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I1.0. Introduction

This is a continuation of H. Brezis and L. Nirenberg [1] (= [BNI]), and we will often refer
to concepts and results in that paper. There, we extended degree theory to VMO maps
between compact n-dimensional oriented manifolds without boundaries. In this paper we
consider a class of maps u from a bounded domain 2 C R™ into R™. In classical degree
theory, for u € C°(Q,R™), the degree of u at a point

(0.1) p ¢ u(0Q)

is defined; it is denoted by deg(u, 2, p).

The larger class of maps we consider, as in [BNI], is the class VMO(£2, R™) satisfying an
appropriate variant of (0.1). To define VMO in a domain €2, we have first to define BMO.
There are several possible definitions; they turn out, however, to be equivalent. Here is
one:

Definition. A real function f in L] () is in BMO(Q) if

0.2) 1 leno) = S%p/B /- /B 7] < oo,

where sup is taken over all Euclidean balls with closure in 2.

In fact, one may use balls in any norm in R™—though this is far from obvious—see

Corollary Al.1. Furthermore, one may consider the sup in (0.2) over the class of balls B
1

lying “well inside” Q, i.e., say B = B,(z) with r < §dist(:c,0§2). The resulting norm is

smaller than that in (0.2), but is equivalent to it (see Theorem A1.1).
1
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Now VMO is the closure of C°(2) in the BMO norm of (0.2). A useful characterization
of VMO(Q) is

lim |f — f.(z)| =0 uniformly in z.

e—0
e<idist(z,00) Be(x)

Here

T.(x) = fw) 2

This is the analogue of Sarason’s characterization of VMO in R™; see D. Sarason [1]. A
surprising fact about VMO(Q) is that it is the closure in the BMO norm of C§°(Q2), C*°
functions with compact support in  (see Theorem 1; it is proved in Appendix 1).

The facts above about BMO and VMO in () are due to Peter Jones; the proofs given
here are slight modifications of his.

In addition to bounded domains in R™ we also consider domains €2 in a smooth open
n-dimensional Riemannian manifold Xy, where Q is compact in Xo. BMO() is defined
as in (0.2); the sup is now taken over geodesic balls B.(x) with ¢ < rg, the injectivity
radius of 2. As in R", the various possible alternate definitions of BMO(£2) are equivalent.
Furthermore, the space BMO(f2) is independent of the Riemannian metric on X, (see
Lemma 2 in §II.1). VMO is defined as above. We then consider VMO maps of 2 into
an n-dimensional smooth open manifold Y (which is smoothly embedded in some RY). If
Xo and Y are oriented, and p € Y is such that (0.1) holds—in a suitable sense—then we
define

deg(u, 2, p);
this is done again by approximation.

In dealing with manifolds one has to consider the effect of change of local coordinates.
A result used here, but which more properly fits in [BNI], asserts that if the manifold Xg
is compact (without boundary), and if H is a smooth diffeomorphism of a ball Br in R™
onto a subset of X, then there are positive constants C, g¢, such that

(0.3) |(f o H):(y) — f-(H(y))| < Cllfllsmo

for every f € BMO(Xy), ly| < R/2, and € < g¢. This is essentially Lemma A3.3.

In II.1 BMO and VMO are introduced and their invariance under choice of norms, as
described above, is presented as well as associated properties.

Section II.2 takes up the definition of the degree. The analogue we use of condition
(0.1) is that there exist a neighbourhood U in Q of 02, and a number dy > 0 such that

1
(0.4) f dist(u,p) > dy VB:(x) in U with € = idist(x,aﬁ).
B.(x)
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Various properties of degree are then established, including (Corollary 1), the invariance
of degree under continuous deformation in the BMO topology, provided that, under the
deformation, (0.4) holds uniformly for all maps considered, with the same U and dy. In
Remark 4, an example is given in which the stability of degree fails in case this uniformity
is dropped.

In general, functions in VMO(£2) do not have a well defined trace on 02. In I1.3, in case
0f is smooth, we introduce a subclass of VMO(2) which does: Suppose ¢ € VMO(99);
we may then extend ¢ inside 2 to a function ¢ belonging to VMO(Q2) with

o(x) = o(P(x)) near 0f).

Here P is the projection to the nearest point on 0f2. We then say that a function
f € VMO(Q) has ¢ as trace on 0f2, written as

f € VMO, (Q)

provided the function
B { f—9 in
7= 0 outside (2,

belongs to VMO on a neighbourhood of €.
Theorem 2 asserts that for f in VMO(Q),

(0.5) f € VMO, () <= lim f |f —¢| =0.
e=1dist(z,00)" 7°

Various examples of VMO, () are presented in §I1.3. Example 2 states that W™ (Q) C
VMO, (€2). Lemma 7 asserts that for x near 09, if d(z) = dist(z, 9Q), the function

f(x) =Py (P(x))

—then extended inside in the rest of € by smooth cutoff—belongs to VMO,(£2). Lemma
8 says that the harmonic extension of ¢ inside €2 belongs to VMO, (2); this is proved in
Appendix 3.

Recently, L. Greco, T. Iwaniec, C. Sbordone and B. Stroffolini [1] introduced a notion

of degree for a class of Sobolev maps which is weaker than W™ and is not contained in
VMO.

Finally, in I1.3, a question of H. Amann is answered. In [BNI], if X,Y are compact
oriented n-manifolds without boundaries, and ¢,1 € VMO(X,Y’) are connected by some
homotopy H which is continuous in a parameter ¢ on [0,1], with values in VMO(X,Y),
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then (Corollary 6 in [BNI]) deg ¢ = degt. Amann asked whether the conclusion still holds
in case

H € VMO(X x [0,1],Y).
Under suitable conditions on H for ¢ near 0 and 1, Corollary 3 asserts that the answer is
yes.

Section I1.4 extends to VMO,(f2) a standard result for continuous maps u :  — R",
with u}ag = . Namely, if ¢ #p Vz € 01, then

(0.6) deg(u, 2, p) = deg |:j :g 09,5"7),

Appendix 1 proves a number of results of II1.1.

In Appendix 2, written with P. Mironescu, we consider Toeplitz operators on S'. For any
continuous complex-valued function ¢ on S, with ¢ # 0 everywhere, there is, classically,
an associated Toeplitz operator T,,. It is a Fredholm operator in H? and

index(T,,) = — deg (l—g, Sl,Sl> :

In Theorem A2.1 a similar result is proved for ¢ satisfying
© € VMO(S*,C)N L™, |p| >a>0on S

This result is essentially contained in Theorem 7.36 in R. G. Douglas [1]; the proof here
is different and is pretty much self contained—though we use the fundamental H!-BMO
duality of C. Fefferman [1] (see also C. Fefferman and E. Stein [1]).

Appendix 3 deals with properties of the harmonic extension of BMO and VMO maps.
The plan of the paper is:

111 BMO and VMO on domains

11.2 Degree of maps on domains

1.3 VMO functions having a VMO trace; VMO,,

I1.4 For uw € VMO,,,deg(u, £, p) = a boundary degree

Appendix 1 Some properties of BMO and VMO in domains

Appendix 2 (with P. Mironescu). Toeplitz operators and VMO

Appendix 3 The harmonic extension of VMO maps

We are especially grateful to Peter Jones and wish to express thanks also to several col-
leagues for interesting conversations: H. Amann, S. Chanillo, A. Connes, I. Gohberg,
P. D. Lax, F. H. Lin, P. Mironescu.

II.1. BMO and VMO on domains

Let © be a bounded domain (open connected set) in R™. Later we will consider domains
in a manifold.

There are several natural notions of BMO(Q).
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Definition 1. A locally integrable real function f on Q belongs to BMO(S) if

1 _
(1.1) 1fllBa0 = sup — / \f — Fi| < o0,
Bec |B| JB

where C is the class of all open balls B whose closures lie in 2, and
f_B = /f?
B

BMO(€2) so defined forms a Banach space modulo constants. Similarly a map v : Q —
RY belongs to BMO(£2, RY) if each component of u is in BMO(S). Its BMO norm is also

the average of f over B.

given by (1.1) where | | denotes the Euclidean norm in RY. As in [BNI] an equivalent
norm is
(12) Julle = sup ff July) = u(z)do(y)do(2);
Bec JB JB
in fact
(1.3) [ullmo < lJulls < 2jullBymo-

Definition 2. For 0 < k < 1 let Cy, denote all balls B, (z) C Q2 satisfying
r < k dist(x, 09).

Such balls are called “well inside” Q. Using Cj, instead of C in (1) we obtain a different
smaller norm

1f1[BMO, k-
It is not difficult to see that for 0 < k1, ks < 1, the norms

||f||BMO,k1 and ||f||BMO7]g2 are equivalent.

(see Lemma A1.1 in Appendix 1). A more striking fact is that each of these is equivalent
to the norm (1.1), even if no regularity of 0f2 is required. As we show in Theorem A1l.1,
this equivalence holds not just for the Euclidean norm but for any norm on R". This fact
is far from trivial and is due to Peter Jones. We present a slight modification of his proof;
see Theorem Al.1.

It is more convenient to work with Definition 2. From now on we take that as our
definition of BMO, with k fized as 1/2, and we simply write

| fllBmo,1/2 as || fllBMo and Ci /e =C.
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We use formula (1.2) as well with balls B well inside (with k =1/2).

Remark 1. In Definition 2, if we restrict the class Cy, to all balls B,.(z) satisfying
r < min{k dist(z,0Q),ro}
for some given rg > 0, we get a smaller norm which is, however, equivalent to the original

one. This is easily seen by a trivial covering argument.

Remark 2. Another possible definition of BMO(f) is to take as C the class of all cubes
with closures in €, or all those with edges parallel to the axes, or with cubes “well inside”
Q. The corresponding norms are all equivalent to the BMO norm above (see the discussion
after Theorem Al.1 in Appendix 1).

Clearly L>(Q2) € BMO(2) with continuous injection:

HfHBMO < 2Hf||[,oo.

In particular C°(2) € BMO(9).

We now define VMO(Q). It was first introduced by D. Sarason [1] in all of R™.
Definition. VMO(Q) is the closure in BMO(Q2) of C°(Q2), i.e., f € VMO(Q) if there is a
sequence (f;) in C°(Q) converging to f in BMO(Q).

In view of Lemma 1 below, if f € VMO(Q) then there is a sequence (f;) in C°(Q)
converging to f in BMO(Q), in LL (), and a.e.

loc

Lemma 1. Given a compact set K in (), there is a constant Cx such that

If = Frllox) < CkllfllBmo

for every f € BMO(Q).
The proof of Lemma 1 is similar to that of Lemma A.1 in [BNI].

To prove the assertion before the lemma, observe first that given any € > 0 and any
compact set K C Q, there is a g € C°(2) such that

If —gllBmo <&, [If —gllorx) <e.

1
This uses Lemma 1. The assertion then follows by choosing e = —,7 =1,2,..., and
J

K = {z € Q;dist(z,00) > -}.

1
J
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It is clear that if f € VMO(S2) then

(1.4) lim If — f.(2)| =0 “uniformly in z”.
e—0 Bg(m’)

where

More precisely, (1.4) means that for every 6 > 0, there exists gy such that, for all x € Q,

/ )] <6
B.(z)

1
for all € < min{ey, ) dist(x,0Q)}.

The converse is true; this is far from obvious. In fact, a much stronger result holds. It
is due to Peter Jones (private communication):

Theorem 1 (P. Jones). The following are all equivalent for f in BMO(Q):

(1.5) fe VMO(Q).

(1.6) liII(l) f \f — f-(z)| =0 uniformly in x
agédsi;)(x,aﬂ) Be (@)

in the sense above.

(1.7)  There ezists a sequence (f;) in C3°(Q) converging to f in BMO(Q) N Li,.(Q).

The proof of Theorem 1 is in Appendix 1.
Example 1. W1"(Q) c VMO(Q).

To see this, observe first that W17 (Q) ¢ BMO(Q), with continuous injection. This
follows from Poincaré’s inequality in any ball B C €,

(18) ﬁgf—ﬂﬂscm>(LaUW)M7

This implies that (1.6) holds and thus, by Theorem 1, f is in VMO(Q).

Remark 3. Theorem 1 asserts that C§°(€2) is dense in VMO(2). Recall that it is not
dense in W1 (Q).

More generally, we have as in [BNI]:
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Example 2. W*P(Q2) C VMO(Q) in the limiting case of the Sobolev embedding;:
sp=n,0 < s <mn, (s may or may not be an integer).

In [BNI] we discussed functions involving log |z|:

(a) log|x| is in BMO(€2) but not in VMO(Q2) if 0 € Q,
(b) log|log|z|| is in VMO(Q).

(¢) |loglz||*,0 < a < 1, is in VMO(S).

Consider now a domain (2, having compact closure in a smooth manifold X without
boundary. In order to define BMO(Q2) and VMO(€2), one first puts a smooth Riemannian
metric on X, the notions above of BMO(Q2) and VMO(2) extend except that we use
geodesic balls B.(z) and always assume that ¢ < rg, the injectivity radius of Q. The
definitions are independent of the choice of metric. In fact, there is a more general result:

Lemma 2. Let 21, be two bounded domains in R™ and let H be a C* diffeomorphism
of a neighbourhood of 1 onto a neighbourhood of Q. If f € BMO(Qs2) (respectively
VMO(Q2)) then fo H is in BMO(€) (respectively VMO(Q4)) and

|f o H|lpmo < C|lfllsmo-

This is proved in Appendix 1. Furthermore, Theorem 1 holds in this situation, with no
change.

Example 3. Let € be such a domain on a manifold X.

Lemma 3. The function
o(z) = log(1/dist(z, 092))

is in BMO(Y). Here dist could be measured using any metric on Q which is equivalent to
the Riemannian metric.

Lemma 4. With ¢ as in Lemma 3, |o|* € VMO(Q) for 0 < a < 1.

Lemmas 3 and 4 are proved in Appendix 1.

I1.2. Degree of maps on domains

Let Q be a general bounded domain in R™, let v € VMO(Q,R™) and let p be a point in
R™. Our goal is to define deg(u, (2, p) and prove that it has the standard properties of a
degree.

In the usual case, when u € CY(f2), one assumes that

(2.1) p ¢ u(09).

General functions in VMO(£2) have no trace on the boundary. (Later we shall introduce a
subclass of VMO functions with a trace—the notion of trace is delicate and the subclass
is somewhat restricted.) Thus the condition (2.1) has to be given a different form.
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Notation. We denote by D the class of balls B.(z) in £ with

1
£ = Edist(x, 09).

In place of (2.1) we use the condition:

there exist dy > 0, and a neighbourhood U in € of 02, such that

2.2
(2:2) /yu—p\zdo VB CU,Be€D.
B

In particular, (2.2) holds if |u — p| > dy a.e. in some neighbourhood U of 9€). Clearly for
u € C°(Q), (2.1) and (2.2) are equivalent.

Notation. For € > 0, set
Q. = {z € Q; dist(x,00) > e}.

Definition of degree for « € VMO satisfying (2.2):
Given u € VMO(), we choose £y > 0 so that for all z € Q,

(2.3) fB ( )\u—ﬂg(x)\ <dp/2

1
foralle <eggand e < §dist(a:, 082). This is possible in view of (1.4). We may also take ¢

to satisfy
{z € Q; dist(z,09) < 3e0} C U,

with U as in (2.2).
Combining (2.2) and (2.3) we have

(2.4) [t (x) —p| > do/2 if x € 00 and € < g.

Hence
deg (e, Qo-,p) is defined for every e < g.

Claim: This degree is independent of € for 0 < € < gg.

We then define
deg(u, Q,p) = deg(ue, Qae,p) for e < &p.

Proof of Claim: We may suppose p = 0.
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We shall prove that for any given ¢ in (0,&¢], there exists § depending on & such that
(2.5) deg(uy, Qot, 0) = deg(ue, Qae,0)  for |t —e| < 4.
This yields the claim.

The map @, is continuous in = and ¢ where it is defined. Using (2.4) we see that there
exists 6 > 0 such that

d
(2.6) T ()] > ZO if |t — | < & and dist(x, 9s.) < 6.

Therefore
deg(u, Q2e,0) is defined for |t — | < 4.

By homotopy invariance and (2.6), this degree is independent of ¢, and so
deg(uy, Qac,0) = deg(u., N2:,0)  for [t —e| < 6.
Finally, by excision, and (2.6) again,
deg(u., Qo-,0) = deg(uy, o, 0),

and the claim is proved.

Consequently, deg(u, 2, p) is defined. It is clear that if u € C°(Q) then the degree just
defined agrees with the usual degree.

We verify now some of the standard properties of degree:

Property 1. If u € VMO(Q2,R") satisfies (2.2) and

deg(u7 Q7p) # 07

then
p € essR(u).

(The essential range of a map u, essR(u), is defined in §1.4 of [BNI]). In fact
By, (p) C ess R(u).
The proof follows that of Property 1 in §1.4 of [BNI].

Property 2. (Stability of degree in the BMO topology).
Let (u;) and u belong to VMO(Q) and satisfy

(2.7) uj — u in BMO(Q) N Li, .(Q)
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and

for some p € R", there exist a dy > 0 and a neighbourhood U of 9 in €2,

2.8
(28) such thatf luj —p| >dy Vj, VBCUBED,
B

(in view of (2.7), the same holds for u).

Then
deg(uja Qap) = deg(”a Qup)

for all j sufficiently large.
Proof. We may take p = 0. As in Lemma 4 of 1.1 of [BNI] we see that
(2.9) lim f lu; —w; gl =0 uniformly in j.
|B|—0 Jp ’
BeC
1
(Recall that B € C means that if B = B,.(z), then r < 2 dist(x,0€2).) It is here that we

use the assumption that u; — w in BMO(Q). (2.8) and (2.9) imply that there exists g
such that for all € € (0,¢),

d
f uj| > =0 Vi, Vx & 0.
B.(x) 2
Fiz some ¢ € (0,e0). Since u; — u in Li (), we have
Uj e — U uniformly in Q..

Thus
deg(ﬂj,m QQE? O) = deg(ﬂaa QQ&; O)

for j sufficiently large. By our definition of degree we obtain the desired result.

Remark 4. In the argument above it is essential that (2.8) holds uniformly in j. Here is
an illuminating example in which uniformity in (2.8) is dropped and the conclusion fails.
Let Q = (0,1), and set

1
uj(@) = f(@) ~ 5
1
where f; is the sequence defined in Example 6 of §1.2 in [BNI]. Since u;(0) = 2 and

1

1
On the other hand, u; — u = ~3 in BMO and in L', and deg(u, Q,0) = 0.

An immediate corollary of the above is the invariance under suitable homotopy:
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Corollary 1. Let Hi() be a one-parameter family of VMO maps from Q to R™, depending
continuously—in the BMONLL . topology—on the parameter t. Assume in addition, that

loc

(2.8) holds uniformly in t, i.e., the same dy and U for all Hy. Then

deg(H¢,Q,p) is independent of t.

Corollary 2. Suppose u,v are VMO maps from § into R™ both satisfying (2.2). Suppose
that for some d; < dy,

f]u—v\ﬁdl, VB cU, BeD.
B

Then
deg(v, 2, p) = deg(u, 2, p).

To prove this, just use the homotopy H; = tv 4+ (1 —t)u, 0 <t < 1, and apply the
preceding corollary.
Property 3 (Borsuk). Suppose u € VMO(£2,R™) and (2.2) holds with p = 0. If 0 € Q,
Q) is symmetric about the origin and w is odd near 0f2, then

deg(u,€2,0) is odd.

This is an immediate consequence of our definition of degree—via Borsuk’s theorem for
continuous maps.

Remark 5. The definition of degree extends in a straightforward way to VMO maps from
a domain €2, with compact closure, in a smooth oriented Riemannian manifold X, with val-
ues in another oriented smooth manifold Y, dimY = dim X. Namely for u € VMO(Q,Y"),
and for p € Y such that (2.2) holds, where |u(z)—p| is replaced by dist(u(z),p), one defines

deg(u, 2, p)
as in the Euclidean case.

I1.3. VMO functions having a VMO trace; VMO,

In general, VMO functions on a domain €2 do not have a well defined trace on 02—
even if 0N is smooth. An example for Q = (0,1) is the function cos(log|logz|). It is in
VMO-—even in H'/?2—but has no trace at 0.

It is useful to introduce a subclass which does admit a trace on 02 belonging to

VMO(912). As usual,  is a bounded domain in R™.
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Definition of VMOg. A function f € VMO(2) belongs to VMO (€?) if its extension g
outside  as identically zero, belongs to VMO(B), where B is an open ball containing (2.

Remark 6. A function f € VMO(£2) which is identically zero near 02 belongs to VMOg(€2).
Indeed its extension g, by zero outside 2 lies in BMO(B), as is clear by Remark 1. That
it lies in VMO(B) is a consequence of Theorem 1.

A simple characterization in case 0f) is smooth is given by

Theorem 2. f € VMO(R) belongs to VMOy(Q2) iff

3.1 lim f =0.
(3.1) Jim £ 1f
BeD

Condition (3.1) means that the average of |f| over balls B.(z) tends to zero as x — 0f2
1
provided € = 3 dist(x, 0Q).

Proof.

1. Proof that f € VMO (2) = (3.1) if 0 is smooth: To see this, consider a ball
1
B.(z) € D, ie., e = 3 dist(x,09). Let z be a closest point on 9 to z. Since Of2 is

smooth, there is some a > 0, and some ¢y > 0 such that
(3.2) |Bs-(y) N Q°] > a|Bs:(y)| Yy €0, Ve<eg.

Since g € VMO(B), given 0 > 0, there exists 1 > 0 such that for € < eq,

(3.3) Jo - <s
Bs.(z)
It follows that Bau(2) N0
_ 3¢(2) NQ°
Z)|———— <9,
’936( )l |B3€<Z)|
so that
B 1)
(3.4) |g3:(2)] < o Ve < g1

By Lemma A.4 in [BNI]

19 () — G5e(2)] < 3nfB N CEER
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Using (3.4) we find that

35 9.0)| < (3" + )5

Since g is in VMO(B), there is €2 < €1 such that

f lg — ge(z)| < fore < ey
B.(z)

Combining this with (3.5) we obtain the desired result.

It is clear from the proof that what is required of ) is simply (3.2) rather than regu-
larity. Thus 02 might merely be a Lipschitz boundary. However, some regularity of 02 is
necessary. For example if (2 = unit disc in R? minus the origin, and f is smooth in Q with
f=1in0<|z] <iand f=0for [z] > 3/4, then f € VMOy(f2) but does not satisfy
(3.1).

One also observes from the proof above that f € VMO (Q2) implies
lim lfl=0
e—0 BE (:E)
where ¢ = dist(z, 092).
2. Proof that (3.1) = f € VMO(£2). This is true for any bounded domain €.
We have to show that given any 6 > 0 there is some €9 > 0 such that, for e < gg,

J o} ) - g) <2

B.(z) Be(z)

where B.(x) is any ball in R™. If B.(x) is in ¢ or if B.(x) is “well inside” €2, this is clear.
Thus we may assume that

B.(z)NQ#Q and Bo(z) NQ°# 0,

and in particular dist(z, 0€2) < 2e.
Set A = B.(x) N ). It suffices to prove that, for e < some ¢,

1
ERE AR

Consider a maximal family of disjoint open balls B., /3(:1:1-) with centres x; € A and

1
€& =3 dist(x;, 0€2). Since x; € B.(x) we have

g; < —(dist(z;, x) + dist(z,00)) < — & V.

N | =
DN W
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Claim: G =, B;,(z;) covers A.

1
Suppose not. Suppose some y € A, y ¢ G. Set v = §dist(y, 08); by maximality there

exists some 7 such that
B, /3(x;) intersects B /3(y).

Then ]
g; < dist(y, x;) < g(’Y +€5),
so that
2e; < 7.
But
2y = dist(y, 0Q) < dist(y, ;) + dist(x;, 09Q)
1
5(7 + €i) + 2&;,

7
ie., by < T7eg; < 57. Impossible.

This proves the claim; we return to the proof of the theorem. We have

(3.6) /A <y /B IEED ML f 5l

BEi (xl)

1
By (3.1) we may find ro > 0 such that, for every ball B, (a) with r = 3 dist(a, 092) < 7o,

J in<ae

B, (a)

2
We take g¢ = §r0 and thus, for ¢ < gy, we have

3
i S —& S To Vi
2
and hence
f fl<o/6" Vi
BEi (a“l)

Consequently, by (3.6),

NGRS Z\Bﬁ/g 2|
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The balls B,, /3(x;) are disjoint and they are all contained in By, (z); it follows that
Y 1Beys(@i) < |Bae(x)| = 2"|Be ().

We conclude that )
—_ |fl <o.
| Be()] /A
O

Remark 7. One may think that VMO (2) is a closed subspace of VMO(2) but this is
not true. In fact, it is dense in VMO(€2); see Remark 3.

Remark 8. The space W,""(Q) is contained in VMOq(£2). This is clear from the definition
of VMOy, for the extension of u € W, " (2) as zero outside Q is in W (B) ¢ VMO(B)—
see Example 1.

Next we are going to define a class VMO, (€2) where ¢ is a given function in VMO(012),
assuming Jf) is smooth. VMO, (€2) will consist of functions having “trace” ¢ on 0f). First
we need

Lemma 5. Let ) be a smooth bounded domain and let p € VMO(O). There ezists a

function @ defined on a neighbourhood Q of Q such that ¢ € VMO(?Z), and for x close to
092,

(3.7) p(z) = (P (z))

where P is the projection to the closest point in OS).

Proof. We first define ¢ by (3.7) in a tubular neighbourhood U of 02,
U = {z e R";dist(z,00Q) < 0}.

Claim: ¢ € VMO(U).

In view of Lemma A.10 in [BNI] it suffices to prove the claim when the boundary is on
{z, =0}, for U = {x € R"; |z,,| < }. If Q is a cube with edges parallel to the axes, then

it is clear that
/ |§5—f ol < llellBymo(on)-
Q Q

If Bisaballin U , then it lies in such a cube @), with side length = diamB, and then the

inequality
f |5—/ o] < Cllellsmo(an)
B B
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follows with the aid of Lemma A.4 of [BNI]. We have proved that ¢ € BMO(U); that it is
in VMO(U) is proved either by approximation or repeating the computation above, and
letting |B| — 0. The claim is proved.

To complete the proof of the lemma we simply multiply ¢ by a smooth cutoff function;
here we rely on Lemma B.8 of [BNI].
O

Now, the

Definition of VMO,,. Let 2 and ¢ be as above, and let f € VMO(2). We say that f
has trace ¢ on 01, i.e., f € VMO,,, provided

(f —@) isin VMO (Q).

This definition also makes sense if {2 C X, a Riemannian manifold.

Remark 9. Though ¢ is not quite unique—it depends on the choice of cutoff—the notion
of VMO, is independent of our choice. This follows immediately with the aid of Remark 6.

Furthermore, it is clear that f € VMO, < the following function / belongs to VMO(Q):

= f in Q
/= { & in O\

Remark 10. It follows from Theorem 1 that for any fixed ¢ € VMO(92), the space
VMO, () is dense in VMO(Q) in the BMO topology.

The notion of VMO, is invariant under diffeomorphisms. In particular, if {2 is a domain
(with compact closure) in a smooth manifold X, the notion of VMO,, is independent of
the choice of Riemannian metric on X. We have namely

Lemma 6. Let X1, Xo be smooth Riemannian manifolds without boundaries and let 21, o
be subdomains, respectively, with compact closures and smooth boundaries. Let H be a C*
diffeomorphism from Qq onto Qo; H maps 0 onto 00y as a C' diffeomorphism. Let
p € VMO(092) and let f € VMO4(Q2). Then

foH belongs to VMO,om(€21).

Proof. For i =1,2, let Q be a neighbourhood of Q; so that for every = € Ql\Ql there is
a unique closest point P(x) on 0€2;. We define an extension H of H to Oy as follows: For
T € ﬁl\ﬁl, we set

H(x) =vyEc QQ\QQ

where y is the unique point there with P(y) = H(P(z)), and dist(y, H(P(x)) = dist(z, 91).
To define y we may have to shrink Q. Clearly H is a bi- Lipschitz map of Q onto a neigh-
bourhood Qg of Qs.
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Turning to the function f, set, as in Remark 9,

fv { f in QZ
N {5 n 52\92,

so that f € VMO(€2y). Consider now f o H; it is defined on ;.

Claim: fo He VMO(w) where w is any open set with compact closure in Q.

Once the claim is proved, we are through, for if x € ﬁg\ﬁg, then fo H (x) =
(¢ o H)(P(x)).

1
Proof of Claim: Let B.(x) be a ball in w with ¢ < 5 dist(x, dw). Consider

I:fBE(x) fm) Fod(y) - Foll(z)

C ~ ~
= | B ()|? /f](BE(:r)) /f](BE(:r)) #(n) = 7¢)]

since (H)™" is Lipschitz. Hence

C ~
I r ()2 _
= B /BEK(ﬁ(x))/BEK(ﬁ(I)) [ (m) = f(Q)

since H is Lipschitz with Lipschitz constant K. We also require that

1o
e < ﬁdlst(H(W),an) =:7ry.

Clearly I < C||f|lsmo. By Remark 1 we see that
If o Hllsmo(w) < Cllflsmo@,)-

By density we conclude that f o H is in VMO(w).

Next, we present some examples of functions in VMO,,.

Example 1. If f € C(Q), and ¢ = fjpn, then f € VMO, (Q).

Example 2. If f € Wh™(Q) and ¢ = fjoq then f € VMO, (). Recall that f € VMO(RQ)
and ¢ = flan € Wi=%m(99) also lies in VMO(89), by Example 2 in §1.1 in [BNI].
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Proof. Since both conditions f € W™ and f € VMO, are invariant under diffeomor-
phisms, we may locally flatten the boundary 0€2. In addition we may suppose that the
metric is locally Euclidean near the flat portion of boundary. Near the origin in the flat
boundary, we may use coordinates (z’,x,), 2’ € R*71, with z,, > 0 in Q,z,, = 0 on 0.
In view of Theorem 2 it suffices to show that

lim f|fc€ z,) — f(2',0)|dz = 0.

|B|—>0

For B € D, let Q = Q' X (g,3¢) be the smallest cube with edges parallel to the axes
containing B. Then

PN gt 2
LGSR U =y SN

<c(f gl
Q' x(0,3¢)

as € — 0.

Example 3. Consider, as usual, a domain €2 having compact closure in a smooth Rie-
mannian manifold X without boundary; 02 is smooth. Let ¢ belong to VMO(9f2). The
following particular extension f of ¢ inside © belongs to VMO,(Q2). Let U = {z €
Q; dist(z,00) < §} with § so small that any point z in U has a unique closest point
P(x) on 0f). The geodesics starting on 0f) and orthogonal to 92 cover U simply. Denote
dist(x,0Q) by d(x). For z in U, define

f(x) = Py(z)(P(x))

i.e.,, f(z) is the average of ¢ on a ball on 02 centred at P(z), having radius d(x). We
extend f to all of 2 by multiplying it by a smooth cutoff function with support in U and
which is identically one near 0¢2, and we continue to denote by f the extension to all of 2.

Lemma 7. f belongs to VMO, ().

Proof. By Lemma 6, the property of belonging to VMO,, is independent of the particular
metric on X. It is convenient to replace the given Riemannian metric on Q by a different
one. We describe the new metric just in U; it is easily extended to 2. The new metric
preserves all geodesics starting on 0€) and orthogonal to 02, and preserves arc length on
them. But it is a product metric. Namely, if 2’ = (x1,...,x,_1) are local coordinates
near a point § on 9, with 2’ =0, ¢t =0 at g, and ¢t > 0 in U, the lines 2/ = constant,

0 <t <9, correspond to our special geodesics orthogonal to 0€). The new metric has the
form

(3.8) ds’ = dt? + ds”
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!
where ds 2 = ds? .
ES

The function f is continuous in 2. Therefore, to prove the lemma we need only consider
balls B.(x) in U belonging to our family C. We have to show that

(3.9) / / £(2)| < Cliglimo,
B.(xz) J B:(x)

with C' a fixed constant independent of the ball; by density this proves that f isin VMO((Q2).
To verify that f is in VMO, we have to show that

(3.10) /B . |f(y) —o(P(y))| is small for e = %d(x) small.

We may use the local coordinates (z’,t) described above, and suppose that B.(z) is the
ball
B.(x) = B.(0,7) with 2e <7 <.

Denote the ball in 0€2, i.e., on t = 0, centred at P(z), which in our local coordinates is the
origin, and having radius € by B’ = B.(0). Now B.(0,7) lies in the cylinder

D=B.x(r—erT1+¢),

and since |D| < C|Bc(z)], to prove (3.9) it suffices to prove that

1= f f 116)= 1)1 < Clieliwo.

Now if B’ is the ball in R"~! with centre 0 and radius e (measured in our metric ds’), we

- - ff mw-ael

y'eB’ 2'eB’
T—e<s<TH+e T—e<t<TH+E

If B.(y') is the ball (in our metric ds’) about 3’ of radius s then
Bi(%"), By(y') C B.,,.(0), fr—e<st<t+e.
Since
T+2 T+ 2 < T+ 2¢
t s T T/2
we see with the aid of Lemma A.4 in [BNI] that

1
< (C independent of 7 and € < 3T

25(1') = Priy0:0)], [B1(2) = P14 (0)] < CllpllBmo
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if 7 is small; thus
2.(y") = 2 (z)] < Cllellmo-
Inserting this in I above we obtain (3.9).

Turning to the proof of (3.10), we consider again the cylinder D, with now, 7 = 2¢. It
suffices to prove that

/ @) — o(P@)| s small,
D

i.e., that for & small,

J = f B,(2') — ()| s small.

z'eB’
e<t<3e
Since ¢ is in VMO,
(3.11) o —®.(0)] 1is small for ¢ small.

B/
With the aid of Lemma A.4 in [BNI], we see, as above, that for ¢ small,
(3.12) |2.(z") —2.(0)] issmallif 2’ € B'and e <t < 3e.

Thus

12 f R =20+ 7.0 el

z€B’
e<t<3e

The first term on the right is small by (3.12), and the second, by (3.11).

Example 4. Consider 2, X and ¢ as in Example 3, ¢ € VMO(09).

Lemma 8. The harmonic function in Q, which equals ¢ on 09, belongs to VMO, (2).
The proof is given in Appendix 3, see Theorem A3.1.

Example 5. Consider u = (log|z|) * f in R", n > 2, where f € L'(R") with com-

pact support (for simplicity). Let © C R™ be a smooth bounded domain. Clearly,

u € WHP(Q) Vp < n, but it need not belong to W1m(Q). Hence u has a trace on
0N, say .
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Lemma 9. ¢ belongs to VMO(0R) and u belongs to VMO, (2).
Proof. First, note that u € VMO(2). Indeed, by density, this follows from the fact that

|ullsmo) < Ol fllor-
Next, that ¢ belongs to VMO(95?) follows from the estimate
lellBmoan) < C|l fllz:
This is derived in turn from the inequality
|log |z — alllBmo(on) < C Va € R”

where C' depends only on 2. To prove the last inequality we need only establish for e
small,

(3.13) J ::f f |log |y — a| — log |z — al|do(y)do(z) < C Va € R",
t(z) JBL(x)

where C' depends only on 2. Here z € 092 and B.(x) is the geodesic ball on 052 centred at
x. We consider two cases:

(i) |z —al = 6e,
(ii) |z —al < 6e.

Case (i) is obvious, since for e small, if y, z € B.(x),

lr—y|<e, |x—2z|<e

and thus
Loly=al o
2 7 |z—a|l
In Case (ii) we have
ly — a
(3.14) J <2 |log =——do(y) < C(Q).
Bl ()

Finally, we prove that u € VMO, (). By Theorem 2 it suffices to show that

lim lu—@| =0
E—>O Bg(a)
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1 ~
where € = édist(a, 0) and @ is as in (3.7). By density (as in the proofs of Theorem A3.1
and A3.2) it suffices to establish that

(3.15) f u =@l < Clflln
Be(a)

for € small, where C' depends only on €.

Inequality (3.15) follows from
(3.16) / | log |z — y| — log | P(x) — y||dz < C()
B.(a)

for every y € R™ and for every € < some ¢y. To prove (3.16) we consider, as before, two
cases:

(1) |y - CL| Z 657
(i) |y—a| < 6e.

Case (i) is obvious since, for x € B.(a),

1_ =~y
< — < 3.
[P () =yl
In Case (ii) one shows, in fact, that
m
(3.17) ’10g |dz < C,
Be(a)
and
P(z) —
(3.18) J = | log M}daj < C(Q).

B.(a) €

Inequality (3.17) is clear. To verify (3.18) one has, first, as in (3.14), that for € small,

rscf gl
B} (P(a) c

where B)_(P(a)) is the geodesic ball on 0f2 centred at P(a). Now, for £ € BS_(P(a)),
€ =yl < 10e.

Furthermore, for € small, one sees that for such &,

1
€~ yl > 516~ PGyl
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Hence
—P
J<C+C log E LWl 456
BY.(P(a)) 202
- P
< c+0f 1og £ =L 1 456) < c(0)
BY_(P(a)) 202
since the last integral is bounded by a constant depending only on 2. 0

We conclude this section with an answer to a question raised by H. Amann. Let X,Y
be smooth n-dimensional compact oriented manifolds without boundaries; Y is smoothly
embedded in some RY. Consider two maps ¢,7 € VMO(X,Y); by [BNI] the degrees are
well defined. Suppose ¢ and v are connected by some homotopy H(z,t),0 <t < 1. In

Corollary 6 of [BNI] it was shown that if H is continuous in [0, 1] with values in VMO(X,Y)
then deg ¢ = deg. Amann’s question was whether the same conclusion holds in case

(3.19) H € VMO(X x (0,1),Y).

The answer is yes, provided one makes a slightly stronger assumption on H for ¢ near
0 and 1. In fact, under condition (3.19) it is not clear what is meant by saying that

Corollary 3. Assume in addition to (3.19) that

h
f f |H(y,t) — o(y)|do(y)dt — 0 as h — 0, uniformly in v € X
0 Bp(z)

1

(3.20)

|H(y,t) — ¥ (y)|do(y)dt — 0 as h — 0, uniformly in x € X.
1-h Bh(.l‘)
Then
deg(p, X,Y) = deg(s, X, Y).

Proof. Consider the manifold X = X xR with the product metric, and set Q = X x (—1,2)
in X,

o(x) fort <0
(3.21) H(z,t)={ H(z,t) foro0<t<l1
Y () for t > 1.

By Theorem 2, conditions (3.20) imply that H e VMO(Q,Y). (It is easy to see that
(3.20) is, in fact, equivalent to the property that H e VMO(2).) As in [BNI] we now
define

H.(z,t)=P f H

B, (z,t)
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where P is the projection to the closest point in Y. In view of Lemma A.4 of [BNI] we
may also work with
Goz,t) = P / i
Qe (w,t)
where Q. (z,t) is the cylinder B.(z) x (t —e,t + ¢), for by Lemma A.4 of [BNI],

sup |H.(z,t) — Go(2,t)] = 0 ase — 0.
Clearly for t < —e, Ge(z,t) = pe(z) = Pg.(z), and for t > 1+ ¢, Go(z,t) = Y(v) =
Pi_(x). By standard homotopy
deg(Ge(-,1), X,Y) is independent of t.

Thus, for € small, deg(p, X,Y) = deg(¢e, X,Y) = deg(ve, X, Y) = deg(v), X, Y).
]

Remark 11. In connection with (3.19), a word of warning: If f € C([—1, 1], VMO(X) N
11
L'(X)) one might think that f is in VMO(X x [—=, =]). This need not be the case; here

2°2
is an example. Take X = [—1,1] in R. For ¢ > 0 consider
1 if 2] < ¢
log |z| :
=< —1+4+2 ft t
f(z,t) + Tog t if t < |o| <Vt
0 if 2] >

and for t < 0, f(x,t) = 0. By Example 6 in §1.2 of [BNI], f € C([-1,1], VMO(X)).
11
Continuity with values in L! is clear. But f does not belong to VMO(X x [—5, 5]), for
1
J f 1560 - e nlsdudgar > 1,
Qr Qn
where Qp, = [—h, +h] x [—h, +h].

II.4. For u € VMO, deg(u, {2, p) = a boundary degree

Recall the standard result that for a continuous map u : Q — R”, with ujpgn = ¢, and
with ¢ # p everywhere on 0f) for some point p € R”,

(4.1) deg(u, 2, p) = deg (‘:2 :i, , 002, S"_1> .

Here we extend this result to maps u € VMO, provided |p —p| > dy > 0 a.e. on 0.
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Theorem 3. Assume the above, with ¢ € VMO(0OSY). Then there is a neighbourhood U
of O in Q) such that

d
f\u—pyz—o VBCUBeD
5 2

—so that deg(u, ), p) is defined. Furthermore, (4.1) holds.

Proof. We may take p = 0. Set ¢(x) = ¢(Px) where P is the nearest point projection on
0%, ¢ is defined in a neighbourhood U of 0f2. Let ¢ be a cutoff function with support in
U, and ¢ =1 near 09Q. Set p(z) = ((x)p(x), so that € VMO, (Q); since u € VMO,,,

BeD B
But
Jru—el=fipl-fu
B B B
> do— flu
B

for |B| small, since @] > dp near 02. Hence there exists a neighbourhood U of 02 such
that

d
f|u|270 VB CU,BeD.
B

We have proved the first assertion of the theorem. To verify (4.1) we make use of

Lemma 10. Assume ¥ € VMO(OQ2,R™) and |¢| = 1 a.e. on 0. For x € Q, let
P(z) = ((x)Y(Pz) as above. Then

deg (1), Q,0) = deg(, 00, 8™ 1)

Proof. We know (see Corollary 5 in [BNI]) that there exists a sequence 1; € C> (92, 5™ 1)
such that ¢; — 1 in BMO and a.e. By (4.1) for continuous maps,

deg(y;,09,5"1) = deg(¥;,2,0)
where B
() = ((x);(Pr).
As j — oo, deg(t;, 0, 8" 1) — deg(v), 99, S™~1) (by Theorem 1 in [BNI)).

On the other hand we claim that Ej — 1) in both L'(Q) and BMO(fQ2). Indeed, con-
vergence in L' follows from dominated convergence. Convergence in BMO uses the easily
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verified fact that ¢;(Pz) — ¢ (Pz) in BMO(U), and the estimate for products, namely
Lemma B.8 in [BNI]. Moreover

Wj () =1 in some fized (uniform) neighbourhood of 99).
Hence, by the stability of degree in the BMO topology (Property 2 in 11.2), we see that
deg(ﬂj, Q,0) — deg(v,Q,0).

O

p()
()]

[BNI], on compositions of VMO maps with Lipschitz maps). Thus, by the previous lemma,
with 1 as defined there,

Proof of Theorem 3. Set ¥(z) =

,x € 012, so that ¢ € VMO (by Lemma A.7 in

deg(s5, 02, 0) = deg(‘%l,aa, sy,

Next we have
(4.2) deg(1), 2,0) = deg(%,2,0)
where B(z) = ((z)¢(Px). Indeed we may consider the homotopy

H(z,t) = tP(z) + (1 - t)p(2) = ¢(z)¢(Pz) Mth)' +(1-1)

and note that for every x in some fixed neighbourhood of 02,
|H(z,t)| > [t + (1 —t)do] > min(do, 1) vt € [0, 1].

Applying Property 2 once more, we obtain (4.2).

Finally, it remains to prove that
(4.3) deg(®, €2, 0) = deg(u, 2,0).

Recall that since u € VMO, we have

li — 3l =o0.
|Bl|130f|u |
BeD B

Assertion (4.3) then follows from
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Lemma 11. Assume u,v € VMO(2,R™) and

lim /\u—v| = 0.

|B|—0

BeD ‘B

Assume that, for some neighbourhood U of OS2 in €2,

f|u\zd0>0 VvBCcUBeD
B

so that deg(u,$2,0) is defined. Then there is a neighbourhood U’ of 02 in Q0 such that

d
f|u| > 50 VBC U BeD.
Moreover
deg(v,,0) = deg(u, ,0).
Proof. The existence of U’ is clear. Recall that, by definition (see §II.2),
deg(u, 2,0) = deg(ue, Qa¢, 0)

and
deg(v, 2, 0) = deg(v., Q2¢,0)

for e < gg.

But we may fix ¢ so small that (see (2.4))
_ _ do
(@) 2 5 Pe(2)| 2 5 Vo€ 00

and, similarly,

d
. (z) — . (z)] < ZO Vi € 00,

(since 11|mO f |lu — v| = 0). Hence, by linear homotopy for the continuous maps,
BeD

deg (e, Qae, 0) = deg(Te, Qae, 0).

This proves Lemma 11 and completes the proof of Theorem 3.
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An application. Consider the equation

Au=f in €,
u=¢ on 0N,

where 2 C R" is a smooth bounded domain with n > 2. Assume

(4.4) feL"?(Q,RY),
© € VMO(99, 8™ 1),

with
(4.6) deg(yp, 00, 5™ 1) # 0.

Corollary 4. Under the conditions above

essR(u) D B1(0).

For the definition of essR(u), see §1.4 in [BNI].
Proof. We claim that
(4.7) u € VMO, (92).
The assertion in the corollary then follows from Theorem 3 and Property 1 in I1.2. To
prove (4.7) we distinguish two cases:
Case (i): n >3,
Case (ii): n=2.
In Case (i) we write u = v + w where v is the solution of

Av=f in
v=20 on 0f2

and w the harmonic extension of ¢ in Q. Since v € W2"/2(Q), then v € W"(Q), and
in fact in Wy"(Q). Thus v € VMOy(Q) by Example 2 in §I1.3. On the other hand
w € VMO, () by Theorem A3.1 in Appendix 3. Thus u = v +w € VMO,(Q).

In Case (ii), we use the same decomposition u = v+ w. But here we cannot assert that
v e WhH2, Set
v = c(log|z|) * f

(here f is extended as 0 outside 2) so that Av = f.
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By Lemma 9, & € VMO(Q) where ¢ = 9)9q € VMO(952). We have

Hence 0 —v € VMO (€2) by Theorem A3.1. Thus u = v+w = (v—0)+0+w € VMO, ().
U
Remark 12. If n > 3, condition (4.4) is sharp in the sense that if f € L("/2)~=¢ (any

e > 0), the conclusion of Corollary 4 need not hold. This may be easily seen on {2 = B;(0);
the function u(x) = x/|x| satisfies (4.4) with f € LP(Q2), for all p < n/2, but not with

p=mn/2.
Appendix 1. Some properties of BMO and VMO in domains

We present the proofs of a number of results in §II.1. In particular, the equivalence of
various notions of BMO is established—for general bounded open sets ). In addition we
show that C§°(2) is dense in BMO(f2). These results are due to Peter Jones and some are
implicit in P. Jones [1].

We start with an easy result; we use the definitions of §II.1 and do not repeat them
here.

Lemma A1.1. Consider 0 < k1 < ka < 1. Then
(A1.1) | llemok < I [IBMOK: < Ol [[BMO,K,
where C' may depend on n, ky, and k.

A deeper result, Theorem A1.1, implies that the constant C' depends only on k.

Proof of Lemma Al1.1. Throughout the proof, C' denotes various constants depending on
n, k1, ke. Fix a ball B,(z) in 2 with

r < ko dist(z, 00).

Our aim is to show that

(AL2) 1= f f F@) — )] < Clflsmonk,.

B, (z) B,(x)

We use a covering argument similar to one in the proof of Lemma A.14 in [BNI].



PART II. DEGREE THEORY AND BMO 31

Consider a maximal family of disjoint open balls B,(x;), with centres x; € B,(z), and
radius
k(1 — ko)

(A1.3) p=Ar with A = ST

< 1.

Each ball of double radius, Bs,(x;), belongs to the class Ci,. Indeed

r < ko dist(z,00) < ko(Jz — x;| + dist(z;, 02))
S k:gr —+ k}Q diSt(.CCi, 8&)),

so that
r <

dist (.’L’Z‘, 89)

— h2

and

2Aks
2p =2Ar <

dist(x;, 002) = ky dist(x;, 02).
1 — ko

Furthermore, clearly,
By (x) C | Bap(:).

Thus

(AL4) f<—{Z /B » /B o @+ /B " /B = sl

i#]
The first sum is bounded by
2l| fllBvor Y [B2o(xi)* < Ol fllemors Y 1Byl

(Al1.5) < C|f11BMO, ey | Brap ()]
< C|fllBmoky

To estimate the second sum in (A1.4) we have

-y - / IRCRE]

i#]
< ;/%(m /ng(mj) [1f () = Fap(@)l + | fop(ws) — Fop(@5)] + [fo,(xs) — F(2)]

< Cllfllsvo Y 1Bo(i)l [By(aj)| + C Y 1Byl [Bp(aj)| [Fap (i) = Faplas)l.
i#] i#]
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We now claim that for i # j

(A1.6) [F2p(xi) = Fap(@)] < ClIf 1830y -
Assuming (A1.6) we see that

J < CHfHBMO,kl(Z | By (w:)])*
(A1.7) < O\l fllBMo ks | Brp(2) 2

< Cr*™|| flBMO,k; -

If we combine this with (A1.5) and (A1.4) we obtain (A1.2).

Proof of (A1.6). This is done as in [BNI] (proof of inequality (A.12)). Namely, for any
two points y, z in B,.(z),

(A1.8) ITm@)—T%@NfECEHﬂqum

In view of (A1.3), we then obtain (A1l.6). To verify (A1l.8) consider a chain of points
Yy Y1,--- ,Yo—1,2 in Bp(z) such that the distance between any two successive ones is
bounded by p, and with ¢ < Cr/p. For any two successive points of the chain, say
Yi, Yi+1, we see, using Lemma A.4 of [BNI], that

Ty (5) — Fopwin)| < C / 1~ T ()]
Bz, (yi)
< C|fllBMO .k -

Consequently, adding these inequalities for all successive points we obtain (A1.8). 0

Remark A1.1. The definition of || |[gmo % involves balls in R™, and we have only spo-
ken of Euclidean balls. The reader may verify that Lemma A1l.1 holds if we replace the
Fuclidean metric by any norm on R".

Using Lemma A1.1 it is easy to give the

Proof of Lemma 2. Consider a ball B,.(z) in Q; with r < k dist(z,0€4), k to be chosen.
We wish to estimate

I:(f /3uw@»—ﬂﬂ@»

B.(z) Br(z)

In view of Lemma A1.1 it suffices to consider any k in (0,1). We have

C
I _ _ .
< /H(BT@) /H(Br(w)) [F(n) = F(O);
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C' depends on a bound for the Jacobian of H~'. Note that
H(B,(x)) C Bar(H(z))
for suitable o depending on the Lipschitz constant of H. Furthermore,
dist(H (x),02) > § dist(x, 0€)

where ¢ depends on the Lipschitz constant of H—!. Thus

ar < ak dist(z,00;) < %k dist(H (z), 09Q2).

We now fix k so that, for example, ak/é = 1/2. Then we find

I < CllfllBmos)-

O

We now come to one of the main results in this Appendix, the equivalence, due to
Peter Jones, of the various notions of BMO, i.e., using all balls or just balls well inside the
domain. In fact the balls need not be Euclidean ones. They may be balls in any norm on
R™. In the statement of Theorem A1.1, and in the proof, the balls and distance may be
measured in any given norm.

Theorem A1l.1. Let ) be an open bounded set in R™. For any real function f € L}OC(Q),
consider two (semi) norms

£l =fleso = swp - Af=f ]
B.(x) Be(z)

zeN
e< 1dist(z,00)

I = flovo = sup f 17— o

e<dist(z,0Q) B, (x) B.(x)

There is a constant C depending only on n and the choice of norm on R™, such that

(A1.9) 1fllemo < |1 f o < Cllflsmo-

The proof of Theorem Al.1 relies on the following two lemmas.
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Lemma A1.2. There is a covering of B = B1(0) by balls B; = B,,(z;) with

1
r = 5(1 — |z;3]) > 0 such that for every v > (n —1)/n,

Z|Bi|7 = ¢, < 00.

i
In particular,

(A1.10) > " |Bil [log | Bi]| < oo.

Proof. Let 0 < b < 1 and set, for j =1,2,...,
Aj={reB; 1-bV1<|z|<1-V¥}
Note that -
B =] 4,
j=1

For each fixed j, consider a maximal family F}; of disjoint balls B, (z;) with z; € A; Vi, and

1 .
p = ij . Clearly, the family Bs,(x;) covers A;. The corresponding family B; = B,,(z;)
1
with r; = 5(1 — |zi]) > 2p also covers A;. Moreover
U By(z;) CA={a; 1-V"'—p<|z|<1-b +p}
ieF;
and so '
Y Bz <Al < O,
iEFj
where C' is independent of j. It follows that
cardF; < Ccp -,
Thus we obtain, since r; < Cb Vi,

S BT < ey T < Cd

1€l
where d = b™~"*1 < 1. Consequently

i Y B < Cidj < 0.
j=1

j=1i€eF,
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Lemma A1.3. There is a constant C' depending only on n and the choice of norm on R"
such that

(A1.11) () = F12(0)] < C|l fllBmo log(1/r)  Va € Bi(0)
with )
r= 5(1 — |z]).

Assuming Lemma A1.3 it is easy to derive Theorem A1.1.

Proof of Theorem A1.1. Tt suffices to show that, for any ball B = Bs(xg) C Bs(zo) C €,

Ii:£|f—fo|§5 sup f If —

e<idist(z,0B) B:(x)

|

()]

for some constant f, and some constant C' depending only on n and the given norm on
R™. Without loss of generality we may suppose B = B1(0) and || f|[gmo(s) = 1.

Consider a covering B; = B, (z;) of B as in Lemma A1.2. Set

fo = F1/2(0)
and B
f'l:fTi(x7'>
We deduce from (A1.11) that, for all i,
1
(A1.12) |fi — fol < Clog; < C|log|B;|| + C.
Therefore
I< Y [ 15 =0l < g SUBLY 1S = S+ o SIBS  fo
< = — Jol < o7 i — fil + =7 illli — Jo
B 2~ 5, 512 5] 2
<C

by (A1.12) and Lemma A1.2.

We now return to the

Proof of Lemma A1.3. The line from 0 to x is identified with R and we assume 0 < x < 1.
Consider the sequence B, (z1) of balls centred on that line with

zp=1—(1—x)2"1
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and ]
TR = 5(1 — l’k) = (1 — x)Qk_2.

Let kp be the largest integer such that x; > 0. We always assume that £ < kg, so that
B, (zr) C B1(0).

It is easy to check that

T
BTk/Q <xk - ?k> - BTk (xk) N B"’k+1 ('T/H-l) )

and thus, by Lemma A.4 of [BNI], we have

| Fr (k) — Trk/Q <$k - %) | < C|fllBmo

ey @ra1) = Frp o (ﬂﬁk - %) | < CllfllBMmo-
Set
fe = fro(@1);
we infer that
[k = fe+1l < CllfllBmo  VE < ko — 1.
Adding these inequalities we find

1
(A1.13) |f1 = frol < CfllBMO (ko — 1) < C| fllBMO log -
Note that

fi=f.(x) with r= %(1 — ).
Finally we claim that
(A1.14) | fro = F1/2(0)] < CllfllBMmoO-

The desired conclusion (A1.11) then follows from (A1.13) and (A1.14).
1 1 1
Proof of (A1.14). Since xp,+1 < 0 we have z, < 3 and 7, = 5(1 — Tky) > 7 It follows

~ 1
that By/2(0) N B, (7k,) contains the ball B = By g(zk, — g) Applying Lemma A.4 of
[BNI] once more we obtain
F1/200) = F 5l < Cllflgmo

[fro = F 5l < Cllfllpno
and thus (A1.14) is established.

Remark A1.2. Theorem Al.1 holds for any open set 2, with Q compact in a smooth
open Riemannian manifold Xy. In the definitions of the norms || | and || ||’, one also
restricts the radii of the balls to be less than the injectivity radius ro of Xgp—assumed to
be positive. The constant C in (A1.9) then depends on the Riemannian metric on Xg. The
proof of this more general result proceeds as in the proof above with minor modifications.

Here are some consequences of the above results.
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Corollary A1.1. Let Q be an open bounded set in R™. Suppose || |1 and || |2 are two
norms on R™. Associated with these are two notions of BMO(2):

1flvo, = sup f g f f =12
Bi(z)CQ

Bi(z) Bi(z)

Here the ball Bt (x) is measured in the norm || ||;. Then the two BMO norms are equivalent
(and the equivalence constants depend only on n and the equivalence constants for || |1

and || [2).

Next we take up the
Proof of Lemma 3 in §11.1. Consider the function

1
p(x) = log m

where d is the distance measured in some metric equivalent to the Riemannian one. For any
ball B.(z) in Q, with ¢ < % dist(z, 0Q?)—here dist refers to our Riemannian metric—we
have to estimate
1= | w0l
Be(z) Be(x)

Clearly if y € B.(x), dist(y,92) > ¢, and thus d(y, 92) > ae for some constant a. Hence
for y, 2z € B.(z),

C iy < €

(A1.15) lp(y) —p(2)] < —dly, z) < — dist(y, 2) < C.

3

Consequently J < C.

With the aid of Theorem 1 we also give the

1
Proof of Lemma 4. Consider a ball B.(x) in Q with € < §dist(yc, Q). In view of Theorem
1 we have to show that given § > 0, there exists g > 0 such that

I= f f W -e@l<s wen,

B.(z) Be:(z)

1
and for all € < min{eg, =dist(x,d)}. Since ¢ is continuous in {2 we need only consider
such balls with dist(x, 0€2) small. We have

) — ()] < o 1PW) — P(2)]
) == ) e

?
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by (A1.15),
C  dist(y, 2)
« _ (0% < P A
l*(y) — 9™ (2)| < = Tmin o
Be(x)
Consequently

J < C| min ¢|* !
< IBE(@@\

with C' independent of z and €. Thus for dist(z, 92) small, én%n)tp is as large as wanted,

so that J is small. ’
O

We turn finally to the proof of Theorem 1. The proof we present is a slight modification
of one shown to us by Peter Jones.

Proof of Theorem 1. We need only prove that (1.6) implies (1.7), namely, if f € BMO()
and satisfies

(A1.16) lir% |f — fo(x)] =0 uniformly in x,
£—
e<idist(z,00) B.(z)

then

(A1.17) there exists a sequence (f;) in C§°(2) converging to f in BMO(Q) N Li . ().

The proof makes use of the following simple

Lemma Al.4. Assume that f is in BMO(QY) and satisfies (A1.16). Then each truncation

k if f(z) =k
fFla)y=q fl@) if—k<flx)<k
—k if f(z) < —k
also satisfies (A1.16) and moreover,
(A1.18) f* = f in BMONL], as k — .

The lemma is a variant of Lemma A.17 in [BNI] and is proved in the same way.

In view of Lemma Al.4 we may assume that our f satisfying (A1.16) is in L°>°. The
main step is to show that f may then be approximated in BMONL! by L*> functions F
satisfying (A1.16) and which, furthermore, have compact support in €. Once this is done
it is easy to complete the proof of the theorem: We may think of €2 as lying in a compact
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manifold Xy, without boundary and consider F' defined on X, to be zero outside 2. By
Sarason’s result (see Lemma 3 in [BNI]) F' belongs to VMO(Xj). By Corollary 1 in [BNI],
F. is close to F' in BMONL!, if ¢ is small. But for € small, F. also has compact support
in Q. Since F. is continuous, it may be approximated in the L> norm—and hence in
BMONL!—by smooth functions with compact support in €. The proof of Theorem 1
would then be complete.

As usual, it is convenient to replace the BMO norm by an equivalent one:

ifl.= sw f U - 1

e< %dist(m,@ﬂ) B. (CE) B. (1})

and to rewrite (A1.16) as

(Al1.16) ili% f |f(y) — f(2)] =0 uniformly in x.
ES%dist(a:,BQ) B.(z) B.(z)

To carry out the main step, consider f satisfying (A1.16)" with |f| < k. Using suitable
cutoff functions we will construct the approximating functions Fj.

Recalling the function of Lemma 3,

() = log ~——
PAE) =108 dist(z, 0Q)’

without loss of generality, we may always assume that for all x, dist(z,92) < 1, so that
p(z) > 0. For j =1,2,..., set

hi(r) = (1- §w<x>>+

and
Fj =h;f.
We claim that the F; have all the desired properties:
1) Fj < LOO,
ii) each F; satisfies (A1.16),

iv) Fj; — fin L,

(
(
(iii) the F; have compact support,
(
(v) F; — fin BMO.

Clearly (i), (iii) and (iv) are trivial.
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Proof of (ii). Each function h; is Lipschitz on €, with Lipschitz constant k;. Then, for
our usual balls B.(z),

/ YROOENONE]
() Be(x)
f J 1w 1@+ bl f ) distl.2

B.(z) B.(z) B.(z) B:(x)
—0 as e—0 by (A1.16)".

Proof of (v). Given 6 > 0, there exists g9 > 0 such that

fly) — f(z)] < g for e < eg,e < %dist(x,aQ).

B.(z) Bc(z)

Consider
= f f s () () — hy(2)F(2) — (F () — F(2D)]

Be(x) Be(z)

We will prove that I < ¢ for j sufficiently large (independent of x and €). As usual, we
distinguish two cases.

(a) If e <ep then

12 1) - 5+ e / i)~ by

B.(z) B.(z) B.(z) Be(z)

<Ze2Wle= ff e -l

B.(z) B:(x)

20
< E—f——“fHLoo by Lemma 3,

< 0 for j sufficiently large.
(b) If e > gg then

1<2 f lylo) =111 < Ol [ 1=hy),

B.(z)

This can be made less than 4 for h; large, by dominated convergence.
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Appendix 2 (with P. Mironescu). Toeplitz operators and VMO

In this appendix we discuss Toeplitz operators on the circle S*. Let us first recall the
classical Toeplitz operators. Consider complex valued L2?-functions on S! and the closed
subspace

H2={feL2(sl);/ e £(0)dh = 0, n=1,2,...},
Sl

and more generally, for p in [1, o],

sz{feLp(Sl);/ e £(0)dh = 0, n:1,2,...}.
Sl

Let P be the orthogonal projection from L? onto H?2.

Given a function ¢ € L>(S?, C) we denote by M, the operation on L? of multiplication
by ¢. The associated Toeplitz operator (with symbol ), is
(A2.1) T, = PM,P;

the associated Hankel operator is

(A2.2) H, = (I — P)M,P.

T, is often considered as an operator from H? to H?.

A classical result is that if ¢ is continuous and nowhere zero, then T, is a Fredholm
operator and

(A2.3) index (T,) = — deg (%, st Sl).

See, for example, R. G. Douglas [1], Theorem 7.26 and R. G. Douglas [2]; further
references and history may be found there. A number of authors have extended this result
to other classes of functions ¢, not necessarily continuous. See for example Theorem 7.36
in R. G. Douglas [1] and D. Sarason [1],[2],[3],[4], and the recent book by I. Gohberg and
N. Krupnik [1].

Since the right hand side of (A2.3) makes sense for ¢ € VMO(S!) with |p| > a > 0—by
[BNI], it is natural to extend the classical result above to functions ¢ satisfying

(A2.4) 0 € VMO(SH) N L>®(SY), |p|>a>0.

We present such a result
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Theorem A2.1. Let ¢ satisfy (A2.4). Then T, is Fredholm and (A2.3) holds.

This follows, in fact, from Theorem 7.36 in R. G. Douglas [1]. His result is more general:
it asserts that if ¢ is in H> + C° and if ¢, the harmonic extension of ¢ to the unit disc
D, satisfies
(A2.5) |p(re?) > a>0 forl—d<r<l,

then T, is Fredholm. Moreover,

p(re”) o1
(A2.6) index (7,,) = — deg (| o .9|,S .S ) for every r in (1 —6,1).
p(re’

To derive Theorem A2.1 from Douglas’ result one uses two facts:

i) If ¢ € VMO N L, then ¢ € H™ + C°. More precisely,

© € VMO NL*® <= ¢ and % belong to H> + C.

This result is due to D. Sarason [1]. The space VMONL®> is sometimes called QC (quasi
continuous);

(ii) If ¢ € VMO and |p| > a > 0 then its harmonic extension ¢ satisfies (A2.5); see
Lemma 5 in D. Sarason [3], and also Theorem A3.2 in Appendix 3 here.

It seems worthwhile to present here a different proof which is more or less self contained.
It is elementary except for the Fefferman inequality (see (A2.10) below).

We derive Theorem A2.1 from the classical case—for ¢ continuous—Dby approximation.
The convergence of the right hand side of (A2.3), in the approximation, holds by stability
of degree in VMO, see Theorem 1 in [BNI]. The convergence of the left hand side is more
subtle since T, does not depend continuously in the operator norm on the BMO norm of
¢; see Remark A2.1. It turns out that H, has that property:

Lemma A2.1. There is a constant C such that

(A2.7) 17|l < Cllellsmo Ve € L2(SY).

Proof. Clearly Hy = 0 if ¢ € H°°. Thus for any 1 € H*,
[Holl = [[(I = P)My—y Pl| < [| Myl < [l = ¢llzo~.

Hence

[ Hyll < Lt o — || e = dist(p, H>®) in L.

(In fact equality holds by Nehari’s theorem; see D. Sarason [4], page 100.)
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The assertion of the lemma follows from the
Claim:
(A2.8) dist(¢, H*™) < Cll¢|lpmo  for ¢ € L.

Proof of Claim. Recall that if X is a real Banach space, and M is a linear subspace of X
then for any f € X*,

(A2.9) sup (f,u) = dist(f, M),
s

where M~ is the set of points in X* which annihilate M. We take X = L'(S1,C) =~
L'(S',R?), M =the set of finite linear combinations (over C) of e=™¢ n = 1,2,....
Feffermans’ inequality (see C. Feffermann [1]; see also C. Fefferman and E. Stein [1], and
E. Stein [1]) implies that for u € M,

ot

By definition, M-+ = H°, and (A2.7) then follows from (A2.9) and (A2.10).

(A2.10) < C[fllsmollull £

O
Remark A2.1. There is no estimate of the form
(A2.11) 1Tl < C(lellBmo + [lellzr) Ve e L%,
Proof. Write f € L? as
(A2.12) f:Pf+(I—P)f:Pf+P_7—ff.

Since H, + T, = M, P we may write, for any f € L?,
wa = Mw(Pf) +M¢((I - P)f)

M (Pf)+ M, (PT) (/f)w

= My (Pf)+ MzPf - (f f)e

= Ho(f) + T (f) + Hp(f) + To(f) = (f f)ep-
Thus, if (A2.11) were to hold, by (A2.11) and Lemma A2.1,

1M fllz2 < CllellBmo + el L)l fllzz + \ff!HsoHLz-

In particular,
Mol < C(llellBmo + llellL2)-
But || M| = ||¢|z~. This yields a contradiction if we choose for ¢ the truncations of a
function in BMO which is not in L*°.
O
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Lemma A2.2. For o € VMON L,

H, is compact from L? into itself

Proof. There is a sequence (¢;) of functions in CY such that ¢; — ¢ in BMO; see D. Sara-
son [1]. By Lemma A2.1

(A2.13) |Hy, - H,ll < Cllg; - ¢llmo — 0.

On the other hand, for every continuous v, Hy is compact. This fact is classical and is
easily verified by noting that for every v of the form

+N
V()= > ane™
n=—N

H, is a finite rank operator.

Corollary A2.1. For o € L* and ¢y € VMON L™

T,Ty —Tyy s compact

Proof. Just write
(A2.14) T, Ty —Tyy =—PM,Hy
and apply Lemma A2.2.

Lemma A2.3. Assume (A2.4), then T, is Fredholm in H>.

Proof. By Lemma 2’ in [BNI] we know that ¢~ € VMO N L* and so, by Corollary A2.1,
we have, on H?
T,T,-» =1+ K, K compact.

Similarly, we have, on H?2,
T,~.T,=I1+K', K'compact.

It follows that (see e.g. S. Lang[l]) T, is Fredholm.

Before continuing with the proof of Theorem A2.1, it is convenient to introduce the

class
A={peVMO; ¢ L>® and ¢! € L™}

Note that if p € A, then ¢~! € VMO; see Lemma 2’ in [BNI].
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Lemma A2.4. Let (v;) be a sequence in A such that ||¢;||p=~ < C, ij_IHLoo < C and
l4;]lBMo — 0. Then Ty, is invertible in H* for j sufficiently large.

Proof. By (A2.14) we have, in H?2,

(A2.15) ijwal =71 — Pijle—l
and
(A2.16) ij_lT%. =]—-PM j_1H¢j.

Passing to a subsequence, we may always assume (by Lemma A.1 in [BNI]) that ¢; — ¢,
for some constant ¢, in L. It follows (by Lemma A.7 in [BNI]) that wj_l — 0 in BMO.
Applying Lemma A2.1 we conclude that

|PMy,H, || — 0 and |[PM, +Hy, || — 0.

Hence I — PM, . H w! and [ — PM. w-’lH@Z’j are invertible for j sufficiently large; the con-
clusion of the lemma follows easily from (A2.15) and (A2.16).

Next, a useful lemma about the product of functions in BMO.

Lemma A2.5. Let g € VMON L*>®. Then for every § > 0 there exists a constant Cjs
(depending on 6 and g) such that

Ifg9lBmo <Ol fllL~ + Cs(IfllBmo + 1fllzr)  Vf € L™

Proof. Recall (see (1”) in [BNI]) that

foloo <50 f 17w - FC)aC)]

B.(z) B:(z)

But
/ / FW)ay) - F(2)e(z) <L+ / / @) — £)]19(2)]
B.(z) B.(x) B (z) Be(z)
< L+ 2]lg]l | flno,
where

L= 11ww -9l

B.(z) Be:(z)
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Clearly, two estimates hold for L:

(21 Ll f Ul ad LTl f f low) - gl

Be(z) Be(z) B:(z)
Since g € VMO, there exists €y depending only on g such that

lg(y) —g(2)] <d  ife <ey,
B.(z) B.(x)

and thus L < 6|/ f||L~ by the second estimate in (A2.17). For ¢ > ¢y we use the first
estimate in (A2.17), namely

L <olollz= [ as=ci
B (z)

€0
and the conclusion of the lemma follows.

Lemma A2.6. Letp € A and (p;) be a sequence in A such that |||~ < C, |]¢;1|]Loo <
C and ¢; — ¢ in BMONL'. Then

index (T,,) = index (T,) for j sufficiently large.
Proof. Lemma A2.5 (applied to f = ¢; — ¢ and g = p~ 1) implies that

i

We deduce from Lemma A2.4 that T%_ o

¥

'

— 0 asj — oo.
BMO

is invertible in H? for j sufficiently large.

By Corollary A2.1 we have, in H?,

Tpyr0 =Tp;Thyp + K

Ty,Tp=1+K'

where K and K’ are compact. Applying the standard properties of the index (see e.g.
S. Lang [1]) we conclude that, for j sufficiently large

0 = index(T,,, ,) =index(T,,Ty1,,) =
= index(T,,, )+ index(7} ,) =index(T,,)— index(T,).

J



PART II. DEGREE THEORY AND BMO 47

We may now prove Theorem A2.1 by approximation using (A2.3) for continuous ¢.

Proof of Theorem A2.1. Given ¢ € A there is a sequence (¢;) of continuous functions such
that ||¢;||r~ < C, ||goj_1||Loo < C and ¢; — ¢ in BMONL?; see e.g. Corollary 4 in [BNI].
We have

indexT,, = —deg(g;/|v;])-

For j sufficiently large, the left hand side equals index T, (by Lemma A2.6) and the right
hand side equals deg(y/|¢|) by Theorem 1 in [BNI]. O

Here is an alternative proof of Theorem A2.1 which does not make use of Lemmas
A2.4, A2.5 and A2.6. It is slightly shorter, but it relies on an additional ingredient: the
lifting property for maps in VMO(S!, S1) with degree zero (see Theorem 3 in Section 1.6
of [BNI]). On the other hand this proof is totally self contained—it does not rely on the
classical case (¢ continuous). The key observation is the following:

Lemma A2.7. Consider a map m: A — 7Z satisfying

m(pY) = m(p) +m(y) Ve, € A

Then there is an integer k such that

(A2.18) m(p) = kdeg (!_i|7 St Sl> YV € A.

Remark A2.2. Surprisingly, in Lemma A2.7, no continuity is required of m. The condi-
tion on m is purely algebraic.

Proof. We first claim that

(A2.19) m(y) =0 Yy €A with deg(%) = 0.

Indeed we may write, by Theorem 3 in §1.6 of [BNI],
Y = [yle”
for some function o € VMO(S!, R). For every integer n, let
o = [$]7 e/ € A,

so that
m(y) = m(yy) = nm(in).
Thus, if m(y) # 0, |/m(y)| > n  Vn—impossible; (A2.19) is proved.
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For p € A let

d = deg (%,81,51)

and write . .
p = e"|ple™ n € VMO(S',R)

(see Remark 10 in §1.6 of [BNI]). Then
m(p) = m(e™) +m(|ple™) = dm(e”)

by (A2.19). This proves (A2.18) with k = m(e?).

Proof of Theorem A2.1. For every ¢ € A we know that T, is Fredholm by Lemma A2.3.
Set
m(y) = index(T,)

We have, by Corollary A2.1, for some compact operator K,
m(py) = index (T, ) = index(T, Ty + K) = index (T, 1) = m(p) + m(v).

by standard properties of Fredholm operators. Applying Lemma A2.4 we conclude that

m(p) = k deg (ﬁ,sl,sl)

0 we see that k = —1.

for some integer k. Choosing p(0) = e

Appendix 3. The harmonic extension of VMO maps

In this appendix we discuss properties of the harmonic extension u of a BMO ( or VMO)
map ¢ defined on the boundary 9€) of a domain 2 C R"; throughout we assume that 2 is
smooth and bounded.

The two main properties which are related to the core of our paper are the following;:

Theorem A3.1. Assume ¢ is a function in VMO(OS2). Then its harmonic extension u
belongs to VMO, ().

Theorem A3.2. Assume ¢ € VMO(OQ,RY) and o(z) € ¥ a.e. on 0N, where ¥ is a
closed set in RN . Then, for any § > 0 there is a neighbourhood U of OS2 in Q such that

(A3.1) dist(u(z),X) <o Ve e U.

Remark A3.1. The two theorems above hold in the general setting where €2 is a domain
on a manifold; the proofs carry over.
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First some notation. Fix a neighbourhood V' of 0f2 in €2 such that every point x € V'
has a unique projection P(z) on 0f2. Set

d(x) = dist(z, 092).
Clearly, there is a constant C' such that
(A3.2) CHd*(z)+|P(z) —€]*) < |z — &) < C(d*(2) +|P(x) — &) Vo eV, VEean.

Given a function ¢ defined on 90X, consider (as in §11.3, Example 3), for z € V,

1(2) = B (Pl)) = |

Bg(z)(P(x))

The next result provides a useful connection between the harmonic extension u of ¢
and the function w; it will allow us to derive, easily, Theorems A3.1 and A3.2 from the
corresponding properties of .

Lemma A3.1. There is a constant C such that

(A3.3) |u — | o (vy < CllellBMoan)-

The proof of Lemma A3.1 relies on the following two lemmas; the first one is a variant
of an observation due to C. Fefferman and E. Stein [1]:

Lemma A3.2. There is a constant C', depending only on n, such that

. -
(A3.4) /eB (tlwfj‘i —fi;()az/lQ dy < CllvllBmo(Bar)
YebRr

where Br = {y € R" " ';|y| < R},a € Brj2,0 <t < R/2 and

Ty(a) = fB,,<a>¢

Lemma A3.3. Let H be a smooth diffeomorphism from Br onto a subset of 0S). Then
there are constants C' and to such that

(A3.5) [(po H)i(y) —P:(H(y))| < CllellBmocan)

for all o € BMO(OQY), |y| < R/2 and 0 < t < tg.

Assuming Lemmas A3.2 and A3.3 we present the
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Proof of Lemma A3.1. We may suppose that [|¢||gmoeq) = 1 and fag ¢ =0. Let P(x,§)
be the Poisson kernel so that

u(z) = /a P 9s(e)ds.

Recall (see e.g. M. Avellaneda and F. H. Lin [1], Lemma 21) the estimate

dist(x, 0Q)

(A3.6) 0< P(z,8)<C P

Ve e Q, Ve .
For every constant ¢ we have
(A3.7) ule) e < [ P.lp(©) - clde.

We apply (A3.7) with ¢ = u(x) = Py, (p(z)) and set
t = dist(z, 0Q) = d(z).

From the estimate (A3.6) we obtain

oQ |z — &

Consider a finite family of smooth maps H; : Bog — 0f) such that each H; is a diffeo-
morphism (onto its image) and

U H;(Bgr/2) covers 0S2.

For each x € V there is some 7 such that
(A3.9) P(x) € Hi(BR/Q).

Thus we have

(A3.10) lu(z) —u(x)| < C't/H‘(B | [ }—f—Ct/H‘(B )C[ | =15+ I,

)2 @ ~BPE)]
ERE

where

To estimate I3 note that, by (A3.2),

|z — & > C7Y2|P(x) — ¢ > a > 0,
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since §{ € H;(Br)® and p(x) € H;(Bg/2). Therefore
(A3.11) I < Ct(llellrron) + [@(P(2))]) < C

by Lemmas A.1 and B.7 in [BNI]. We recall that Lemma B.7 implies that
1B, ll= < C(1+ |logt|); the proof of this fact uses the John-Nirenberg inequality.
To estimate I, use the change of variables £ = H;(y), so that by (A3.2),

o(Hi(y)) — 7, (P(x)
h=ct /B @+ 1P(x) — By P2

and thus

(A3.12) I < Ct/B |(17i2(?:)_ ’_aﬁitgjz()i)/y dy

Y

where ¢ = ¢ o H; and a = H; *(P(z)).

From (A3.12) we deduce that

[ (y) — ¢, (a)| + [¢,(a) — B, (P(x))]
L <C d
(A313) o) ’
< OllYllBmo(sr) + CllielBmoon),

by Lemmas A3.2 and A3.3. Note that |a|] < R/2 by (A3.9), and that we may choose a
neighbourhood V' of 9, V' C V| so that, for every z € V', t = d(x) < min{ty, R/2}; here
to is defined in Lemma A3.3.

In view of Lemma 2 in §II.1 we obtain
(A3.14) L <C.
Combining (A3.11) and (A3.14) we conclude that

lu(x) —u(x)| < C Vo e V.

If x € V\V’ we have
lu(@)| < Cllellzron) < C

(since u is harmonic), and clearly

[u(z)| < Cllellrron) < C.
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Hence, in all cases,
lu(z) —u(z)| <C  VreV.

OJ
We now return to the

Proof of Lemma AS3.2. By scaling we may assume that R = 1. We may also suppose that

[¥llBMo(Bar) =1 and that Y =0.
Br

Consider the sequence of balls in R™* ™1,
BR:Bth(a) k:0,1,2,...

and set
Ay =Bi\By_.1 k=1,23,...

Let ko be the largest integer k such that
25 + |a] <1,

and set
bk:f P for 0 < k < ky.
By,

Note that B
bo = ¢y (a).
By Lemma A.4 in [BNI]—recall our definition of BMO(Bgg)— we have

|bk+1—bk|§0 fOI'OSk‘Sk’O_l
Adding these inequalities yields
(A3.15) b, — bo| < CEk for 0 < k < k.

On the other hand, note that

okor < 1.

IN

(A3.16)

A

By Lemma A.4 in [BNI] we have
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and thus
|b1€0‘ <C
since 1 = 0. It follows from (A3.15) and (A3.16) that
ly|<1

We have to estimate

—b
<1 (82 +]a —y[2)"/

We write
I=15L+1,+1I3
where
—-b
het [
B, (12 +|a—y[?)"
k'() kO
|¢(ZJ) - bo‘
IQ = t/ = Jk
kz::l A, (£2 + |a — y[2)"/2 ;
and
W(y) - bo’
I3 =1t .
=t | e
ly|<1
y& Bk,
Clearly
1
(A3.18) h< o= / |9 (y) = bol < Cf [¥(y) —bo| < C.
By By

Next, we estimate I3; observe that if y & By,, |a — y| > 2kt > 1/4, and thus

).

k§&/ |Mw—M§CHW%wwm+%o
y|<1

Therefore, by (A3.17),

(A3.19) Is < Ct(1+log(1/t)) < C.
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Finally, we estimate .J,. On Ay we have |a — y| > 2(*~D¢ and thus

t

Ji = (2 + 22(k=1)¢2)n/2 /Bk [%(y) = bol-

Consequently

1

T S o, (9= bl + b — o)

C
By
C
It follows that
ko
k=1

Combining (A3.18) - (A3.20) we obtain the desired estimate (A3.4).

Next, we give the

Proof of Lemma A3.3. For any constant ¢ we have

i, e~ < f jot(e) - cl
C

< — cldn.

=B Jucoo P A
Choosing

c= »(¢)dc,
fH(Bt(y)) ()
we find
f et - Q)¢ <
Bi(y) H(B:(y))

(A3.21)

C
< |Be(y)| |H (B (y))] //H(Bt(y)) lo(n) — (¢)|dndc.

There are constants ty > 0 and K > 1 such that

(A3.22) B, k(H(y)) C H(By(y)) C Bix(H(y)) Vt<to, |yl < R/2.
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We deduce from (A3.21) and (A3.22) that

H d€ — dcl <o _ dnd
(A3.23) lth@/) PN fH(Bt(y» PO < f /Bmmy)) o) = () ldnde

< Cll¢llBmoO-

On the other hand, by Lemma A.4 in [BNI], we have

(A3.24) |f @ —f | < Cliellsmo
H(B:(y)) Bex (H(y))

and

(A3.25) {f go—f ¢| < Cllgllsumo-
B (H(y)) Bix (H(y))

Combining (A3.23), (A3.24) and (A3.25) we are led to the desired conclusion

| (sooH)—f o| < Cllglmo.
By (y) B:(H(y))

Finally, we turn to the

Proof of Theorem A3.1. Observe first that if ¢ € BMO(952), then its harmonic extension
u belongs to BMO(2) and

(A3.26) [ulleymo@) < CllellBmoan)-

In proving (A3.26) we may assume, as usual, that ||¢|smocan) = 1 and that / o = 0.

oQ
Let ¢ be a smooth cutoff function with support in a small neighbourhood of 02 and such
that ¢ = 1 near 0. By Lemma A3.1 we have

[Cu — QU o) < C

and, in particular,
|[¢u — Cullsmo(n) < C.

On the other hand, by (3.8) in Lemma 7 of §I1.3 we have

¢l Bmo) < C
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and therefore
|CullBmoa) < C.

Since we clearly have
(1= Qull =) < C,

it follows that (A3.26) holds. The fact that v € VMO(£2) whenever ¢ € VMO(09) is
derived from (A3.26) by a standard density argument.

Next we prove that if ¢ € VMO(99), then u € VMO,,(Q2). Since we already know that
¢u € VMO, () (see Lemma 7 in §I1.3) it suffices to verify that

(u— ) € VMO (Q).

Given § > 0 we have to check (see Theorem 2 in §I1.3) that
_ 1
(A3.27) f |lu—1u| <o fore= —d(z)small
B.(z) 2

Let ¢ be a continuous function on 9. Let v be its harmonic extension in {2 and let
U(z) = gy (P(z)) for z € V.

Write
u—u=[(u—v)— ([U-7)]+ (v-"2).

Application of Lemma A3.1 to (¢ — 1)) yields

(A3.28) | — | Lo (B, (2)) < Clle = YllBMmo(an) + ||V — 0|l Lo (B. ()

provided € < gg with ¢ sufficiently small such that B, (z) C V.
Choose 1) € C°(99Q) with

(A3.29) Clle = ¥Yllmoan) < /2

and then choose ¢ < ¢ sufficiently small so that
(A3.30) ||’U—5||Loo(35(x)) < 5/2 for e < e;.

This is clearly possible since v and ¥ are continuous on Q and v = ¥ = 1) on ). Together,
(A3.28) - (A3.30) yield

1
||u _EHLOO(BE(:C)) <6 fore= §d(ac) < e€q.

The desired conclusion (A3.27) follows. O

A similar procedure furnishes the
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Proof of Theorem AS3.2. As in the proof of Theorem A3.1 we write
(A3.31) u=1u+[(u—v)—(u—71)]+ (v—").
Recall that, by Lemma A3.1,
(A3.32) (=) = @ = D)=y < Clly — Plimaoen).
Fix g9 > 0 such that d(z) < g¢ implies z € V. Choose ¢ € C°(9€2) such that
(A3.33) Clle = Yllsmoan) < /3.
Next, let €1 < g9 be so small that

lv(z) —v(x)| < /3 ifd(x) < e;.

Finally, we may find 5 < €1 such that
(A3.34) dist(u(z), ) < if d(z) < eg;

this can be achieved since ¢ € VMO(99) (see (7) and Remark 3 in [BNI]).
Combining (A3.31) - (A3.34) we obtain the desired estimate

dist(u(z),X) < 0 if d(z) < es.

57

O

Remark A3.2. Theorem A3.2 asserts that if ¢ takes its values into some closed set X,
the harmonic extension u has the properties that, close to 02, the values of u lie near X.
This need not be true for arbitrary extensions of ¢ in Sobolev spaces. For example, with

n=2and ¢ = 0: If u € H}(Q), near the boundary, u need not be small.

Here is such a function u defined on Q@ = R2 = {(z1,22),22 > 0}. Consider any

decreasing sequence (¢;) of positive numbers such that

o0
E €; <00
Jj=1

and

— 1
>l
Pt | log e/
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for example ; = e does it. Let (ar) be the sequence of points on the zo-axis defined
by

ar = (0,2) ;).
j=Fk

Set

u(z) = Y (o = as)

where 1 (r) = log |logr| —log|loge,| if r < ¢; and ¢;(r) = 0 if r > ¢;. Note that supp u
is contained in the set

U B(Gj,é‘j)’

e’}
J=1

and that u € H'(R?) since

& d 2
2 rar ™
/ |Vul® = 27T/ 2] 5 = Tow e |
B(aj,ej) 0 r | Ogr| | Og6]|

Clearly, u(ar) = 400 Vk and ar, — 0 as k — oc. O
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