not depend on n, where ||P| := sup,.p, |P(2)|. Using the generali-
P

a homogeneous polynomial of degree m on £ with m < p < 2m given by P(zy,...,7,) =
Z|a|:m a,z®, then there is a (optimal) constant Dﬂiojnp > 1 (not depending on n) such
that
p—m
P
( |Z !aa|pfm> < D 1P (3.3)
al=m

and the exponents p/(p —m) are optimal.

In this chapter we look for upper and lower estimates for C’pOl , and DH%?;W. Our main
contributions regarding the constants of the polynomial Hardnylttlewood inequality can
be summarized in the following result (in this chapter we will only present the proof of
the items (1)(7i) and (3). For details of other results see [10]):

Theorem 3.1. Let m > 2.

(1) Let 2m < p < 0.
2

m2p+10m—p—6m2—4 m
(i) If K =R, then C%°, > 2 SR S (/7)
(i) If K = C, then

Opol 2%, for m even,
2%71, for m odd.
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(2) For2m < p < o0,

m
Cp01 Omult m
K,m,p = YKm,p mp+p—2m *
ml) "2

(3) Form < p < 2m,

27 for m even,
27 for m odd.
(4) For m < p < 2m,

m

pol mult m
DKmp<DKmp p—m *
(m!) P

Remark 3.2. Trying to find a certain pattern in the behavior of the constants of the

Bohnenblust-Hille and Hady—Littlewood inequalities, we define Bpo1 ! (n), C° () and

K,m,p
DH%OLW( ) as the best (meaning smallest) value of the constants appearing in (3.1), (3.2)

and (3.3), respectively, for n € N fixed. A number of papers related to these particular
cases are being produced and we can summarize the main findings of these papers as
follows:

o BY(2) = v/3/2;

o B(2) = (2t *+(2\/to — 3)/3)¥/4, with to = (2V/107 + 9v/120+ /856 — 721/120+

16)/36;

o BR%(2) > 2.5525, BR%(2) > 6.83591, BR%(2) > 10.7809, BE%(2) > 19.96308,
BR%(2) > 33.36323, BE%,(2) > 90.35556, BE%(2) > (1.65171)%°, BEY,(2) >
(1.61725)502;

e For 4 <p < oo,

_4p . 4p =
pol 20P—1 3p—4 1 aP*Q—i-(l—aP)pT 3p—4
CR,ZP(Q) = max} 2| —2a=1 + (20 (1 — qp)p 00D P :

2
016[071 a2+(1—a1’)5

ol ol
o Cﬂg,2,4<2) = DH%,QA(Q) = \/§§

i Cﬂg?:slﬁ@) = DIE?;,(S(Q) > 2.236067, Cﬂi?sl,m@) = D]}%?;,lo(2) > 6.236014, Cﬂ%?fls,m@) =
DH%?é,lQ(Q) > 10.636287, Cﬂg?;,lzl(Q) = Dﬂ%?;,u(Q) > 18.095148, Cﬂg?sl,w@) = Dﬂ%?é,m@) >
BL72T174, CRly20(2) = D2 20(2) > 91.640152.

e For 2 <p <4, Dﬁ?;’p@) =25,

See [11, 57, 59, 60, 94].

3.1 Lower bounds for the complex polynomial Hardy—
Littlewood inequality

In this section, we provide nontrivial lower bounds for the constants of the complex
case of the polynomial Hardy—Littlewood inequality. More precisely we prove that, for
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m > 2 and 2m < p < oo, CPOI > 2™/? for m even, and C’E?Tlnvp > 2(m=1/P for m odd. For
instance, v/2 < (80214 < 3. 1915

Let m > 2 be an even positive integer and let p > 2m. Consider the 2-homogeneous
polynomials @, : /2 — C and Q, : €3, — C both given by (21, 2) + 27 — 25 +cz122, c € R.
We know from [22, 56] that [|Q|| = (4 + 02)%. If we follow the lines of [108] and we define
the m-homogeneous polynomial Q,, : £;' — C by Qp(21, ..., 2m) = 23 .. 2mQa(21, 22) We
obtain

1Qmll < 275 1Qall < 277 |Qall = 277 (4+¢?)7,

where we use the obvious inequality ||Qs]| < HQ2H Therefore, for m > 2 even and ¢ € R,
from the polynomial Hardy-Littlewood inequality it follows that

mp+p—2m
2mp

2mp
) (2+|c\ mp+p—2m)
cre

- —2
Cnp = 27" (44e2)3

If

2p+4—2m mp+p—2m %
2 P —2 mp
& > _2m—4 9
1-2 P

it is not too difficult to prove that

1
m —2m \ 2 2
2- (4 s )% ((21’}1;172 ) I 02) ’

ie.,

_m=2 1 mp+p—2m

2 (44 ) < || (275 )|

2
Since 2mp/(mp +p —2m) < 2, we know that £__2mp  C by and || - |2 < || - || _2mp
mp+p—2m mp+p—2m
Therefore, for all
22p+472m 2mp+p72m %
P — mp
c> ( —Oom 1 ) s
1-27 " p
we have
_m=2 1 mp+p—2m
270 (4+P)? < H(Q “omp ,c)
2
mp+p 2m 2mp %
< [0 L, = (2remE)
mp+p—2m
from which we conclude that
mp+p—2m
2mp 2mp
1 (2+cm)
cre > — > 1
Cym,p 27T2 (44¢2)

(4+ 02)% and

If m > 3 is odd, since ||Qm| < |[|@m-1]|, then we have ||Q,,| <
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thus we can now proceed analogously to the even case and finally conclude that for

1
2p+6—2m mp+p—2m 2
2 P -2 mp
c> _2m—6

1-2 P
we get
mptp—2m
2mp 2mp
(2+Cmp+p72m )
pol
CQm’p > —3 > 1.

2 P (4+c2)%

So we have:

Proposition 3.3. Let m > 2 be a positive integer and let p > 2m. Then, for every e > 0,

mp+p—2m
) 1 T amp
p+4—2m mp+p—2m \ 2
2+ (2 P _22m_4mp > +e
1 ( -2
o . .
C(C,m,p > T >1 ifm is even

1 2\ 2
m—2 2p+4—2m mp+p—2m 2
27 P 44| | 2—2——=2 ™ +
—2m—4 €
1-2 p

and

mp+p—2m
2mp

1 2mp
2p+6—2m mp+p—2m b mp+p—2m
2 P —2 mp
2+ < _2m—6 > +e
1-2 P
pol

Comp 2 — ] >1 if mis odd.
2p+6—2m mp+p—2m 2
m—3
SRl (PR (" —
1-27 P

However, we have another approach to the problem, which is surprisingly simpler than
the above approach and still seems to give best (bigger) lower bounds for the constants
of the polynomial Hardy-Littlewood inequality (even for the case m < p < 2m).

Theorem 3.4. Let m > 2 be a positive integer and let m < p < oo.
(1) If 2m < p < oo, we have

(Cvmvp - m—1

279, form odd.

ool s {27;, for m even,
(i1) If m < p < 2m, we have

(C7m7p - m—1

277, form odd.

ol s {275, for m even,

Proof. Let m > 2 be a positive integer and let p > 2m. Consider P; : Ef) — C the
2-homogeneous polynomial given by z — z129. Observe that

1 _2
[Pl = sup  |z12o] = sup [z] (1 = [2]")7 =27 %.

|21 [P+|22|P=1 |z]<1
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More generally, if m > 2 is even and P, is the m-homogeneous polynomial given by
Z > 21 Zm, then |P,|| < 27™/P. Therefore, from the polynomial Hardy-Littlewood
inequality we know that

mp+p—2m
2mp 2mp
( Z ‘aa| 7np+p2'm>
pOl > |a|=m > 1 . %
C(C,m,p - IIPm” = 2_% == 2 .

If m > 3 is odd, we define again the m-homogeneous polynomial P, given by z
21+ 2y and since || Py|| < ||Pm-1]|, then we have || P,,|| < 27(™=U/P and thus

m—1

1 m=_
C(Eom > m—1 :2 P,

With the same arguments used for the case 2m < p < oo, we obtain the similar
estimate (3) of Theorem 3.1 for the case m < p < 2m. O

The estimates of Proposition 3.3 seems to become better when e grows (this seems
to be a clear sign that we should avoid the terms z? and 22 in our approach). Making
€ — o0 in Theorem 3.3 we obtain

bol P for m even;
C(C,m,p Z m—3
2 for m odd,

which are slightly worse than the estimates from Theorem 3.4.

3.2 The complex polynomial Hardy—Littlewood ine-
quality: Upper estimates

In this section, let us use the following notation: Sy denotes the unit sphere on £ if
p < 00, and Sy, denotes the n-dimensional torus. More precisely: for p € (0, c0)

2;;:1}

Spn, =T ={2=(21,..., 2n) €C" : || = 1}.

Let u™ be the normalized Lebesgue measure on the respective set. The following lemma
is a particular instance (1 < p =s < 2 and ¢ = 2) of the Khinchin-Steinhaus polynomial
inequalities (for polynomials homogeneous or not) and p < g.

Sen 1= {z = (21,..,2n) €C" |2

and

Lemma 3.5. Let 1 < s < 2. For every m-homogeneous polynomial P(z) = Z‘M:m (a2
on C™ with values in C, we have

( ) \aaF) < ()% (Juu PN du(2)) "

laj=m
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When n = 1 a result due to F.B. Weissler (see [135]) asserts that the optimal cons-
tant for the general case is \/% In the n-dimensional case the best constant for m-
homogeneous polynomials is (1/2/s)™ (see also [30]).

For m € [2, 0] let us define po(m) as the infimum of the values of p € [2m, oo] such
that for all 1 < s <2p/(p — 2) there is a K, > 0 such that

p—2

2p
( Z |aa|p2> < Km (fSn

laf=

=

A du(2)” (3.4

for all positive integers n and all m-homogeneous polynomials P : C* — C. From Lemma
3.5 we know that this definition makes sense, since from this lemma it follows that (3.4)
is valid for p = co. We conjecture that po(m) < m?. If it is true that po(m) < oo, it
is possible to prove the following new estimate for C’p ol mp (see [10]): for m € [2, 00] and
1<k<m-—1,if py(m—k) <p < o0 (andp—ooﬁpo(m k)—oo) then, for every
m- homogeneous polynomial P : £ — C, defined by P(z) = z|a\:m «2%, we have

mp+p—2m

2mp
( > ||)
|a|=m
2ke(k—1)

p—2
< K™ QII:p . (mf’g”m_k . ((mr;!k)!) 2 <%> P (Bgult) HPH

kp+p—2k P

where B(‘Crtl,;lt is the optimal constant of the multilinear Bohnenblust—Hille inequality asso-
ciated with k-linear forms.
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Part 11

Summability of multilinear operators
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Chapter I

Maximal spaceability and optimal estimates
for summing multilinear operators

If 1 <p < g < oo, we say that a continuous linear operator 1" : £ — F' is (q,p)-
summing if (7'(z;))>2; € {4(F) whenever (z;)22, € £;(E). The class of (¢, p)-summing
linear operators from E to F will be represented by Il (E, F). An equivalent for-
mulation asserts that T : E — F is (g, p)-summing if there is a constant C' > 0 such
that

1/q
(z ||T<xj>uq) <,

for all (x;)22, € £;)(E). The above inequality can also be replaced by: there is a constant
C' > 0 such that

1/q
(zl uwmuq) <l

for all xy,...,2, € E and all positive integers n. The infimum of all C' that satisfy the
above inequalities defines a norm, denoted by (g, (1), and (g (E, F) , Tgp () is a
Banach space.

More generally, we can define:

Definition 4.1. For p = (p1,...,pm) € [1,+00)™ and 1/q¢ < 377", 1/p; recall that a
continuous m-linear operator T : Ey X - -+ X E,, — F is absolutely (q; p)-summing if there
is a C' > 0 such that

for all positive integers n and all (xg-k))?zl €eE, k=1,..,m.

(k)\n
(xj )j:l

1
1 m AN m
T(:CE ),...,x§- ))H ) < Ckl;ll

W,Pk

e We represent the class of all absolutely (¢; p)-summing operators from Ej, ..., E,, to

F by HJY o) (Bry ey B F);
e When p; =--- = p,, = p, we denote H;Z(q;p)(El, ooy By F) by
7 (Brs s B F).
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The infimum over all C' as above defines a norm on I, . (Fy, ..., E,; F'), which we

as(q;p)
denote by Tas(gp) (1) (0 Tasigy) (T') if pr =+ = pm = p).
In 2003 Matos [102] and, independently, Bombal, Pérez-Garcia and Villanueva [44]

introduced the notion of multiple summing multilinear operators.

Definition 4.2 (Multiple summing operators [44, 102]). Let p = (p1, ..., Pm) € [1, +00)™
and 1 < g < oo such that 1 < p1,....,pm < q < 00. A bounded m-linear operator
T:E XX E, — F is multiple (q; p)-summing if there exists C,, > 0 such that

(_ > el q>q < G I || @) | (4.1)
J1 k=1 W,Pk

for every (azyc))j‘;l el (Ey), k=1,...,m.

e The class of all multiple (¢; p)-summing operators from E; X --- x E,, to F' will be
denoted by II (Er, ..., B F).

m
mult(g;p)

e When p = (p,...,p) we write II"” (E1, ..., Ep; F) instead of

mult(g;p)

" (Ey, ..., By F).

mult(g;p)

The infimum over all C,, satisfying (4.1) defines a norm in I1™ (Er, ..., Ep; F), which

mult(g;p)
is denoted by Mumute(gip) () (0T Tumutt(qp) (T) i p1 = -+ = pr = p).
Using that £ (co; F) is isometrically isomorphic to ¢4 (E) (see [72]), Bohnenblust—

Hille’s inequality can be re-written as:

Theorem 4.3 (Bohnenblust—Hille re-written [122]). If m > 2 is a positive integer and
T e L(Ey,...,Ey;K), then

m+1

2m 2m
1 m)y | m+1 o U )\ oo
T, .. 2™ ) gBKmlﬂ\T|yk]:[1H(x§ V| @)

Ji? » Y jm

for every (xgk));";l elY(Ey), k=1,...,mand j=1,...,N, where Bﬂrgﬁ}f is the optimal

constant of the classical Bohnenblust—Hille inequality.

Proof. Let T € L(E,...,E,;K) and let (xg-k))oo € (¥(Ey), k =1,...,m. From [72,

j=1
Prop. 2.2.] we have the boundedness of the linear operator uy : ¢y — Ej such that
u, (€5) = x§k) and [Jug|| = H(:L'gk));’ilel foreach k =1,...,m. Thus, S : ¢y x---x¢y = K

defined by S(y1,---,ym) = T (u1 (Y1), - -, Um (Ym)) is a bounded m-linear operator and
ISI| < T\t - - - ||ttm]|- Therefore,

m+1 m+1
- Tsim 2m o) om. 2m
T (o), )] ) = ( > rs<ej1,...,ejm>rm+1)
I

m
< B lSI < BRIl L [l

Y
w,1

mu & k o0
= BEnITI T ||
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as required. N

In this sense, the Bohnenblust—Hille theorem (1.1) can be seen as the beginning of the
notion of multiple summing operators, that is, in the modern terminology, the classical
Bohnenblust-Hille inequality [42] ensures that, for all m > 2 and all Banach spaces
Ei, ..., Ep,

2m -1

m—+417

LB, o Bt K) =100 oy (Br o Bt K)

4.1 Maximal spaceability and multiple summability

In this section we are interested in estimating the size of the set of non-multiple
summing (and non-absolutely summing) multilinear operators. For this task we use the
notion of spaceability.

Definition 4.4. For a given Banach space E, a subset A C E is spaceable if AU {0}
contains a closed infinite-dimensional subspace V- of E. When dimV = dim E, A is called
mazimal spaceable.

For details on spaceability and the related notion of lineability we refer to [21, 37, 58]
and the references therein. The next result will be useful to our purpose (see [77, Theorem
5.6 and its reformulation| and [97]).

Lemma 4.5 (Drewnowski, 1984). Let X and Z be Banach spaces and T : Z — X a
continuous linear operator with range Y = T(Z) not closed. Then the complement X \'Y
1s spaceable.

From now on ¢ denotes the cardinality of the continuum.

Proposition 4.6. Let E1, ..., E,, be separable Banach spaces. Then,
dim L(FEy, ..., E,;K) =«

Proof. From [46, Remark 2.5] we know that dim L(E}, ..., E,,; K) > ¢. Since Ey, ..., E,,
are separable, let w; C F;, j = 1,...,m, be a countable, dense subset of £; and let v be a

basis of L(E1, ..., By K). Define

g v — K@i X Xwm

with K«r**«“m the set of all functions from w; X -+ X w,, to K. Observe that ¢ is
injective. Indeed, let S,T € v such that g(S) = g(T), i.e., S|lus-xwm = Tlwsxxwm-
Given x € Fy X --- X E,,, since w; X --+ X w,, is dense on F; X --- x FE,,, there exist
()22, Cwy X+ X wy, with lim,, , x, = z. Since S and T are continuous, it follows
that

S(z) = S(lim z,) = lim S(z,) = lim T(z,) =T(lim z,) = T(x).

n—oo n—oo n—oo n—oo
Thus S = T and hence g is injective, as required. Therefore,

dim L(Ey, ..., B K) = card(y) < card(K* " “m) = card(K") = «,

where K" is the set of all functions from N to K. O
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Corollary 4.7. dim(L(™/(,;K)) = ¢
Before we introduce the next result, it is important to note that:

Remark 4.8. Let 1 < s <r < oo and let £y, ..., F,, F' be Banach spaces with dim F; <
oo for all j =1,...,m. Then

L(Ey,....,E,;F)= mult(m)(El,...,Em;F).

In fact, since s < r we have ¢, C £, and || - ||, < || - ||s- Since Ej has finite dimension
for all j = 1,...,m, it follows that (¥ (E;) = {4(E ) for all j = 1,...,m. Thus, consider

T e L(E,....E,;F),neNand (:cg»’:));?kzl elV(Ey), k=1,..,m, and observe that

1
V= (e cai]))”
) H<H (@50 5,7) Jtpeeedm=1]|,

) ( > el
Jlyeess Jm=1||g  \ji,..., Jm=1 "
1
< HTH< > |l —HTH (Z [E2s H) : (Z (B HS)
J1yeesjm=1 Jji=1 Jm=1

k
ukl\ = I I (5205 ],
ie. TeH’gult(rs)(El,-.-,Em;F)-

@ =

Theorem 4.9. Let m > 1, p € [2,00). If 1 < s < p* and r < 2ms/(s + 2m — ms) then
L ("Ml K) NI i) (M3 K) s mazimal spaceable in L (™¢y; K).
Proof. We consider the case of complex scalars. The case of real scalars is obtained
from the complex case via a standard complexification argument (see [47]). An extended
version of the Kahane-Salem—Zygmund inequality (see (2) and [6, Lemma 6.1]) asserts
that, if m,n > 1 and p € [2, 00|, there exists a m-linear map A, : £} x --- x {7 — K of
the form

An(zO, 2y =S g (4.3)

J1yedm=1 J1 Jm

such that ||A,| < C,,n(mPTP=2m)/2 for certain constant C,, > 0.
Let B := (p+ s —ps)/ps. Observe that s < p* implies f > 0. From the previous
remark (Remark 4.8) we have

S =

A, (6%; “eey eJTm) > < Tmult(r;s) <A”>
J1 Jm

ie.,
1

) < Tmult(r;s) (An)
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Let us investigate separately the both sides of (4.4). On the one hand,

1 1
r\ " P\ 7
~ (2
J1=1 Jm=1 37 dim

1

_ (é#)(iuﬁ) :(ilj}ﬂ) . (45)

On the other hand, for n > 2, since s + s/p* = 1, we obtain
) = sup (2 ’(pjys jés)
SDGBZP* ]:1

¢(#)
1

N A NS
) (&)) <)

B
= (1+21nf{ tx € j—lj]}> (1+fnid)

= (1+41logn)’. (4.6)

R

1 1
n

- o (5

w,s PEBs \j=1

< (Z ;"
j=1

Hence, replacing (4.5) and (4.6) in (4.4), we have

(Z#><%meMwaﬂ

and consequently (since 37 | 1/577 > 37" 1/n"P = n'="P)

(n') " < Tanate(ris) (An) (1 + logn)™ .

Since [|A,|| < C,,nmP+P=2m)/20 e have

m _(pts—ps
Wmlllt(’r‘;s)(An) > 7’7/7:} ( ps )m . n%+%,%,%

(1+logn)™ Crun P

Using that r < 2ms/(s 4+ 2m — ms) we get m/r +m/2 —m/s —1/2 > 0. Therefore, by
making n — oo, it follows that

: Tmult ;8 (A’ﬂ)
lim,, 00 lll(A—n)ll = 00. (4.7)

Using the above limit, let us prove that IT7} . o) (",; K) is not closed in £ ("£,; K). In
fact, suppose (contrary to our claim) that II” ("l,; K) is closed in £ (™{,; K). Then

mult(r;s)

I "y K) L | - ]| ) is a Banach space and, since || - || < i) (+) (see Proposition
mult(r;s) (r8)

5.3), we conclude that id : (qun (r:5) ("lp; K) s Moo rss) (- )) — (qult (i) (7w K),| - ||>
given by T+ T is continuous. Thus by the Open Mapping Theorem (see [53, Corollary
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2.7]) we conclude that id~' is also continuous and thus there exists C' > 0 such that
Tult(r;s) (-) < CJ| - ||, contrary to (4.7).

Therefore, from Lemma 4.5 we conclude that £ ("¢,; K) N7 . (M6, K) is space-
able. It remains to prove the maximal spaceability. From Corollary 4.7 we know that
dim (L£("€p; K)) = ¢. Thus, if V. C (L™ K) NI 0 (M3 K))U{0} is a closed infinite-
dimensional subspace of L£(™¢,;K), we have dim(V') < ¢. Since V is a Banach space, we
also have dim (V') > ¢ (see [46, Remark 2.5]). Thus, by the Cantor-Bernstein—Schréeder

Theorem, it follows that dim(V') = ¢ and the proof is done. O

Remark 4.10. It is interesting to mention that it was not necessary to suppose the
Continuum Hypothesis. In fact, the proof given in, for instance, [46, Remark 2.5] of the
fact that the dimension of every infinite-dimensional Banach space is, at least, ¢ does not
depends on the Continuum Hypothesis.

4.2 Some consequences

Here we show some consequences of the results of the previous section. For instance,
we observe a new optimality component of the Bohnenblust—Hille inequality: the term 1
from the pair (2m/(m + 1);1) is also optimal.

The following result is a simple consequence of Theorem 4.9.

Corollary 4.11. Let m > 2 and r € [2m/(m +1),2]. Then
sup {1 L3 K) = T (" K) | < 220
for all 2 < p < 2mr/(r +mr — 2m).
Proof. Since 2m/(m + 1) <r <2 < 2m, it follows that 1 < 2mr/(mr +2m —r) and 2 <

2mr/(r +mr — 2m). Note that s > 2mr/(mr + 2m — r) implies r < 2ms/(s + 2m — ms).
Therefore, for 2 <p < - +;T12m, from Theorem 4.9 we know that

L("; K) NI ("lp; K)

mult(r;s)

is spaceable for all 2mr/(mr +2m —r) < s < p* (note that p < 2mr/(r +mr — 2m)
implies p* > 2mr/(mr + 2m — r)). In particular, for 2 < p < 2mr/(r + mr — 2m),

sup {S : E(mé K) Hmult 7-5)( 6 K)} — mriglrz r’
[

This corollary together with Theorem 4.9 ensure that, for r» € [2m/(m + 1),2] and
2 <p<2mr/(r+mr—2m),

sup {S : £(m£p’ K) H7nr1Lult(r ) ( EP’ K)} - mrigb?;fr'

When p = 2 the expression above recovers the optimality of [47, Theorem 5.14] in the
case of m-linear operators on £y X - - X {s.
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In 2010 G. Botelho, C. Michels and D. Pellegrino [47] have shown that for m > 1 and
Banach spaces E, ..., E,, of cotype 2,

L (B, By K) =TI

o lt(Q;%) (El, ,Em7K),

whereas for Banach spaces of cotype k > 2,

L(Ey, ..., EyK)=1I" b ) (Eq, ..., B K)

mult(Z; yrr—

for all sufficiently small ¢ > 0. We now remark that it is not necessary to make any
assumptions on the Banach spaces Fj, ..., F,, and 2m/(2m — 1) holds in all cases. Given
k> 2, in [117, page 194] it is said that it is not known if s = km/(km — 1) is attained or
not in

sup{s : L(F1, ..., B,; K) = I

mult(2;s)

(E1, ..., Ep; K) for allE; of cotype k} > 22—
The fact that 2m/(2m — 1) can replace km/(km — 1) in all cases ensures that s =
km/(km — 1) is not attained and thus refines the estimate of [117, Corollary 3.1}, which
can be improved to

sup{s : L(E1,..., B K) =117 0.

c |: 2m 2km ]
2m—1’ 2km+k—2m

(Ey, ..., By K) for all B} of cotype k}

if £k > 2 and m > k is a positive integer.

More precisely we prove the following more general result. Let us remark that part
(1) of the theorem bellow can be also derived from [5, 73|, although it is not explicitly
written in the aforementioned papers:

Theorem 4.12. Let m > 2 and let r € [2m/(m + 1),00). Then the optimal s such that

L(Ei, ..., EpK) =117 (B, .o, Em; K).

mult(r;s)
for all Banach spaces Ex, ..., E,, is:
. 2mr : 2m .
(Z) mr+2m-—r Zf?" S [m_—&—l’Q}’

(i) —2r— ifr € (2,00).

mr+1—r

Proof. (i) For 1 < ¢ < oo, let X, = ¢, and let us define X, = ¢y. Consider ¢ :=
2mr/(r +mr —2m). Since r € [2m/(m + 1),2] we have ¢ € [2m, o0]. Since m/q < 1/2
and r = 2m/(m + 1 — 2m/q), from the multilinear Hardy—Littlewood inequality there is
a constant C' > 1 such that

(} Z ‘A(ejlv“'7ejm>’r> SOHAHv
J1

for all continuous m-linear operators A : X, x --- x X, - K. Let T € L (E1, ..., E,; K)

and (:cgk))jil € (y.(Eg), k =1,...,m. Now we use a standard argument (see [5]) to lift the

result from X, to arbitrary Banach spaces. From [72, Proposition 2.2] there is a continuous
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linear operator uy, : X, — Ek so that uy(ej, ) = x( and ||ug|| = ||(x k));?‘;lnw’q* for all k =
1,...,m. Therefore, S': X, x---x X, = K deﬁned by Sy ooy Ym) =T (ur(y1), ooy U (Ym))
is m—linear, continuous and

m m k o
151 < IT1 TT el = 70 1T ([0 |

Hence L

= m r\’ U )\ oo
(_ > |r( §1>,..,x§.m>)\> <o) I ||,
J1 = w,

and, since ¢* = 2mr/(mr 4+ 2m — r), the last inequality proves that, for all m > 2 and
re[2m/(m+1),2],

L(Ey, .., EpK)=1I™ s )(El,...,Em;K)-

mult( ‘mr+2m—r

Now let us prove the optimality. From what we have just proved, for r € [2m/(m + 1), 2],
we have

Upy :=sup {s: L(E1,..., B K) = I io(rss) (B o5 B K) for all Banach spaces E;}

2mr
— mr+2m—r"

From Corollary 4.11 we have, for 2 < p < 2mr/(r + mr — 2m),

sup {s CL(M,; K) =11

mult(r;s)

("6 K) | < 28

— mr+2m—r’

Therefore,

mult(r — mr4+2m—r’

Up,r < sup {s P L(M K) =TI e (" K)} 2

and we conclude that U,,, = 2mr/(mr + 2m — r).

(1) Given r > 2 consider m < p < 2m such that r = p/(p —m). In this case,
p=mr/(r—1) and p* = mr/(mr +1—r). From [73, Proposition 4.1] we know that

Hgllult(

mr (m€p§ K) = L("t,; K) (4.8)

‘mr+1— 7‘

and the result is optimal, i.e., r = p/(p — m) cannot be improved. If s > p* let € > 0 and
q € (m,2m) be such that ¢* = p* +¢ < s. Since m < g < 2m, from [73, Proposition 4.1]
we have

qult( 2 _.q )(mgq;K) = L("l; K)

and ¢/(q —m) is optimal. Since ¢/(q¢ —m) > p/(p — m) we conclude that

2y (" K) # L7 K),
and, a fortiori,
1_[?I;Lult (r;8) (mgq’ K) # ‘C(mglﬁ K)

and the proof is done. n
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The following graph (Figure 4.1) illustrates for which (r,s) € [1,00) x [1,7] we have

L(E1, B K) =174 (B1, oo Byt K)

mult(r;s)
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Figure 4.1: Areas of coincidence for I1™ (B, ..., B K), (1, 8) € [1,00) x [1,7].

mult(r;s)

The table below details the results of coincidence and non-coincidence in the “boun-
daries” of Figure 4.1. We can clearly see that the only case that remains open is the case
(r;s) with r > 2 and 2m/(2m — 1) <s <mr/(mr+1—r).

’ r>1 H s=r H non-coincidence ‘
’ 1<r< nf—ﬂ H s = H non-coincidence ‘
’ n%—f:l <r<2?2 H s = % H coincidence ‘
’ r > WQZ—’J’:I H s = H coincidence ‘
’ r>2 H 5= mTTLT H coincidence ‘

4.3 Multiple (7; s)-summing forms in ¢y and /., spaces

From standard localization procedures, coincidence results for ¢y and /., are the same;
so we will restrict our attention to co. It is well known that IL7 . . ("co; K) = £ ("co; K)
whenever r > s > 2 (see [47]). When s = 1, as a consequence of the Bohnenblust—Hille
inequality, we also know that the equality holds if and only if s > 2m/(m + 1). The next

result encompasses essentially all possible cases:
Proposition 4.13. If s € [1,00) then

2mo ] < g < 2m
inf {r P sy (Me0i K) = L (Mo K)} =q Zf g 82_ e
; s if s > 2
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Proof. The case r > s > 2 is immediate (see [47, Corollary 4.10]). The Bohnenblust-Hille
inequality assures that when s = 1 the best choice for r is 2m/(m + 1). So, it is obvious
that for 1 < s < 2m/(m + 1) the best value for r is not smaller than 2m/(m + 1). More
precisely,

nglt(rs ( Co; )#E( Cos )

whenever (r,s) € [1,2m/(m + 1)) x [1,2m/(m + 1)] and r > s. An adaptation of deep
result due to Pisier [125] to multiple summing operators (see [123, Theorem 3.16] or [47,
Lemma 5.2]) combined with the coincidence result for (r;s) = (2m/(m + 1);1) tells us
that we also have

mult

L("co; K) =117 (2m .5)(m00;K) (4.9)

m—+17

for all 1 < s < 2. The remaining case (r;s) with 2m/(m+1) < s < 2 follows from

an interpolation procedure in the lines of [47, Proposition 4.3]. More precisely, given
2m/(m+1) <r <2and 0 < d < (r(2—40)—2)/(2—6), where § = (mr +r —2m)/r,
consider

om  2(1-6)(r—9)

€= m+l~  2-0(r—3) -

Note that 1 < 2(1 —68)(r —96)/(2—=0(r —0)) < 2m/(m + 1) and thus 2m/(m +1) — e =
20-0)(r—96)/(2—0(r—96)) € (1,2m/(m +1)). By (4.9) we know that

m+1'm+1

L(Mcy; K) = H;Zult( am . 2m )(mco;K) (4.10)

and by [44, Theorem 3.1] we have

L("co; K) = Iue22) (Mco: K). (4.11)
Since
; 5 + 2m and % 5 + 21n )
m+1 m—+1

from (4.10) and (4.11) and invoking [47, Proposition 4.3] we conclude that £(™cy; K) =
Hm (7‘,7‘76)( CO, K) . D

mult

The following graph (Figure 4.2) illustrates for which (r, s) € [1,00) X [1,r] we have

L ("eo; K) = i) (Mco; K)

mult(r;s

The table below details the results of coincidence and non-coincidence in the “boun-
daries” of Figure 4.2.

’ 1<r< 7721—“ H s=1 H non-coincidence ‘
’ r= 15—:’_‘1 H 1< 2—37_11 H coincidence ‘
’ r > nf—Tl H s=1 H coincidence ‘
’ 1<r< nz—ffl H s=r H non-coincidence ‘
’ % <r<?2 H s=r H unknown ‘
’ r>2 H s=r H coincidence ‘
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3 =
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m+1
non coincidence ; coincidence
1 . 3 - m m .
Figure 4.2: Areas of coincidence for II7 . ("co; K), (r, s) € [1,00) x [1,7].

We notice the only case that remains open is the case (r;s) with 2m/(m + 1) <r < 2
and s = 1.

4.4 Absolutely summing multilinear operators

In this section we investigate the optimality of coincidence results within the framework
of absolutely summing multilinear operators and, as consequence, we observe that the
Defant—Voigt Theorem (see [8, Theorem 3.10], [23, Theorem 3|, [49, Corollary 3.2] and
[127] for a very interesting approach) is optimal.

Theorem 4.14 (Defant—Voigt). For all Banach spaces Ey, ..., E,,
H;(l;l)(Ela cey Em; K) = ‘C(Ela ) Em; K)

Combining the Defant—Voigt Theorem and a canonical inclusion theorem (see [52,
Proposition 2.1] and [103, Proposition 3.5]) we conclude that, for r,s > 1 and s <
mr/(mr 4+ 1 —r), we have

07 (B ey Em; K) = L(Ey, ..., By K)

as(r;s)

for all Ey, ..., E,,. From [137, Proposition 1] it is possible to prove that for » > 1 and
r/(mr+1—r)<t<r,

Z;(t; mr )(El,,Em,K) #ﬁ(El,,Em,K)

mr+1—r

for some choices of Ey, ..., E,,. In fact (repeating an argument used in the proof of Theorem
4.12), given r > 1, consider p > m such that p/(p —m) = r and observe that in this case
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mr/(mr 4+ 1 —r) = p* and thus we just need to prove that for all p*/m <t < p/(p —m),
H;Z(t;p*)(El, ey En; K) #£ L(EY, ..., By K.

From [137, Proposition 1] we know that if p > m and p*/m <t < p/(p — m), then there
is a continuous m-linear form ¢ such that ¢ ¢ sz(t;p*)(Eb oy B K), e,

H;r;(t;p*)<E17 ceey Em, K) §é E(El, ceey Em, K)

All these pieces of information provide Figure 4.3, which illustrates for which (r,s) €
[1,00) x [1, mr] we have

L(By, .o By K) =7 (Br o, By K).

/ e ———————
/ S —
1  — — A1l riarig —
| |
| |
| |
| |
| |
| |
| |
| |
0 \ \
0 1 1 2 3
m
non coincidence — coincidence

Figure 4.3: Areas of coincidence for ILY o (Ex, ..., En; K), (r,s) € [1,00) x [1, mr].

The table below details the results of coincidence and non-coincidence in the “boun-
daries” of Figure 4.3. The only possible open situation is the case (r;s) with s = 1 and
r < 1, which we answer in the next lines.

|2 <r<1] s=1 [ notknown |
’ r> % H s =mr H non-coincidence ‘
[ r>1 | s= | coincidence |
’ r>1 H § = coincidence ‘

Theorem 4.15. The Defant—Voigt Theorem is optimal. More precisely, if m > 1 is a
positive integer, then

min {7” - L(Ey, ... By K) = H;’;(T;l)(El, ey B K) for all } .

" infinite-dimentional Banach spaces E;
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Proof. The equality holds for » = 1; this is the so called Defant—Voigt Theorem. It
remains to prove that the equality does not hold for » < 1. This is simple; we just need
to choose F; = ¢ for all j and suppose that

L(Ey, .., By K) = 150 (B, o, B K). (4.12)
For all positive integers n, consider the m-linear forms T}, : ¢y X -+ X ¢g — K defined
by To(a™, ... zlm) = 37" xgl) = x§m) Then it is plain that ||T,|| = n and, from (4.12)

and from the Open Mapping Theorem for F-spaces (see [130, Corollary 2.12]), there is a
C > 1 such that

<2|Tn(eja--~7€j)|r> §C||Tn||kl_[ sup ) [p(e;)| = Cn,
=

=1 ¢€Bpy j=1

i.e., n'/7 < Cn. Since n is arbitrary, we conclude that » > 1. m

This simple proposition ensures that the zone defined by » < 1 and s = 1 in the
Figure 4.3 is a non-coincidence zone,i.e., the Defant—Voigt Theorem is optimal. Therefore,
we can construct a new table for the results of coincidence and non-coincidence in the
“boundaries” of Figure 4.3:

’ % <r<l1 H S = H non-coincidence ‘
] r > % H s=mr H non-coincidence ‘
’ r>1 H s=1 H coincidence ‘
’ r>1 H § = —1 H coincidence ‘
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Chapter

A unified theory and consequences

Our main purpose here is to present a new class of summing multilinear operators,
which recovers the class of absolutely and multiple summing operators.

5.1 Multiple summing operators with multiple expo-
nents

For p := (p1,...,pm) € [1,4+00)™,we shall consider the space

lo(E) = Ly, (b, (- (€p, (E)) --+)),

namely, a vector matrix (2, 4, )5 1 € {p(E) if, and only if,

. oo Pm—1 H Pll
Pm

H(x'lllm)zolo im=1

-----

tp(E) i1=1 im=1

When E = K, we simply write ¢,. Taking into account all that we have done in previous
chapters, the following definition seems natural:

Definition 5.1. Let p,q € [1,+00)™. A multilinear operator T : Ey X -+ X E,, — F is
multiple (q; p)-summing if there exist a constant C' > 0 such that

1
oy L
dm—1 AN ¢

qm) " : SCﬁH(fék));il

@,

Jji=1 Jm=1

for all (mgk));”;l €y (Ex). Werepresent the class of all multiple (q; p)-summing operators
by 1™ (Ev,....Ep F).

mult(q;p)

Of course, when ¢; = --- = ¢,, = ¢, then

qult(q;p) <E17 SR Em7 F) - qult(q;p) (Eh SR 7Ema F) :
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As it happens with absolutely and multiple summing operators, the following result
characterizes the multiple (qg; p)-summing operators.

Proposition 5.2. Let T : Ey X --- X E,, — F be a continuous multilinear operator and
p,q € [1,+00)™. The following are equivalent:

(1) T is multiple (q; p)-summing;

[e.9]

(2) (T(x(l) o x(m))> € Uy (F) whenever (:r:§k))§";1 ey (Ey).

Ji17 > jm

n n 1 m
) (z T(, .. 2)

J1=1 Jm=1

., . kE)\n w
for all positive integer n and all (xg ))j:1 €ty ().

Proof. By definition, it follows that (1) = (2). Let us prove now that (2) = (1). Sup-
posing (2), we can define the m-linear operator

T o (0 (B) % x (2 (By) — (oF)
()0 @) = (TERai™) (5.1)

Jj /j=b j /j=1 g1 Y gm

Observe that 7 is a continuous m-linear operator. In fact, let ((xﬁ));‘;l);’;l C 4y (Ey),
k =1,...,m, such that

k)\oo k)\oo - w
()2, = @), in 02 (By) (5.2)
and
ool 1 ) m [e%e] 00 .
T <($§‘1?s)11=17 " <x§'m,)s)jm=1> = (Yiogm )=t 1 La(F). (5.3)
From (5.2) we have that for every k € {1,...,m}, given € > 0, there exist N € N which
verify
1
S NGO N A
s>N= sup | > |o(x;, — ;") < €.
pEBpx \j=1 ’
So

go(x§-k) — x(»k))‘pk < e forall p € Bg: and all k € {1,...,m}

78 j

oo
s>N= >
j=1

and thus |g0(:cgks) — xgk))| < e forall € Bgr and all {j,k} € N x {1,...,m}. Then, from
the Hahn—Banach Theorem we conclude that

s> N = ‘ xﬁ’? — xék)‘ = sup go(xg»ks) - ng)) <eforall {j,k} e Nx{1,...,m},
' Ej, (pGBEZ ’
ie., xy? — mg-k) in Ey, for all j € N and all £ € {1,...,m}. Since T is a continuous

multilinear operator, it follows that (2" ..., x(:) ) = Tz, ...,2'™) in F for all fixed

J1,8? Jm,8 J1 0 Y im
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J1, - Jrk € N. From (5.3), given € > 0, there exist M € N such that

s>M= HT< Zj. s)f JERRT (mgz)s)ii:l) = Wit )50 it . <,
a(F)
from which we can obtain that, for s > M, (xg-})s, o ZL';:)S) — Yijr....im|| < € for all fixed
J1s - J& € N. We deduce from the uniqueness of the limit that T'(x 51), e xg;n)) = Yjr.im
for every j1, ..., 7 € N. Hence
T 1 m 1 m &0
T ()5 i) = (T al) = i)

and then, from the Closed Graph Theorem, we obtain that T is a continuous m-linear
operator. Therefore, there is C' > 0 such that

= 1)\ oo m
= HT <(“"§'1))j1:1’ S ( Em))gm_1> ,
ba(r) e

..H(x(.m))qo

Jj /=1

w,p1 w,Ppm

(1) = (3). Fix n € N and let (x§1))”, € By, .., (x (m))] . € E,. Then (xgk));’il =

J=1 5
(x(lk),xg ) L1 0,0, ..) € 4y (Ey) for every k € {1,...,m}. Thus, using (1), we get

G W I (G )]
H< 7 I ) 1 eeim=1 T ) J1peendm=1

,,,,, » tair)
(1)yoo m)\ oo _ 1 (m)\n
<0z, |, =c H 5, e,

. 1)\ 0o w m)\ oo w
(3) = (1). Consider (:135 ))j:1 €l (Er), ..., (xg ))j:1 € (, (En). Therefore
[ee] 1 m n
H 31 N jm))> o = sup H (T(JJ;-I), ,JEgm))) ,
Il Jm=1 fq(F n Il Jm=1 Y (F)
1) m)\n 1
<@l i), = clem],, e,
w,p1 W,Pm w,p1 W,Pm
This concludes the proof. O

It is not to difficult to prove that I e(q; p)(El, ooy B F) is a subspace of L(Ej,

yEm; F) and the infimum of the constants satisfying the above definition (Definition
5.1), i.e

Y
WPk

(T(xﬁ), . x(-m))>oo

7
Im Jlyeess Jm=1

<o]] @z,
k=1

for all (z (k)J V€0 (B k=1,....,m

inf ¢ C'>0; tq(F)

m
defines a norm in Hmult(q D)

(Ei, ..., En; F), which will be denoted by Tmug(q;p) (1)-
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Proposition 5.3. Let p,q € [1,4+00)™. IfT € 11" (Er, ..., Em; F), then

mult(q;p)

1T\l 2y, i) < Tmute(qsp) (1)

Proof. Consider z; € Bg;, j = 1,...,m, and define (x(j))fil = (z,,0,...). It is clear that

)

(ml(-j))fil € (, (Ej) for every j = 1,...,m. Therefore, for T' € I} (B, .y Eg; F),

mult(q;p)

||T($17 sy xm)HF

= i ( i HT(QTS),,ZL‘EZZ))

J1=1 Jm=1

< Tmaeta)(7) 11 || (217)2,

j=1 w,p;
1
m o . Dpj Pj
7Tmult(q;p)(T) H sup (Z QD(‘,L‘Z(])) )

j=1 pEBEx =1

= Tmult(q;p) (T) IT sup |p(xy)
7j=1 QDEBE;_:

as required. O

Given T € II™

mult(q;p)
operator T'. Let us prove now that

(E1, ..., En; F), we have defined in (5.1) the continuous m-linear

T = 7Trmllt(q;p)(T)- (5.4)

In fact, first note that

1 m & - 1)\ oo m)\ oo
H (T, ) = 7 () a2

O | tar)
<ITITT || 5)3|
WPk
that is, Tmuie(qp) (1) < ||f|| On the other hand, we have
eal ' 1)\oo m)\ oo
1T = s T () )|
(a ))J‘?’;1€Bzgk(Ek)
= sup H(T(wﬁ),,xg’:))) -
(#3")321€ By (5,) oI = g )
m ) o
< s T (D) T @5
k=1 WPk

= Tmult(qg;p) (1),
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which proves (5.4).
We can naturally define the continuous operator

5:Hm

mult(q;p)

(Broe o, By F) = L(02(B), .o 08 (Bw); lg(F))

Pm
T — T

Y

which, due to equation (5.4), is an isometry. These facts allow us to prove the following:

Theorem 5.4. Let p,q € [1,+00)™. Then (I} @0y (E1, oy By F), Mte(aep) () @8 @
Banach space.

Proof. Let (T});Z, be a Cauchy sequence in I, .0 (Er, ., B ). Since || - || <
Tmult(q:p) () (Proposition 5.3), it follows that (T]);il is also a Cauchy sequence in L(Ej, ...,

E,.; F). Thus, consider T' € L(E}, ..., By, F) such that T; — T in L(E;, ..., B, F). Let
us prove that T € II% . (By, .., Ep; F). In fact, let (2{"), € 02 (Ey), k=1,..,m. It
is enough to prove that T(xg-i), s asgz)))‘x’ =1 € Lg(F). Since 0 is an isometry, (fj);’il
is a Cauchy sequence in L(€}) (E1), ..., (En); lq(F)), which is a Banach space because
lq(F) is a Banach space. Thus, there exist S € L((} (E1), ..., 4, (En);€q(F)) such that

Ag(F) = F

7777 m

s Jm—

and € > 0 a positive real number, there exist a positive integer N such that

| Por (S5 s o @520 ) = T )
< | P (TGS @050 20)

= Pavvatn (S50 @0 |

Pt (T@S 30 s @05 20) = Tl )|
= [Pt (TSm0 a50)

= S((@)5 s )|

[Pt (@D a5 mt) = Tl ol

-----

Ti((x0)2 ), oy (22 )

J1 /1=l Jm /jm=1

— S(@Me_, . @™y )

Jj1 /51=0 Jm /jm=1

F

F

.....

£q(F)

1 m 1 m
+ ) Tj(:pl(ﬂ), ...,xém)) — T(xgﬂ), ...,xém)))’F

.....

i (S((@)2_ o @y ) = T, ™) for all

i Jp=h Jm /jm=1

.....
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ki, ...,k € N, and consequently

1)y o0 m)\oco 1 m)\\oo

S(@) 2y, (@2 ) = (0@, )X (5.5)

This proves that (T(xﬁ), s x;:)»;f ,,,,, im=1 € Lq(F), as required.

- - 1)\ oo m)\ oo 1 m)\\ oo

By definition we have T((xE-l))jFl,..., (xg-m))jmzl) = ET(:E;), "'7x§'m)))j1 ..... im=1- Re-
placing the above expression in (5.5) we conclude that 7" = S. Thus, given € > 0, it
follows from (5.4) that, for sufficiently large j, Tmaiqp) (T3 — 1) = |T; =T = ||T; —
T|| = [IT; = S|| < e, that is, Tj — T in II7 0y (E1s o i F), and this proves that
L e (qup) (E1s s B F), Trnuie(qip) ( ) is @ Banach space. O

Using that £, \ £, # 0 if 1 <p < ¢ < 00, let us prove the following result.
Proposition 5.5. If ¢; < p; for some j € {1,...,m}, then
qult(q;p) (El, ce 7Em7 F) == {0}

Proof. Since q; < p;, we know that there is a sequence (a;)i2; € £,,\{,,. Let z; € E;\{0}.
Then for all ¢ € E} we have

00 00 00
2 oo () [P < Zl [llP7 |aul™ [z5][P7 = [lsp] P2 || [P Zl i < oo,
= = i=

Le., (az;)2y € €, (E;). By means of contradiction, assume that there exists

Tel™ (B, ... B F)\ {0}.

mult(q;p)

Then, we can take z, € Ei \ {0}, k € {1,...,m} \ {j}, such that T'(z,...,x,,) # 0. For
each k € {1,...,m} \ {j} let us consider (xl(k));’il = (x,0,...). Since (a:l(k))fil € ly (Ex)

for every k € {1,...,m} \ {j} and (asz;)2; € £ (E;), Proposition 5.2 ensures that

H(T(aj(l) ZU7Y oy I x(m)))%o

i1 0L ]xj, ijg1 0 iy I
7777 m Y4
a(F)
T (k)
o0 o0
<c| Iz | Iz,
k=1 w,Pk
k#j
However,
M) G- G+ my )
H(T(xil ey T O T, T s T ) R
””” T gy

1
00 @ 95
— j
= g ||T (l’l,...,33'j,1,04¢].3§'j,1‘j+1,...,l’m)H

Zj=1

1

= ||T(x1, ... xm)|| (;|a,~|qﬂ') ,
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from where we can conclude

1
T = q; K < C 1 (k) [e%¢] ')
T, ) 2l <O @) (i)l -
. ki
Therefore, Y7, |a;,|¥ < oo, which is a contradiction since (c;)32; € £y, \ 4g;,. O

Using the generalized Bohnenblust—Hille inequality (Theorem 1.1) together with the
fact that L(cy, £') and ¢Y'(E) are isometrically isomorphic (see [72, Proposition 2.2]), it is
possible to prove the following result (recall the notation of the constants Bﬂrg‘;}i( i) i
Theorem 1.1). The proof is similar to the proof of Theorem 4.3 and we omit it.

Proposition 5.6 (Generalized Bohnenblust-Hille re-written). If @ = (q1,...,qm) €
[1,2]™ are such that |1/q| < (m +1)/2, then

9m—1 o a1

q
qm ) am 2

< Bpw |70 1T [ a%)
- ]Kvqu Ee1 J ]:1 w,17

T(x(l) x(m))

g1 Y im

J1=1 Jm=1

for all m-linear forms T : Ey X -+ X E,, — K and all sequences (xgk))]o';l € v (Ey),

k=1,...,m. In other words, if q € [1,2]™ are such that |1/q| < (m+1)/2 we have the
following coincidence result:

H?;ult(q;l ..... 1) (E177Em>K) :£<E177EM7K)

With the same idea of the proof of Proposition 5.6 (but now using L(co, £) = ¢}'(E)
and L({, E) = {.(F)), we can re-write the Theorems 1.1 and 1.2 (recall the notation for
the constants on each result):

Proposition 5.7. Let m > 1, p := (p1,...,pm) € [1,00]™.

(1) (Generalized Hardy-Littlewood inequality for 0 < |1/p| < 1/2 re-written) Let 0 <
1/pl < 1/2 and q = (q1,...,qm) € [(1—[1/p])"",2]" such that [1/a] < (m +
1)/2 —|1/p|. Then, for all continuous m-linear forms T : Ey X -+ X E,, = K,

a1 L

dm—1 E q1
[e’e] o0 qdm m
5 ((Z T<x<11>x<:7>> ) )
i1=1

im=1

K,m,p,q )

mu O k oo
< Ogntpa IT T || @),

w7p

regardless of the sequences (xfk))fil € (Ey), k = 1,...,m. In other words, if

p= 1, --,pm) €[1,00]™ and q = (q1,-..,qm) € [(1 — |1/p])_1,2}m are such that
0<|1/p| <1/2 and |1/q| < (m+1)/2 —|1/p|, then

qult(q;pic ..... p;kn) (El, e ,Em, K) — L (El, e 7Em7 K) .
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(2) (Hardy-Littlewood inequality for 1/2 < |1/p| < 1 re-written) If 1/2 < |1/p| < 1,
then, for all continuous m-linear forms T : K1 x --- x E,, = K,

N
>
i1seim=1

regardless of the sequences (xgk))fil € by (Ex), k =1,...,m. In other words, if
1/2 < |1/p| < 1, then

1

i =3 m
1-|p|> < D2t T ]
k=1

T ($§1) - :L'(m)>

1) ) Z'm

(x('k)>?i1

(2

*

w,Py.

" (E1,...,Em;K) =L (B, ..., EnK).

mult((1=[1/p]) "' p} 05 )

The following proposition illustrates how, within this framework, coincidence results
for m-linear forms can be extended to m + 1-linear forms.

Proposition 5.8. Let p,q € [1,+00)™. If
gult(q;p)(El? ey Em7 K) = E(El, ceey Em7 K),

then
! (Bi,....Bm, By 1K) = L(EY, ..., By By K).

mult(q,2;p,1)

Proof. Let us first prove that, for all continuous (m + 1)-linear forms 7' : Ey X -+ - X E,, X
co — K, there exist a constant C' > 0 such that

1 (m)
T (:L'jl youos Th ,eij)

J1=1 Jm+1=1

(F)yn
(xj )j:l

, (5.6)

WPk

< 0%, 171 11

where Ak, is the constant of the Khintchine inequality (1). In fact, from Khintchine’s
inequality, we have

AK:Qm < Z

jm+1:1

1

gm am
i)

1

m am
“)".

1| & 1 m
< (fo i Z . T jmt1 (t)T <$§-1), cee 7$§'m)7 6jm+1>
m+1—

1 1) (m) +
= < 0 T <CUJ1 7""xjm ,- Z 1ij+1(t>€jm+1>

Im+1=

Thus,

ji=1
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,77n+1:1

dm—1 q1
n n 1 n gm am 2
<A U S ol 2 ST, (e dt
=10

n 1 n n qm “am q2
_ 1 m
= AK,lqm Z ( <f Z T(x§1),...,x§m)7 - > ij+1(t)ejm+1) dt) )
Jji1=1 0 jm=1 Jmg1=1

dm—1 q1
n am\ “q 92
J1 0 im0 Jm+1 Jm+1

tel0,1] \ j1= Jm= Jm+1=1
<Azt sup Ty (TG 3 750 (D)€, mH 2 ®yn_ H

K,gm tG[O,l] UIt(qvp)( ( jm+21:1 J +1( ) J +1)) kl;[l ( j )]—1 wpk

Since || - || < Tmu(q;p)( - ) (see Proposition 5.3) and since, by hypothesis
L(E1,..., EniK) = iap (Bro - B K),
the Open Mapping Theorem ensures that the norms mpyie(qp)( - ) and || - || are equivalents.
Therefore, there exists a constant C' > 0 such that
uy

J1i=1 Jm+1=1

am s
n n 1 m 2 2
Z ( Z T<x§'1)>~"ax§'m)7ejm+1> )

< CAHglq sup
™ el0,1]

m
I1
k=1

@

jTVLJrl:l w,Pk

T('?"'7'> Z rjm+1(t)€jm+l>

< CAg,, JITI| sup

Z ij+1(t)ejm+1
te[0,1] ||j 1

Jm+1=

_ UL E)\n
< CALl ITI T |

W,Pk

Let T € L(Ey, ..., B, Bry; K), (22 € 04 (By), k=1,...,m, and («/"")2_ €

0¥ (Epy1). From [72, Proposition 2.2] we have the boundedness of the linear operator
u : cg — Enyqr osuch that e; — u(e;) = $§m+1) and |Jul] = H(:cg»mﬂ))?:lHLw Then,
S El Xoeee X Em X ¢y — K defined by S(yh' s 7ym+1) - T(yla S 7ym7u(ym+1)) is a

continuous (m + 1)-linear form and ||S|| < ||T||||u||. Therefore, from (5.6),
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- D\n m)\n
< CAZ Tl (@] [ ma],
- D\n m)\n m+1)\p
= cAgh, ITH||@y]| @b @St
w,p1 wW,Pm U],l
ie, TeIlrtl oo (B, En;K). O

5.2 Partially multiple summing operators: The uni-
fying concept
In addition to Bohnenblust—Hille and Hardy-Littlewood inequalities (see (1.1) and

Theorems 1.1 and 1.2, respectively), the following results on summability of m-linear
forms T": X, x--- x X, — K are well known.

e Aron and Globevnik ([20], 1989): For every continuous m-linear form 7" : ¢ X - - - X
Co — K,

; T (e, el < T (5.7)

and the exponent 1 is optimal.

e Zalduendo ([137], 1993): Let |1/p| < 1. For every continuous m-linear form 7 :
Xp X x X, —K,

(i |T<ei,'..,ei>|1|é|) <7l (5.8)

and the exponent 1/(1 — |1/p|) is optimal.

Our aims in this section is to present a unified version of the Bohnenblust—Hille and
the Hardy—Littlewood inequalities with partial sums (i.e., it was shown what happens
when some of the indices of the sums iy, ... i, are repeated) which also encompasses
Zalduendo’s and Aron—Globevnik’s inequalities and to present a new class of summing
multilinear operators, recovering the class of absolutely and multiple summing operators.
To achieve this purpose, we will first establish some notations and results.

Let us establish the following notation: for Banach spaces F, ..., E,, and an element
z; € Ej;, for some j € {1,...,m}, the symbol z; - e; represents the vector z; - e; €
E, x --- x E,, such that its j-th coordinate is z; € £}, and 0 otherwise. The next result
(for a detailed proof see [2]) will be an important tool to obtain the forthcoming Lemma
5.10, wich is crucial to the proof of the Hardy—Littlewood inequalities with partial sums.

In the following we keep the notation of the constant Bﬁg‘,‘jt( i) from Theorem 1.1.

Theorem 5.9 (Generalized Bohnenblust—Hille inequality with partial sums). Let m, k be
positive integers with 1 < k < m, and q = (q1,...,q.) € [1,2]* such that 1/q + -+ +
Vg, < (k+1)/2. Let also T = {Iy,...,Ix} be a family of non-void disjoints subsets of
{1,...,m} such that UF_ I, = {1,...,m}, that is, T is a partition of {1,...,m}. Then,
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for all bounded m-linear forms T : co X -+ X cg = K,

a2

o0 o0 K qk
> (2 ) R A

i1=1 in=1

k
T (Z > €, ej)
n=1jel,

Lemma 5.10. Let m, N > 1 and let 1 < k < m such that {1,...,m} is the disjoint union
of non-void proper subsets I, ...,I. Assume p = (p1,...,pm) € [1,00]™ is such that
Upr+-+1/pm <1/2 and let A = 1/(1 — |1/p|). Then for every continuous m-linear
form T : E;X X +ee X E;’?Vm — K we have, for each r € {1,...,k},

1
X

N[>

2
N N

N DY

ir=1 ir=1

< Behna, 2|7l

k
T <Z > €, e]-)
n=1j€l,

Proof. Let C' = Bﬂrg,lllflt(l,lm,?)' Let us suppose that 1 < s < m and that

)

1
As—1 Ag—1
2 2

< ||

k
T2 2 e
n=1jel,

is true for all continuous m-linear forms T : €0 x - x €0 x5 x - x ¢} — K and for
all 7 € {1,...,k}, where \; = 1/(1 — (1/py +--- 4+ 1/p;)), i = 0,...,m. Let us prove that

2 >\2 TIS
N N k
IR T(Z Z%'%‘) < T
=1 \ 7oy n=1jel,
for all continuous m-linear forms T : €]/ x -+ x 57 x L3 x --- x £ — K and for all
r € {1,...,k}. The initial case (p; = -+ = p,, = o0) is a consequence of the Theorem

5.9. In fact, we just need to observe that Ao = 1 and that (k—1)/2+ 1/Xo = (k+1)/2.
Consider T' € L(£), ... 6}, L1, ..., t1;K) and for each x € Byy define

P17 ") Yps) YO0 Tt Yoo

T o o x O Y xex ) - K
(M), ..., 2m) o T(2W) L, 2670 g2 e+ o m)y,

with 2208 = (xiz§s))i]\;1. Observe that ||T|| > sup{||T®@] : = € Byy }. Consider kg €
{1,...,k} such that s € I;,. By applying the induction hypothesis to 7@ we get
1

As—1 Ag—1
2 2

2

N

> (s

ir=1\ j.=1

}xiks

k
T\ > > e
n=1jel,
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oo Re=i\ Ny

N N k ’
=2 2T X Xene+ X ey ejtae, e

ir=1 Z‘A:l n=1 jel, jelks\{s}

n#ks
1
As—1 As—1
2 2

N N k
=X | X | (Z > €y €j> < C|ITW| < || (5.9)

ir=1 \ 71 n=1j€l,

forallr=1,... k.
We will analyze two cases:

o r =k,

Since (pi/Ni—1)" = X\i/ N1 for all i = 1,...,m, we conclude that

1

As\ Ag
2 S

k
T (Z > €, e]-)
n=1j€l,

2 2
N N k
= swp X |y || X |T(X Xein-e
yEB[Np =1 ipa=1 n=1jel,
As—1
1
As—1 As—1
2 2
N Aot N k
s—
= sup Y ‘xms > T X €in " €5
xEB%V igg=1 Z‘/k\gil n=1jel,

2 2
N N k 9
—swp | [ ST S o) o
xEBZIJJ\/S =1 17;:1 n=1jel,

< ||
where the last inequality holds by (5.9).
o 1 #£ k.
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Let us first suppose that 1/p; +--- 4+ 1/ps < 1/2. It is important to note that in this
case A\s_1 < Ay < 2 for all s € {1,...,m}. Denoting, for r = 1,..... k,

1
N & 2\ 2
Sr= 2T X X €€
i/;=1 n=1j€]n

we get
As
2\ 2
N N k N \ N \
_ _ —2.q2
2T X X e = > Spr= 3 575,
ir=1 \ ;=1 n=1jel, ir=1 ir=1
k 2 k 2
N N [T\ X Xjer, €in€ N N |T| X X eine;
- n=1 _ n=1j5€In
=2 Z S7As = 2 AZ Sps
ir=1 ir=1 thg=1 T =1
2(2—Xs)
2—Xs_1 2(As—Ags—1)

k
N N T(ﬂi_il GZI: em'%‘)
- Z > — EE*AS

k 2-2A5-1
> > ein-¢
n=1j€l,

Therefore, using Holder’s inequality twice we obtain

As
2\ 2
N N k
2T X X e
=1\ £—1 n=1jel,
k 2 ZE;;\il 2 725_7;\5_1
N N T(ZIZI: €in 6]> N k st
n=.1j7¢cin
< Z /\Z PR /\Z T Z i " €j
ks =1\ 4, =1 ’ iry=1 n=1jel,
As—1 22—
A
k 2 Asil As 27Ae—1
N N |T Zl 213 €in €
n=1Llg&ln
<o | & B
s =1\ 4, =1 "
LZ(XS >‘s—1)
9 %s Ns  2-Xg_1
N N k
<1 X | X T X X e-e (5.10)
ikszl i/k;:l n=1jeln,
We know from the case r = k, that
LZ(/\kas—1>
9 % s 2-Xg_1
N N k 2(As—As—1)
e
ol 2 (T X X e <(@T)) =P . (511)

Now we investigate the first factor in (5.10). From Holder’s inequality and (5.9) it follows
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that
g
k 2 Aj: As k 2\ N
N N T(Z %'%‘) T<Z %'%‘)
n=1j€ln _ n=1j€ln
ZkZZI {_\21 SS_)\571 ZZ Sf_A571
s ks— ks
et (5e)
2 2
N N T<Xi:1 ZI: ein.e]-> N N T<Xi:1 X[: ein'eJ)
= sup > |y, | Do e = sup >, >, e E
yEBZNpis Igg=1 i/k\szl S JJEBZIJ)\{S Igg=1 Ziﬂ\szl Sr
As—1
k 2—As—1 A
N N T<21_  ein €J> k . N
= sup y oy LIS T S e -e |z, |7
v€ByN ir=1]_ Sy n=1jel, °
k 2 27>\2$_1 9 /\52
N N T<nX_31 2 ein 83> N k )
< sup Y| X — ST X X e || |,
e€B,y ir=1 | §— " = n=1j€ln
As—1
2 2
N N k \
= sup > | X T (Z > €, '6j> |z, [* < (T
$EB££{S ir=1 {;:1 n=1jel,
(5.12)
Replacing (5.11) and (5.12) in (5.10) we finally conclude that
As
2 2
N N k Aoy 2As 2(As—As_1)
2T X e < (C|T|)™ 2 (CfT]]) 2
ir=1 \ f—1 n=1j€l,
As
= (C|IT])™

It remains to consider when 1/p; +---+1/ps = 1/2. In this case it follows that \; = 2
and we have a more simple situation since

2 ¥\
N N k
> | X T(Z > 6%'%’)
=1\ £ —1 n=1jel,
aan -
2 2
N N k
= X > T(Z Zein'6j>
ine=1 \ 7y =1 n=1jel,
< |1,
where the inequality is due to the case r = k,. This concludes the proof. O

Now we will show a generalization of the Bohnenblust—Hille and Hardy-Littlewood
multilinear inequalities, which ensures that these results are in fact, corollaries of a unique
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yet general result.

Theorem 5.11 (Hardy-Littlewood with partial sums'). Let m,k be positive integers
with 1 < k <m, and T = {I,...,Ix} a partition of {1,...,m}. Also, let us set p :=
(P1y .-y Pm) € [1,00™ with 0 < |1/p] < 1.

(1) If0 < [1/p| < 1/2 and q = (qu,....q) € [(1 = [1/p)) ", 2]" are such that [1/q| <

(k+1)/2—1|1/p| then, for every continuous m-linear forms T : X, x---x X, — K,
there exists a constant Cgyy, o o > 1 such that

k
T (Z > €, ej)
n=1 J€In

mult mult
with CKk:mIpq B]Kk (1,2,...,2)°

k—1 e a1

W\ ~ap
) <Cﬂgulilt7n1pq||T|lv

i1=1 ir=1

(2) If 1/2 < |1/p| < 1 then, there exists a constant DRy, - = > 1 such that, for all
continuous m-linear forms T : €, X ---x {, —K

1\ B
oo k 1—|%|
T X X e e < Dtz 1Tl
i yip=1 n=1jel,

with D%}}jﬁn’zp Dﬁ‘;}fp Moreover, the exponent is optimal.

Proof. (1) Since A = (1 — |1/p|)~! < 2, using the Minkowski inequality as in [6], it is
possible to prove that we have, for all fixed j € {1,...,k}, similar inequalities to the
inequality of the previous lemma with the exponents q(j) := (2,...,2,\,2...,2) € [\, 2]
with X in the j—th position. The multiple exponent (qy, ..., qx) € [, 2]* can be obtained
by interpolating the multiple exponents q(1),...,q(k) in the sense of [6] with #; = --- =
0r = 1/k. Therefore 1/q; +---+1/q. = 1/A+(k—1)/2=(k+1)/2 —[1/p|.

(2) The case k = m is exactly the Theorem 1.2. Let 1 < k < m and observe that

1

3]
00 k 1—‘%| 00 " 11 p
> T S e e < | (T (en, )P
015yt =1 n=1jel, 115yt =1
< Dgut |7

It remains to prove the optimality of the exponent. The argument is a variant of [137,
Proposition 1]. Let (8,), be a strictly increasing sequence converging to (|1/p| —1). For
each positive integer n, let us define the bounded m-linear form ®,, : £, x--- x ¢, — K
by

Oy (esyr. . e,) = j i = =i =
mAT T 0, otherwise.

!The main result of [3] improves Theorem 5.11. We emphasize that the proof of that result is based
on a tensorial perspective and, since this approach does not fit on the context of this thesis we will not
present it. It is important to mention that in [3] it is shown that the exponent in (1) is also optimal and
that CRRt 7 o o < CBR g and DRt o < DRt with v = (r,.,m), 1re = 3,0 1/pj, 1 <i < k.
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If s < A\ we may take n € N large enough such that —1/s < 3, < (|1/p| —1) < 0,
which results in 1 > —sf,, > 0. Let us define ® := ®,,. Then,

00 - e |5 00 s 00 e 00 1
Z |(I)(€i17"'7ez‘k)‘ :Z|(I)(ej7"‘7ej)| :ZJ :Z]—W
i1yemin=1 j=1 j=1 j=1
diverges and, therefore, the exponent is optimal. O

This theorem motivated us to give the following unifying notion of absolutely summing
multilinear operators (the essence of the notion of partially multiple summing operators
(below) was first sketched in [114, Definition 2.2.1] but it has not been explored since):

Definition 5.12. Let Ey, ..., E,,, F be Banach spaces, m, k be positive integers with 1 <
k< m, and (p,q) := (P1,-sPm, @1, --->qr) € [1,00)™*. Let also T = {I,,...,1}}
a family of non-void disjoints subsets of {1,...,m} such that U¥_I; = {1,...,m}. A
multilinear operator T : Ey X - - - X E,, — F is T-partially multiple (q; p)-summing if there
exists a constant C' > 0 such that

k—1 a5 a1

dk qqk m
) ) e

F

ii;l o (zi;l

T (i > xg?'%)

n=1j€el,

for all (xl(j))fil €ty (Ej), j=1,....m. Werepresent the class of all Z-partially multiple

(q; p)-summing operators by Hfgg)z(El, ooy En; ). The infimum taken over all possible

constants C' > 0 satisfying the previous inequality defines a norm in H?&?;)I(El, o By F),
which is denoted by T (q;p)-

As usual, H}(ZZ)’)I(EM ..., En; F) is a subspace of L(E,..., Ey; F). Moreover, note
that when

e k =1, we recover the class of absolutely (¢; p)-summing operators, with ¢ := ¢;

e k=mand ¢ = -+ = @, =: ¢, we recover the class of multiple (¢; p)-summing
operators;

e k = m, we recover the class of multiple (q; p)-summing operators, as we have defined
in the section 5.1.

Example 5.13. As in Proposition 5.6, it is possible to prove the following result (now
using the generalized Bohnenblust-Hille inequality with partial sums (Theorem 5.9): if
m, k are positive integers with 1 < k <m, Z = {I1,..., I} is a partition of {1,...,m},
and q = (q1,...,qr) € [1,2]* is such that |1/q| < (k + 1)/2, then

k,m,T . .
H(q;1,mt.i,r.nes,1)<E1’ oy EnsK) = L(Ey, ..., By K) .
More generally, with the same idea of Proposition 5.7, we can re-written the Hardy—
Littlewood inequalities with partial sums (Theorem 5.11): Let m, k be positive integers
with 1 < k < m, and Z = {[3,..., Iy} a partition of {1,...,m}. Also, let us set p :=
(p1, .-+, Pm) € [1,00]™ with 0 < |1/p]| < 1.
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(1) 10 < [1/p| < 1/2 and q = (q1,...,q) € [(1 — [1/p])™",2]" are such that |1/q| <
(k+1)/2—|1/p|, then

et (Ey,....En;K)=L(Fy, ..., Ep:K);

(@it
(2) If 1/2 < |1/p| < 1, we have

k,m, T ) . )
M 1o i) 1o EmiK) = L(Ens o Bni ).

The basis of this theory can be developed in the same lines as those from the previous
section, as we will be presenting in what follows. From now on, m, k are positive integers
with 1 < k <m, (p,q) :== (p1,. -, Pm> Q1>+, qr) € [1,00)"* and T = {[,,..., I} is a
partition of {1,...,m}.

Proposition 5.14. LetT : Ey x --- X E,, — F be a continuous multilinear operator. The
following assertions are equivalent:

(1) T is I-partially multiple (q; p)-summing;

k , o
(2) (T(z > xE?-q)) € lq(F) whenever (z0)2, € (2 (E;), for j =
n=1jel, .
1,....,m.

(8) There exist a constant C' > 0 such that

k .
Ty Sl e
n=1jel,

£ (s 7)) s

i1=1 ip=1 I k=1 w,pj
for all positive integer n and all (a;gj))?zl ety (E), j=1,....m.
oy km, T
Proposition 5.15. IfT € H(q ) (Er, ..., Epy ), then |T || zeey,....Bmir) < Tqip) (T)-
Given T € H](“(’l’?;’)I (E1, ..., Eny; F) we may define the m-linear operator
o (B1) X oo x ) (Ey) = Lg(F)
= (5.13)

() o (P (T Tt o)

i1, ip=1

By using both, the Closed Graph and the Hahn-Banach Theorems, it is possible to prove
that 7 is a continuous m-linear operator. Furthermore, we can prove that ||T|| = T(qp) (1),
therefore, naturally we define the isometric operator

0 TG (B, By F) = L(G8(EY), . 02 (En); bg(F))
T — T.

These facts lead us to the following results:
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Theorem 5.16. (Hﬁ’ﬁ,’)z(El, ooy By F), W(q;p)(-)> is a Banach space.

Proposition 5.17. If there exists n € {1,...,k} such that 1/q, > > ._; 1/p;, then

Jj€ln

Hk’m7I(E17 R Em7 F) - {O}

(a;p)
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Chapter

Lineability in function spaces

A real-valued function on R satisfying the property that it takes on each real value in
any nonempty open set is called everywhere surjective. In [21] the authors proved that
the set of everywhere surjective functions f : R — R is 2%lineable, which is the best
possible result in terms of dimension. In other words, the last set is maximal lineable in
the space of all real functions. Other results establishing the degree of lineability of more
stringent classes of functions can be found in [38] and the references contained in it.

As usual, the symbol C(I) stands for the vector space of all real continuous functions
defined on an interval I C R. In the special case I = R, the space C(R) will be endowed
with the topology of the convergence in compacta. It is well known that C(R) under this
topology is an F-space, that is, a complete metrizable topological vector space. Turning
to the setting of more regular functions, in [83] the following results are proved: the set
of differentiable functions on R whose derivatives are discontinuous almost everywhere is
¢-lineable; given a non-void compact interval I C R, the family of differentiable functions
whose derivatives are discontinuous almost everywhere on I is dense-lineable in the space
C(I), endowed with the supremum norm; and the class of differentiable functions on R
that are monotone on no interval is c-lineable.

Finally, recall that every bounded variation function on an interval I C R (that is, a
function satisfying sup{> ., |f(t;) — f(tiz1)] : {t1 <t2 <--- <t,} CI,n € N} < c0)
is differentiable almost everywhere. A continuous bounded variation function f: 1 — R
is called strongly singular whenever f’(z) = 0 for almost every x € I and, in addition,
f is nonconstant on any subinterval of I. Balcerzak et al. [25] showed that the set of
strongly singular functions on [0, 1] is densely strongly c-algebrable in C([0, 1]).

A number of results related to the above ones will be shown in the next two sections.

6.1 Measurable functions

Our aim in this section is to study the lineability of the family of Lebesgue measurable
functions f : R — R that are everywhere surjective, denoted MES. This result is, in
some sense, unexpected since (as we can see in [82, 83]) the class of everywhere surjective
functions contains a 2°-lineable set of non-measurable ones (called Jones functions).

Theorem 6.1. The set MES is c-lineable.

Proof. Firstly, we consider the everywhere surjective function furnished in [83, Example
2.2]. For the sake of convenience, we reproduce here its construction. Let (I,)nen be
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the collection of all open intervals with rational endpoints. The interval I; contains a
Cantor type set, call it C. Now, Iy \ C} also contains a Cantor type set, call it Cy. Next,
I3\ (C1UCy) contains, as well, a Cantor type set, C3. Inductively, we construct a family of
pairwise disjoint Cantor type sets, (C,)nen, such that for every n € N, I\ ( Z: Cx) D C,.
Now, for every n € N, take any bijection ¢, : C};, — R, and define f: R — R as

Fa) = {%(@ if v € C,,

0 otherwise.

Then f is clearly everywhere surjective. Indeed, let I be any interval in R. There exists
k € N such that I, C I. Thus f(I) D f(Ix) D f(Ck) = ¢x(Cx) = R. But the novelty of
the last function is that f is, in addition, zero almost everywhere, and in particular, it is
(Lebesgue) measurable. That is, f € MES.

Now, taking advantage of the approach of [21, Proposition 4.2], we are going to cons-
truct a vector space that shall be useful later on. Let A := span{p, : a > 0}, where
Po(x) = ™ “* Then M is a c-dimensional vector space because the functions
o (v > 0) are linearly independent. Indeed, assume that there are scalars cq,...,¢,
(not all 0) as well as positive reals a,...,q, such that c1pq, () + -+ + cppq,(z) =0
for all x € R. Without loss of generality, we may assume that p > 2, ¢, # 0 and
a; < ag < -+ < . Then xli}rfoo(clgoal(x) + o+ P, () = +00 or —oo, which is

_6_

clearly a contradiction. Therefore ¢; = --- = ¢, = 0 and we are done. Note that each
nonzero member g = Y -, ¢; ¢q, (with the ¢;’s and the ;s as before) of A is (conti-
nuous and) surjective because lim, .. g(z) = +oo0 and lim,,  g(z) = —oc0 if ¢, > 0
(with the values of the limits interchanged if ¢, < 0).

Next, we define the vector space M := {go f: g € A}. Observe that, since the f is
measurable and the functions g in A are continuous, the members of M are measurable.
Fix any h € M\ {0}. Then, again, there are finitely many scalars ¢y, ..., ¢, with ¢, # 0,
and positive reals oy < ap < --- < o such that g = cipq, +-+-+ 00, and h=go f.
Now, fix a non-degenerate interval J C R. Then A(J) = g(f(J)) = g(R) = R, which
shows that h is everywhere surjective. Hence M \ {0} C MES.

Finally, by using the linear independence of the functions ¢, and the fact that f is
surjective, it is easy to see that the functions ¢, o f (a > 0) are linearly independent,
which entails that M has dimension ¢, as required. O]

In [136, Example 2.34] it is exhibited one sequence of measurable everywhere surjective
functions tending pointwise to zero. With Theorem 6.1 in hand, we now get a plethora
of such sequences, and even in a much easier way than described in [136].

Corollary 6.2. The family of sequences {fn}n>1 of Lebesque measurable functions R —
R such that f, converges pointwise to zero and such that f,(I) = R, for any positive
integer n and each non-degenerate interval I, is c-lineable.

Proof. Consider the family M consisting of all sequences {hn}n>1 given by hy(x) =
h(z)/n where the functions h run over the vector space M constructed in the last
theorem. It is easy to see that M is a c-dimensional vector subspace of (R¥)N that
each h, is measurable, that h,(z) — 0 (n — oo) for every x € R and that every h,, is
everywhere surjective if h is not the zero function. O
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Remark 6.3. It would be interesting to know whether MES is, likewise the set of
everywhere surjective functions, maximal lineable in R¥ (that is, 2%-lineable).

6.2 Special differentiable functions

A function f:R — R is said to be a Pompeiu function (see Figure 6.1) provided that
it is differentiable and f’ vanishes on a dense set in R. The symbols P and DP stand
for the vector spaces of Pompeiu functions and of the derivatives of Pompeiu functions,
respectively. In this section, we analyze the lineability of the set of Pompeiu functions
that are not constant on any interval. Of course, this set is not a vector space.

Figure 6.1: Rough sketch of the graph of Pompeiu’s original example.

Firstly, the following version of the well-known Stone—Weierstrass density theorem (see
e.g. [130]) for the space C(R) will be relevant to the proof of our main result. Its proof
is a simple application of the original Stone-Weierstrass theorem for C(S) (the Banach
space of continuous functions f : S — R, endowed with the uniform distance, where S
is a compact topological space) together with the fact that convergence in C(R) means
convergence on each compact subset of R. So we omit the proof.

Lemma 6.4. Suppose that A is a subalgebra of C(R) satisfying the following properties:
(a) Given xg € R there is F € A with F(xg) # 0.

(b) Given a pair of distinct points xo,x1 € R, there exists F € A such that F(xqy) #
F(l’l)

Then A is dense in C(R).

In [25, Proposition 7|, Balcerzak, Bartoszewicz and Filipczak established a nice al-
gebrability result by using the so-called exponential-like functions, that is, the functions
¢ :R — R of the form

p(x) = a;e”,
j=1
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for some m € N, some ay,...,a, € R\ {0} and some distinct by,...,b, € R\ {0}. By
& we denote the class of exponential-like functions. The following lemma (see [36] or [18,
Chapter 7)) is a slight variant of the mentioned Proposition 7 of [25].

Lemma 6.5. Let ) be a nonempty set and F be a family of functions f : Q — R.
Assume that there ezists a function f € F such that f(§2) is uncountable and po f € F
for every ¢ € £. Then F is strongly c-algebrable. More precisely, if H C (0,00) is a set
with card(H) = ¢ and linearly independent over the field Q, then {expo(rf): r € H}
is a free system of generators of an algebra contained in F U {0}.

Lemma 6.6 below is an adaptation of a result that is implicitly contained in [27, Section
6]. We sketch the proof for the sake of completeness.

Lemma 6.6. Let F be a family of functions in C(R). Assume that there exists a strictly
monotone function f € F such that po f € F for every exponential-like function .
Then F is densely strongly c-algebrable in C(R).

Proof. 1f Q2 = R then f(2) is a non-degenerate interval, so it is an uncountable set. Then,
it is sufficient to show that the algebra A generated by the system {expo(rf): r e H}
given in Lemma 6.5 is dense. For this, we invoke Lemma 6.4. Take any o € H C (0, +00).
Given zy € R, the function F(z) := e*f® belongs to A and satisfies F(zq) # 0.
Moreover, for prescribed distinct points g, 1 € R, the same function F' fulfills F(zq) #
F(z1), because both functions f and z +— e®* are one-to-one. As a conclusion, A is
dense in C(R). N

Now we state and prove the main result of this section.

Theorem 6.7. The set of functions in P that are nonconstant on any non-degenerated
interval of R is densely strongly c-algebrable in C(R).

Proof. From [136, Example 3.11] (see also [134, Example 13.3]) we know that there exists
a derivable strictly increasing real-valued function (a,b) — (0,1) (with f((a,b)) =
(0,1)) whose derivative vanishes on a dense set and yet does not vanish everywhere. By
composition with the function = — ((b — a)/7)arctanz + (a + b)/2, we get a strictly
monotone function f: R — R satisfying that D := {x € R : f'(z) = 0} is dense in R
but D # R. Observe that, in particular, f is a Pompeiu function that is nonconstant on
any interval.

According to Lemma 6.6, our only task is to prove that, given a prescribed function
p € &, the function ¢ o f belongs to

F:={f €P: fisnonconstant on any interval of R}.

By the chain rule, ¢ o f is a differentiable function and (¢ o f)'(z) = ¢'(f(z)) f'(x)
(x € R). Hence (po f) vanishes at least on D, so this derivative vanishes on a dense
set. It remains to prove that ¢ o f is nonconstant on any open interval of R. In order
to see this, fix one such interval J. Clearly, the function ¢’ also belongs to €. Then ¢’
is a nonzero entire function. Therefore the set S := {x € R: ¢'(z) = 0} is discrete in
R. In particular, it is closed in R and countable, so R\ S is open and dense in R. Of
course, SN (0,1) is discrete in (0,1). Since f:R — (0,1) is a homeomorphism, the set
f7Y(S) is discrete in R. Hence J\ f~'(S) is a nonempty open set of J. On the other
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hand, since D is dense in R, it follows that the set D of all interior points of D is
. Indeed, if this were not true, there would exist an interval (¢,d) C D. Then f' =0
on (¢,d), so f would be constant on (c,d), which is not possible because f is strictly
increasing. Therefore R\ D is dense in R, from which one derives that J\ D is dense
in J. Thus (J\ f71(S)) N (J\ D) # @. Finally, pick any point zy in the last set. This
means that xo € J, f(zo) € S (so ¢'(f(xo)) #0) and zo ¢ D (so f'(xo) # 0). Thus
(po f)(zo) = ¢'(f(x0))f'(x0) # 0, which implies that ¢ o f is nonconstant on J, as
required. O]

Remark 6.8. 1. In view of the last theorem one might believe that the expression “f’ = 0
on a dense set” (see the definition of P) could be replaced by the stronger one “f’ =0
almost everywhere”. But this is not possible because every differentiable function is an
N-function —that is, it sends sets of null measure into sets of null measure— (see [134,
Theorem 21.9]) and every continuous N-function on an interval whose derivative vanishes
almost everywhere must be a constant (see [134, Theorem 21.10]).

2. If a real function f is a derivative then f* may be not a derivative (see [134, p. 86]).
This leads us to conjecture that the set DP of Pompeiu derivatives (and of course, any
subset of it) is not algebrable.

3. Nevertheless, from Theorem 3.6 (and also from Theorem 4.1) of [83] it follows that the
family BDP of bounded Pompeiu derivatives is ¢-lineable. A quicker way to see this is
by invoking the fact that BDP is a vector space that becomes a Banach space under the
supremum norm [54, pp. 33-34]. Since it is not finite dimensional, a simple application
of Baire’s category theorem yields dim(BDP) = ¢. Now, on one hand, we have that,
trivially, BDP is dense-lineable in itself. On the other hand, it is known that the set
of derivatives that are positive on a dense set and negative on another is a dense Gy set
in the Banach space BDP [54, p. 34]. Then, as the authors of [83] suggest, it would be
interesting to see whether this set is also dense-lineable.

6.3 Discontinuous functions

Let n > 2 and consider the function f:R"™ — R given by

1’1-..1’

n e 2 2
fon o) = 4 TP if 22+ 422 #£0, 61)
0 fxy=---=2,=0.
Observe that f is discontinuous at the origin since arbitrarily near of 0 € R™ there exist
points of the form z; = --+ =z, =t at which f has the value 1/nt™. On the other
hand, fixed (x1,...,%_1,Tit1,-...,7,) € R"1 the real-valued function of a real variable
given by ¢ : x; — f(x1,...,x,) is everywhere a continuous function of z;. Indeed, this

is trivial if all z;’s (j # ¢) are not 0, while ¢ = 0 if some z; = 0. Of course, f is
continuous at any point of R™\ {0}.

Definition 6.9. Let n > 2 be a positive integer. We say that a function f:R"™ — R s
separately continuous if, fived (z1,...,Ti 1,Tis1,...,2Tn) € R"L the real-valued function
of a real variable given by x; — f(x1,...,2,) is a continuous function of x;. Given
xg € R", we denote by SC(R™, xy) the vector space of all separately continuous functions
f:R™ — R that are continuous on R™\ {zo}.



92 Chapter 6. Lineability in function spaces

Example 6.10. The function f given in (6.1) belongs to SC(R",0).

Since card (C(R™\ {zo})) = ¢, it is easy to see that the cardinality (so the dimension)
of SC(R™, x) is equals ¢. In Theorem 6.11 below we will show the algebrability of the
family DSC(R", z¢) := {f € SC(R", o) : f is discontinuous at xy} in a maximal sense.

Theorem 6.11. Let n € N with n > 2, and let xy € R". Then the set DSC(R", xq) is
strongly c-algebrable.

Proof. We can suppose without loss of generality that zo = 0 = (0,0,...,0). Consider
the function f € DSC(R",0) given by (6.1). For each ¢ > 0, we set p.(x) := el*l* — e~ 17l
It is easy to see that these functions generate a free algebra. Indeed, if P(ty,....,t,) is
a nonzero polynomial in p variables with P(0,0,...,0) =0 and ¢y,...,¢, are distinct
positive real numbers, let M := {j € {1,...,p} : the variable ¢; appears explicitly in
the expression of P}, and ¢y := max{c; : j € M}. Then one derives that the function
P(@eys ..., pe,) has the form D em#+9@ 4 p(z) where D € R\ {0}, m € N, g is a
finite sum of the form ), my|z|* with my integers and oy, < co, and h is a finite linear
combination of functions of the form e?®) where, in turn, each ¢(z) is a finite sum of
the form >, ng|z|"*, with each -, satisfying that either v, < co, or v, = ¢ and ny, < 0
simultaneously. Then

lim [P0, (), - ., ey ()] = +00 (6.2

T—00

and, in particular, P(@.,,...,¥.,) is not 0 identically. This shows that the algebra A
generated by the p.’s is free.

Now, define the set A := {9 o f : ¢ € A}. Plainly, A is an algebra of functions
R™ — R each of them being continuous on R™\{0}. But, in addition, this algebra is freely
generated by the functions ¢.o f (¢ > 0). To see this, assume that ® = P(¢., o f,...,¢c,0
f) € A, where P,cq,...,c, are as above. Suppose that & = 0. Evidently, the function
f is onto (note that, for example, f(z,...,z) = 1/na", f(-x,z,...,2) = —1/nz"™ and
f(0,...,0) = 0). Therefore P(p.,(2),...,¢c,(x)) =0 for all 2 € R, so P =0, which is
absurd because P(ge,, ..., ¢.,) becomes large as & — co.

Hence our only task is to prove that every function ® € A\{0} as in the last paragraph
belongs to DSC(R™,0). Firstly, the continuity of each ¢, implies that & € SC(R™,0).
Finally, the function ® is discontinuous at the origin. Indeed, we have for all = # 0 that

1

1
— ), o (—))| —
n:c”)’ ’('Dp(na:”» oo

|D(x,x,...,2)| = P(gpal(

as x — 0, due to (6.2). This is inconsistent with continuity at 0. The proof is finished. [
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