Convergence of Solutions of H-Systems
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0. Introduction

Let I'"CR?® be a Jordan curve. The problem of finding surfaces of constant
mean curvature spanned by I" has been extensively studied, with a lengthy litera-
ture, including [2, 7, 8, 9, 18, 21, 22, 23, 26, 28, 29]. In particular, if I'C Bg
—a ball of radius R—with R < 1, it is known that there exist surfaces of mean
curvature one spanned by I'. Here, we deal only with surfaces 2’ parametrized on
the unit disk

Q={(x,yeR? x* 4+ > < 1},

and thus Z = u(2) where u:Q—>R3 satisfies,

[Au=2ux/\uy on £,
0.1 || — |u, |2 =u-u,=0 on Q,
u(@) = TI.

In this paper we investigate the behavior of such surfaces as I"— 0. Let (I,)
be a sequence of Jordan curves such that I, — 0, that is I, C B (0) and

R,— 0. Let X, denote a surface of constant mean curvature one spanned by
I',. Tt has been suggested by Professor J. SERRIN (private communication; see
also [18]) that under appropriate assumptions X, should converge to a sphere of
radius one. Our main results are the following.

Theorem 0.1. Assume that the areas of the surfaces X, remain bounded. Then
a subsequence of the Z, converges to {0} or to a finite (connected) union of spheres
of radius one, such that at least one of them contains 0.

In general, we do not have more precise information about the limiting
configuration. Indeed, it would be interesting to determine whether an arbitrary
configuration of spheres may be achieved as a limit of (2,), for some appropriate
sequence (17,).
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Fig. 1

However, we do have a more refined conclusion when the X’s are chosen in a
special way. We recall that if R<C 1 and I'C By, there exists a “small” sur-
face X, 2 C By, of constant mean curvature one, spanned by I' (see HILDE-
BRANDT [8]). Another surface X, 2 == X, of constant mean curvature one, spanned
by I, has been constructed by the authors in [2] (see also [23] and [22]); we call
it a “large” solution of (0.1). For such special solutions we have the following

Theorem 0.2. Assume that I',— 0. Let :Z’—,, be a large solution corresponding

to I',, obtained through the construction of [2]. Then a subsequence of the X, con-
verges to a single sphere of radius one containing 0.

A similar conclusion for the volume constrained Plateau problem has been
obtained earlier by H. WENTE [28].

Such geometric problems are closely related to this question. Let u": 2 — R3
be a solution of the system

Au" =2uinu, on
0.2) {

U =y" on 00,

Suppose that " — 0. What can be said about the sequence (¥")?

Our approach relies on a kind of “blow-up” analysis. After the “blow-up”
has been performed we are led to an equation on all of R2, Our next lemma
plays an important role since it provides a complete description of the solutions
on all of R2.

Lemma 0.1. Let o€ L (R*; R be such that

0.3) do =20, rw, onR?  [|Vo|* <oo.
RZ
Then w has precisely the form
04 @=n(ga)+c =Gn=rx+i
. o(z) = n |—= L, z=(xp)=x+ iy,
06 > Y

where m:C— S? denotes stereographic projection, P, Q are polynomials and C
is a constant. In addition | |Vo|* = 8z Max {deg P, deg 0}.
Rz

Note that (0.3) is invariant under translation and dilation. Thus, if w satisfies
(0.3) and if we set

©0.5) W= ( — “)

€n
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where g€ £ and &, 0, then #” satisfies (0.2). Moreover if w(co) = 0, then
y'—0.

Our main result asserts that if (u”) is any sequence bounded in H! and satisfy-
ing (0.2) with 9" 0, then («") behaves essentially like a finite superposition of
terms of the form (0.5). More precisely we have

Theorem 0.3. Suppose (u") satisfies (0.2) with y"—0 in HY02;R> and
[IVu"? < C. Then there exist
Q

(i) a finite number of solutions o', w?, ... w" of (0.3),
(i) sequences (al), (dd), ..., (al) in Q, and
(iii) sequences (el), (¢2), ... (e2) with & >0 (Vi,¥n) and lim & = O(Vi),
such that, for a subsequence of the u”, e

P e — a,';
(0.6) u —-iéw( 7 )L w0
and
0.7) [V 2= 2 [ Vo' |2+ of1).
Q i=1R?

Comments. I. A variant of Theorem 0.3 (see Theorem 3) asserts that if (¥")
satisfies (0.2) with »”— 0 in L*(02;R? and [ |Vu"|2 < C, then there exist
o', (a}) and (¢}) as in Theorem 0.3 such that

u — i ' ( —ia:;)

i=1 €n

0.

— 00
15 "

This property is of course very useful for geometrical applications.
2. Under the assumptions of Theorem 0.3 it follows that (1/87) f |Vu"|?
converges to some integer. We deduce in particular that

@) if [|Vu"]> <8z — 4 for some 4>0, then [|Vu"|>—0;
2 0

(b) if [ |Vu"|2 = 8n + o(1), there is exactly one non constant solution e

of (0.3) such that
‘—a,
" —w ( ) L — 0.
&y 1

This is precisely what happens when we choose u” to be the “large” solution of
(0.1) constructed in [2].

3. Theorem 0.3 says that the functions (#") “‘concentrate” around a finite
number of points &' = lim,, . a.. In case a' =% a’, then the functions

i Y - j i =9
W, =0 - and w)=w ¥
8” 8”

have essentially “disjoint supports”. However, it could happen that o' = a’
and i = j, say for example if a. = a/ =a. In such a case we prove that &i/e]
tends to 0 orco as n — co. This means that the functions (o) and (w?) concentrate
at the same point, but the “speeds of concentration” are very different. For a
detailed analysis of the general case, see Theorem 2.
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4. The conclusion of Theorem 0.3 still holds if we replace (0.2) by
{ A" =2uinuy+ " on 2

©.8) =0 on o2,

and f"—0 in H',
This has some implications for the Palais-Smale condition. Consider, for
example the functional on H§(2;R?) given by

Ew)= [|VulP + 5 [u-u. ruy

(critical points of E correspond to solutions of Au = 2u, Au,). Let (u") be a
sequence in H{ such that

E@W)->c, E@)—0 in H.

In general (#”) need not be relatively compact in Hy (that is, the (PS) condition
is not satisfied). However the conclusion of Theorem 0.3 still holds and it follows
that ¢ = (87/3) k where k = 0 is an integer. Theorem 0.3 implies in particular
that u”— 0 strongly in H.(2\\/{d}). A similar phenomenon had been ob-
served for the first time by SACKS & UHLENBECK [17] in the context of harmonic
maps; subsequently their technique was used by MEEKs-YAU [15] and by
Stu-YAu [19]. The general method of concentration compactness due to P. L.
LioNs [14] could also be used in our problem. It would show that, under the

assumptions of Theorem 0.3, | V|2 converges in the sense of measures on £ to
a finite sum of Dirac masses, 2 «; 8, with «; = 87 Our conclusion is more
precise and leads for example to «; = 8znk; where k; is a integer. However, our
proof is inspired by the method of concentration compactness and we introduce

(as in [13], [14]) the concentration functions @,(t) = Max f |Vu"|? (presum-
€02 2110
ably, one could also use the same compactness device as in [4], [12]).
Related questions have been considered by C. TAUBES [25] for the Yang-
Mills equations in dimension four and (independently of our work) by
M. STRUWE [24] for the problem:

_Aunz lun]p—l Up +f;1 on QC]R'N
{ u, =0 on 902

where f,—0 on H-! and p = (N + 2)/(N — 2)—except that the analogue of
Lemma 0.1 is still missing (i.e., there is no precise description of the set of solutions
of —dw =|w"'w in RV and [|Ve|*< co; however all solutions o with
constant sign are known, see [5]).

The paper is organized as follows:

In Section 1 we prove Theorem 0.3.

In Section 2 we describe some additional properties dealing with the “‘speeds
of concentration™.

In Section 3 we establish convergence in the L™ norm.

In Section 4 we discuss geometrical applications.

The Appendix contains the proof of Lemma 0.1, as well as some technical facts.

The results of this paper were earlier announced in reference [3].
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1. Strong convergence in H!

Let (4" be a sequence in Hj [= HN(RQ;R)] satisfying

A =2 nu;+f* on 2
m : =0 on 022,
with
)} f"— 0 strongly in H!
and
€)) JIVu”Pé C.

We claim that " —~ 0 weakly in H{; indeed suppose that u” —~ u weakly in HJ.
We deduce from Lemma A.9 in [2] that u;Au)— u,Au, in @', and thus u
satisfies

Ay =2u,ru, on 2
@ {

u=20 on o8.

On the other hand, from a result of WENTE [27] we know that ¥ = O is the only
solution of (4).

In general (1") does not converge to 0 strongly in H{. Thus our purpose is to
obtain a more precise analysis of the behavior of (") as n— co. Our method
involves a “‘blow-up” analysis near some singular points. This leads in a natural
way to the consideration of functions o € LL(R?;R?) satisfying

— 2
Ao = 2w, Ao, on R

5
©) [|Vo|? < oco.
RZ

The solutions of (5) are smooth (see [26]) and they are completely described in
Lemma A.1 in the Appendix. In particular they are bounded, w(co) = hm w(z)
exists, and

(6) [1Vo|? = 8uk
RZ

where k= 0 is an integer. The main result of Section 1 is the following

Theorem 1. Assume (u") satisfies (1), (2), (3) and that f |Vu*|? does not
tend to 0. Then there exist

(1) a finite number of non constant solutions o', w?, ...w" of (5) with
w'(o0) = 0 (i),
(ii) sequences (ab), (a?), ... (a®) in Q, and
(iii) sequences (gl), (¢2), ... (e8) with &> 0(VYi,VYn) and ’!Lngo &l = 0(Vi),
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such that, for a subsequence of the u" (still denoted by ("))

P e _a;’l
o § (5] o
®) Jivwr=2 sz | Vool |2 + o(1),
9 —81— dist (@}, 082) 55> oo (Vi).

n

As an immediate consequence of Theorem 1 we have

Corollary 1. Let (1) be a sequence in H' satisfying

A" =2Au, on R, u"=y" ondQ,

with

(10) 7" a1260) 750

and

(11) 0<a= [IVuP=C.
2

Then the conclusion of Theorem 1 holds.

Proof of Corollary 1. Let /" be the solution of
A=0 on 2, W =y" on 092,
and set ¢" = " — A", Then v" satisfies
A = 205 n vy 4 f" on Q2
{ "=20 on 092,

where f"=2[(AZ A U}) + (Wi AR + (hiAK))l, and f"—>0 strongly in H-!
by Lemma A.1 in [2] (since A"— 0 in H'). Therefore we are reduced to the
situation of Theorem 1.

Proof of Theorem 1. We may always assume in addition that
(12) [[#"llze = C.
Indeed let ¢"¢ H§ be the solution of
A" =f" on 2, ¢"=0 on 002,
so that ¢"— 0 in Hj. Set v" = u" — ¢"; we have
A= 2iavyp4g" on 2
‘ =0 on 212,
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where g" = 2(v} A ¢} + @F AUy + @k Ag)). It follows from Lemma A.l in [2]
that ||v"|,« < C and g"— 0 in H~'. Therefore (") satisfies the assumptions
of Theorem 1 and (v") is bounded in L*.

In what follows we assume systematically that (1) satisfies (12), and we extend
u" by 0 outside 2. The main ingredient in the proof of Theorem 1 is the follow-
ing

Lemma 1. Assume that (u") satisfies (1), (2), (3), (12) and
(13) [IVu'? =2 >0.

2
Then, there exist

(1) a non constant solution w of (5),
(i) a sequence (a,) in £2, and
(iii) a sequence (g,) with &, >0 and lir{.lg g, =0,

such that (for some subsequence still denoted by (u”))

(14) '(2) = u"(g,z -+ a,) > w(2) for ae. z€R?
(15) Vi ~ Vo weakly in L*(R?)

and in addition

1
(16) — dist (a,, 20) — oo,

The proof of Lemma 1 uses the basic inequality Lemma A.8 of [2], which
we recall here.

Lemma 2. There is a constant ¢, such that

< ¢ |Vula [Volf:  Vu€ HY(Q) N L™(Q), Yo e Hy(Q).

qu-vx/\vy

In the proof of Lemma 1 we shall also use the following convergence result.

Lemma 3. Let (") be a sequencein L(2)N H'(2) and let uc L=(2)N\ H'(2).
Assume that

an A" =2inuy+ g8 on 2,
(18) Vi Loy = po + o(1)  with 2coue < 1,
(19) u'—~u weakly in H'(Q),
(20) g"—0 strongly in H-'(0).

Then u"— u strongly in H'(Q') for all £ CC Q.

Proof. Step 1. We first reduce to the case where u=0. Set v" = u" — u;
then we have

AV =i Avy 4 2u AV + i Aw) - g on Q.
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Let 3" be the solution of the problem
{ AY" = 2u, Avy + V3 Au) on Q
p"=0 on 22.

We claim that y”— 0 strongly in Hj. Indeed from Lemma A.1 in [2] we know
that
9"l = Cli Vullr [| Vo' s = C

V9"l = C || Vaupa | Vo'l = C.
On the other hand,
— [IVy" P =2 [y" e n v+ vk Auwy),
2 (7]

and (for some subsequence) both " Awu, and 9" Au, converge strongly in
L? by dominated convergence. Since v} and v} converge weakly to 0 in L? it
follows that [ |Vy”|>> 0. Finally we have
I
A" =20 Avp+ K on 2

for some sequence A"— 0 strongly in H-!, and moreover

[1Ve 2= [[Vu"?— [|Vul* 4 o(1) = p§ + o(1).

2 2 2
Step 2. We assume now that ¥ = 0. Fix (¢ 2(L2). By (17)
~ [Vur - VM) =2 [ O uf a4 o(1).
Therefore, using (19) we find that
— [IVE&uD> =2 [ u"- (Cu") A Cu), + o(1).
We deduce from Lemma 2 and (18) that
JIV@I? < 2¢0 |V |2 ||V (Cu") 22 + o(1)

< 2cop0 | V(EUM |72 + o(1).
Hence

[ 82|V 2 = o(1).

Proof of Lemma 1. As in [13] and [14] we introduce the concentration
functions

Q. ()=Sup [ |[Vu"|* for t=0.
z€R? z {10

Each function Q,(z) is continuous and non-decreasing in ¢, and Q,(0) =0,
Ou(1) = Qy00) = [ |V’ Z o
2
We fix a constant » such that

QD : 0 < v < Min {1/4¢c}, o}.
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There exists some 0<Ceg, <1 such that Q,(s,) = and there exists some
a,€ 2 such that

Onl(en) = f IVu"lz =7

a,+8,Q
Set #'(z) = u"(g,z + a,); by (3) and (12) we have
@ [Vl = [V = c
R2 R?

(23) I {‘n”L""(RZ) = [|t"|| L@y = C.

Therefore we may assume that!

24) W'—>w ae. on R2

(25) V' —~ Vo weakly in L2(R?).

Let Q,= (1/") (2 — a,), so that 2,— U. We now distinguish several cases.

Case (a). ¢,— 1 >0,
Case (b). ¢, — 0 and (1/s,) dist (a,, 0£2) = m < oo, so that U is a half-plane,
Case (¢). ¢,— 0 and (1/e,) dist (a,, 0£2) - o0, so that U =R?2,

We shall establish that cases (a) and (b) cannot occur (a similar phenomenon
appears in [1]). ,
Let 6” be the solution of
A" =f" on 2, 6"=0 on oQ,

so that 6" — 0 in H{(L2). We have

Au" — 0" =2u; Auy  on Q,
and thus
(26) A@ — 6" =22 i on 0,
where é"(z) = 0",z + a,). Note that

[ V62 = []Ve]> = o(1).

2, a

Hence passing to the limit in (26) we obtain

27N Ao = 2w, rw, on U
and moreover

(28) w=0 on aU.

! This is valid only for a subsequence; we shall however often extract subsequences
without explicitly mentioning this fact.
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Suppose that we are in Case (a). We recall that " —~ 0 weakly in H{(Q);
thus »"—0 strongly in L*(2) and [ |#"|> — 0. We claim that
Qn
29 Vu"— 0 strongly in L*(R?).
This is impossible, however, since

[IV#= [ |VwPR=v>o0,
02

an+sn.()
and thus Case (a) is excluded.
In order to establish (29) it suffices to prove that
(30) oIVt = o(l)

for all {¢ P(R?) with supp { C z + 2 for some z€R2 Fix such a {. Multi-
plying (26) through by ?u" we find

GD JIV@@)[? = =2 [ar- ("), ~ (L"), + o(]).

We deduce from Lemma 2 and (31) that
JIVE)|? < 2¢0 | Vit |l a0y [ |V(EED[* 4 o(1)
2, Q,

= 20 Vv [|VC#))? + o(1).

Since 2c¢, l/; <. 1 we obtain (30), and hence Case (a) is excluded.

Suppose that we are in Case (b). We deduce from (27) and (28) that w = 0;
this is WENTE’S result [27] (WENTE considers the case where U is a disk, but the
case where U is a half-plane may be deduced from the case of a disk by a conformal
diffeomorphism). Therefore using (24) and (25) we have

u"—0 a.e. on R?

V' —~ 0 weakly in L*(R?).

Exactly as in Case (a) we can prove that
(32 Vi"— 0 strongly in L2 (R?).
However this is impossible since
[V = [ |Vu']> =»>0.
/]

a,+e,8
Therefore Case (b) is excluded.
Hence the only case which occurs is Case (c). In order to conclude the proof of
Lemma 1 we have only to show that o is not a constant. We claim that

(33) Vi"— Vo  strongly in L2 (R?).
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Since on the other hand, we know that

[IVi|>=»>0
2
it follows that [|Vw|?> = v > 0; therefore o is not a constant.
Q2

It remains to prove (33). Fix any z¢R?; since we are in Case (c), we
have {z + 2} C 2, for n large enough. Therefore we may apply Lemma 3
to the sequence (#") restricted to {z 4+ 2}. It follows that #"— w strongly in
H}({z + Q}) and therefore Vu"— Vo strongly in LL(R).

The proof of Theorem 1 consists of iterating the construction of Lemma 1.
Our next lemma explains how to carry out this iteration.

Lemma 4. Assume (u") and o, (a,), (¢,), are as in Lemma 1. Set

oo

and let K" be the solution of
{ AR = on 2
I = w" on 08.

Set V"= u" — w" + K". Then v" satisfies

A" = 2vy nvy + k™ on Q

(34 {

" =0 on 982
with
35) k"— 0 strongly in H1(£)
(36) JIVe" 2= [1Vu"]> — [|Vo|* + ol)

2 Q R2

(37 10"l Looqy = C.

It is now clear how to prove Theorem 1 with the help of Lemma 1 and Lemma 4,
namely:

Proof of Theorem 1 concluded. First note that if («") satisfies (1), (2), (12), and
in addition

(38) fqu”|2 =C<8x Vn,
then, in fact

(39) [ Va2 = o(1).
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[Indeed if (39) fails, then (13) holds for some « > 0. Applying Lemma 1 and
Lemma 4 we see that

0= [IV"P= [|Vu']?— [|Vo|? + o(l) < C — 8z + o(1),
2 02 R2
which is impossible.]
Suppose now that (¢") satisfies (1), (2), (12) and
f |Vu"|? = 87 + o(1).
We iterate the constructions of Lemma 1 and Lemma 4 until the iterated func-

tion satisfies (38). This requires only a finite number of steps—in fact at most
sup (1/87) [ |Vu"|2—and leads to the results

ro (- —a 2
and
41) Qfqu"|2=._ilI£|Vw"l2—}—o(l).

Finally from Lemma A.2 in the Appendix
14} — () | —>0 V1,

and so from (40) follows

&

The conclusion of Theorem 1 follows if we replace ' by o' — w’(co). It remains
therefore only to prove Lemma 4:

Proof of Lemma 4. First we recall from Lemma A.2 in the Appendix that
17" — (c0)| g1y > O,

and in particular [|VA"|> = o(1). Next, we have
2

A" = Ui A up + f" — 20% A o)
= 200" + 0" — W) A (0" + 0" — 1)y, + " — 203 A 0]
=20 AU+ "+ dg" + Ay7,
where ¢" and y" are respectively the solutions of
A" = 2[(uy — w}) Aoy + of AWy — w))] on Q2
{ ¢"=0 on a8
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and
{ Ay" = =2Winv) + Vi A By — HinK)  on Q
1/)”_—_0 on aQ

Using Lemma A.1 from [2] we see that
42 IV"lZ: = CIVA |z (1Y ls + | VA"I22) = o(1).

On the other hand, the ¢” term can be treated by applying Lemma A.3 in the
Appendix. Note here that «" = " — " satisfies

&"(z) = o"(g,z + a,) = W'(z) — w(z)—~0 a.e. on R?
and thus
(43) [ Vg2 = o(l).
Q2
Hence (v") satisfies (34) and (35).
Finally we prove (36); indeed we have
[IVe"2 = [{Vu"]2 —2 [Vu"Vo' + [[Ve"|* + o(1)
2 2 2 2
= f|Vu"|2 -2 fV[:” Vo + [|Vo|? + o(1)
2 2, 2,
= [|Vu">— [|Vo|? 4 o(1)
2 R2
since Vu"—~ Vo weakly in L2(R?) by (15). This completes the proof.
Remark 1. Given g L*(R2) with Vpc LA(R?) we set
op) = f‘P"PxA‘pr
RZ
Similarly if @€ L™(2) N\ HY(2) we also set
Q) = f‘l"‘PxA‘Py
2
(When @€ H)() (and ¢ ¢ L™(£)) it still makes sense to consider Q(¢); the

precise meaning of Q is explained in [2]). We claim that under the assumptions
of Theorem 1 we have

p .
44) oW") = g} (o) + o(1).
This has the following implication for the functional E defined on Hj by

B = [1Vul* + 1 0).
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Suppose that (4") is a sequence in Hj which satisfies the (PS) condition, namely
45) E@w)—->0 in H,

(46) EW)—c,

Then ¢ = 8nk/3 for some integer k = 0.
Indeed we deduce from (45) that
A" =2z nu; + f* on 2
with f"— 0 in H-1. Moreover

- wau"lz = 20@") + {f" u">
and thus
E@W") = {_)f Va2 + 3 Q™) = § [IVur]> — Zfuy = ¢+ ofl).

2
Hence f |Vu?|2 < C. Applying (8) and (44) we obtain

Ew) =3 SIVo'* + %é (@) + o(l) =+ §1 % | Vol |2 + o(1).

i=1 R2 i

Using (6) and (46) we see that ¢ = 8znk/3 for some integer k = 0.

Proof of (44). Using the notation of Lemma 4, we claim that
47 0(") = Q" — " + K") = Q") — Q(w) + o(1).
Indeed we write (see Lemma A.11 in [2]):
Q@") = Q") + Q—o" + ) +3 [u" (—af + B) A (—w} 4 F))
Q2

+3 [(—o"+ ) ui nu.
I

By Lemma A.2 in the Appendix we have
17" — w(o0)||pr3¢y — 0.
Using also the fact
15" — &(o0)||Leoqy— O,
we see easily that
(=" + 1) = —Q(w) + o(1),
Ji ol By A (—of+ B)= [ o, + o)

= [0 0, A0, + ol)
R2
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and
J(—o"+ 1) - wiruy=— [o-uzni+ o(1)
2 2,

=— [0 o, ro,+ o(1).
RZ

This completes the proof of (47), and (44) is an easy consequence of (47).

2. An additional property of the speeds of concentration

In case Theorem 1 leads to more than one  the following additional informa-
tion is very useful.

Theorem 2. Assume (u"), o', (a.), (¢.) are as in Theorem 1. Then we have

— nl
(48) Max{e" 87,1_“._“"|} oo Vidj.

el e’ &+ ¢l

Remark 2. Property 48) can be understood by cons1dermg two extreme cases.
Suppose first that af —=<~ 4’ and a] - q’ with @’ & a’; then (48) clearly
holds. This means that the functions

. —a N
w; =w'( - ) and w’:w’( -
n i n J
8’! 8"

concentrate at two different points and thus their supports become “essentially dis-
Jjoint”. On the other extreme, suppose that a, =a; =a. From (48) either
eljel ——<~o00 or glfel 5> ©°. This means that the functions o’ and w} con-
centrate at the same point, but the speeds of concentration are very different.

n—> oo

Remark 3. It follows easily from (48) that if i <= j the functions w} and o}
are “almost orthogonal” in H!. More precisely we have

ffw:rl || + flvw:,| [Voi| = o(1) ViZj.
Q Q2

Remark 4. The “converse” of Theorems 1 and 2 holds. Namely, letw!, ?,... o
be a finite number of solutions of (5), let (a,,), @, ... (aP) be sequences in 0,
and let (g)), (£2), ... (¢%) be sequences with &, > 0 (Vi, Vn) and hm g, = 0 (¥i).
Assume that (48) holds and set

P A —
un:wa( -

i=1 n

a,
)+e
with @" — 0 strongly in H!'. Then " satisfies
A" =2uzruy + " on 2

with f”—0 strongly in H—!. This may be proved easily with the help of Lemma A.3
from the Appendix.
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The proof of Theorem 2 relies on the following

Lemma 8. Let w and w,, w,,...w, be a finite number of solutions of (5).
Assume that

(49) 0= i ar
i=1
Then
(50) fle|2<Z [ Vo2,

i=1 R?

Moreover if equality holds in (50), that is, if

(51) Vol = Z J1Vail?,
then each w; is a constant, with the possible exception of one of them.

Proof. We write (see Lemma A.1 in the Appendix)

P
wzn(—Q—)—}-CEE—l-C, w—n( )—|~C,_.w,+Ci

Qi
Thus by (49)
@+ C

M=

0=
=1

where C = Y, C; — C. On the other hand (see the proof of Lemma A.1)
—4do = |Vo[* on R?

—Aw; = w; |Vo;|> on R? Vi,
and thus

k
o |Val: = X & | Va2
i

=1

Forming the scalar product with » and using the fact that |w| = 1, we obtain

k
[1Va|2 =3 [ ;| V2.
R2 i=1 R2

But
weo;=1—3}|o—wl* (since |o|=|w;| =1),

and hence we find

<2 [IVal =3 [ V& — 1 [ 35— |Va.
R? i=]1 R2 R2 im]
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This proves (50). Suppose now that (51) holds. For each i we have (using (52))
|o — ;] |Vo;] =0 ace.

If @; is not a constant, then Ve, = 0 everywhere except possibly at a finite
number of points (see the proof of Lemma A.1); thus w; = w. This implies the
conclusion of Lemma 5.

Proof of Theorem 2. We introduce the following equivalence relation on the
integers 1 <i<p, 1<j=<p, namely

i

n .

TG remains bounded as n— oo,
&) e e+ e

i~ j if and only if Max{e & o — al ——a,,]

Denote the corresponding equivalence classes by I, I,, ... I;. We shall prove that
each equivalence class contains precisely one element, which is exactly the asser-
tion of Theorem 2. We break the proof into four steps.

Step 1. We claim that

(53) [IVoy} V]| = o(1) if i and j are not equivalent.
RZ
Indeed
(54) J V| |Voi] = [|Vo'| ¢
R? R?
where

7@ =

n

Yo/ (ef,z +a — a,’;)
W —_—.

J
&

Since i and j are not equivalent we may assume that either

i
sn/gn n—>00_> 0
or

5;/3’{ n—)ooq)l with 0 < /< oo and lan - a,,l/s,, oo OO

The sequence (¢") is bounded in L?*(R?) and moreover (in both cases) ¢"— 0
a.e. Therefore ¢"— 0 weakly in L2. The required conclusion thus follows from
(54).

Step 2. When i ~j we introduce the expressions
Ij=lim éifej and p;= lim (a} — aj)/e].
n—»oo n—» oo
For each equivalence class I we fix some i€l and set

w(z) = Y, o'(lyz + py), z€R2.

Jjer
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We claim that for each equivalence class

(55) J Vw:;|2= J 1Vaoy|* + o(1).
@ | jer R?
Indeed
IS Vo] = flvat+ 3 volf
@ | jer 2 JeLj%i
) & _ (dz 4+ d— a
s 3 Sty
!{, ©') jel,z;;*i g &
Q e |
where Q, = = a,,, and also
e (eiz 4+ ad — a) .
;-val( o ) —=~ Iy Vo'(I;z + py)

strongly in L2(R?). Thus (55) holds.
Step 3. We claim that o satisfies (5) for each equivalence class /. Set
p .
0" =uy"— D w] onR?
j=1

(recall that 4" has been extended by 0 outside L), so that
fIVO" 2 =0(1) and |6 ~=C.
RZ

Fix i€ as in Step 2 and set
66 @) =+ d) = ol + B! (FG =) + &)
i n
where é"(z) = @iz + d}). As in the proof of Lemma 1 we have
w'(z) = w(z) a.e. on R?
V'~ Vo weakly in L*(R?),
and of course w satisfies (5). On the other hand

[IVé 2 =0(1) and [0, x=C
RZ

and thus @"— C a.e. on R2, where C is a constant. Finally we observe that if
j¢ 1, then
ez 4+ d — af
w’ (L—_‘_E;——"-) - C; ae. on R?
n

for some constant Cj;.
Passing to the limit in (56), we obtain w = wy + C where C is a constant.
Hence w; satisfies (5).
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Step 4. Proof of Theorem 2 concluded. We deduce from Lemma 5 and Step 3
that for each equivalence class I we have

7 f Vo2 < 3 [[Voo?]2.

J€I R

Moreover equality holds if and only if I is reduced to a single element (recall that
each w/ is nonconstant). We deduce from Step 1 that

JIvwr= Zl JIZ Z Vo] + o,
and using (55) we find
1
(58) 1V =23 [V |? + o).
2 g=1R2
On the other hand, by (8),
(59) JIvwl = 2 [IVe'l? + o).

Combining (57), (58) and (59) we see that equality holds in (57) for each equi-
valence class I.
3. Convergence in the L™ norm
The main result of Section 3 is the following

Theorem 3. Let (u") be a sequence in H' satisfying

A" =2uiznuy, on 2

(60) {

U =y" on 99,
with
(61) ”7"||L°°(an) =gV
and
(62) [Iverr < c.

2
Then either |u"| =) 5> 0 or there exist ' (a}), (¢}) as in Theorem 1 such
that
pﬁ - an

(63) - 2o ( ) —~0.

i=1 L0

Moreover (9) and (48) hold.
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Proof. Let " denote the “small” solution of the problem
Au" =2uinuy, on
64) ‘ -
u=y" on 2%,
so that (see [2] or [8]) we have
(65) 4* | Loocy = 1" Looay = o(1).

From (61), (62) and the construction of #" it follows that |u"|g. = C. Set
v" =u" — u" so that v"€ Hy and

A" =205 +u) A (0 + wy) — 2uz Ay
=2 nvy + 7,

where f" = 2(v% Auy + u; Av}). We claim that f*— 0 in H~!. Indeed let ¢"
be the solution of

(66)

Ag"=f" on R, ¢" =0 on 09Q.
Using Lemma A.4 in [2], we have
— [IVg"|>= [f"¢"=2 [u"- QFrg} + gint)),
2 2 2
and thus
[Vg"]? = o(l).
£

Theorem 1 applied to the sequence (v) asserts that either f | Vv |2
there exist @', (a)) and (&}) such that
L n—>oo_)0’

é | (' r a:;)
vt — ' -
i=1 &n

In the first case, we deduce from (66) and Lemma A.1 in [2] that
17"l = C VO[T + C IV ||pa | Vi*|2 = o(1),

and therefore | u"|| — 0.

-0 or

n—>oQ

P
In the second case we set R" — " — X, w! so that
i=1

(67) | R"|| g1 5=~ 0.
We claim that
(68) | R oo 55~ 0

(the relation (68) clearly implies (63) and so will complete the proof). Indeed
we write

AR* = 2|0 A 4 o i+ A — 3 (h)e A (@),
i

=d4"+ B"+ C",
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where

A"ZZ[R:/\R;+R;/\(E"—}— wa,) —l—(g"—}— Zw;‘,) /\R;},

y i

B =2 % ui (@l + @ A 8,
C" = E; (@) A (@) + (09)x A (0])y
Introduce U”, ¥" and W” respectively as the solutions of the problems
AU"=A4" on Q, U"=0 on 09,
AV*=B" on 2, V'=0 on 99,
AW =C" on Q, W"'=0 on 29Q.
From (67) and Lemma A.1 in [2]

|00 < C|VR (HVR"MU IVl + B Vw"uLz) = o(1).

Also from (65) and Lemma A.3 in the Appendix
[Vl = o(1).

Using Lemma A.3 again we see that
W0 = o(1).
Indeed observe that if i==j then by Theorem 2

i i J
- . fenz + a, — a,
wl(ez + a)) = o’ (—-—]— — C; ae. on RZ.
&

n

Finally note that
AR — U™ — V" — W™ =0 on 2
{ R—U—V'—W'= —Yw, onaQ,
and thus
IR — U™ — V" — W oogq) < Z loon i oogz0y-

Therefore we have

” Rn“L""(.Q) § “ Un||L°°(9) + “ V"“L°°(9) + ” W"||L°°(9) + Z ”wizHL‘”(aa) = 0(1)

(recall that (1/¢}) dist (@}, 82) -~ oo and that w(co) = 0). This concludes
the proof of (68) and completes the proof of Theorem 3.

We now consider a special case of Theorem 3. Suppose that «” is a large solu-
tion of (60) obtained through the construction of [2]. To describe this construction
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method, let y € HY3(002) N\ L™(@£2) be such that

l¥llo@ea <1 but y is not constant.
We consider the problem
Au =2u, nu, on 2
©) {
u=y on 902

and denote by u the small solution of (69) obtained by HILDEBRANDT [8] (or
[9]). We look for a second solution of (69) of the form

u=u—v, v=E0

so that v satisfies

Lv=—Av + 2u, Av, + v, Au) =20, Av, on 2
(0) { v=0 on 30.
Note that

(Lv,0)= [|Vol> +4 [u-v,rv, VocH].

In [2] we have established that
(7 J=Inf (Lv,0)<S= (32m)'3

vEH
Q@)= 1

and that the infimum in (71) is achieved by some »° satisfying
L = JlAv) on Q.
Therefore u = u — (J/2) v® provides another solution of (69); u is called a

“large” solution of (69).

Theorem 4. Let (") be a sequence in H'*(02) N\ L>(02) such that y" is not
a constant and

(72) ”7””L°°(an) == 0.
Let u" be a large solution of the problem
Au=2u,ru, on 2
73 {
u=1y" on 282,
Then there exist

(i) a solution » of (5) with w(co) =0 and f |V |? = 8,
. (ii) a sequence (a,) in 2, and
(iii) a sequence (g,) with ¢,>0 Vn and lime, =0,

_ - —a
"' — z
8"

such that

-0

n-»oo

I,
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and

1
— dist (a,, 22) ——»o0.
Bll

n—-> o0

Proof. Let u" be the “small” solution of (5). Set
(Z,v,0)= [|Vo|* + 4 [u' v, Av, VveHy
and
J, = Infl (Z,v,0).

vEH
Q@)=1

Let ©? be some point where the infimum is achieved, so that

uw'=u"——u,.

Since ||u"[ .~ = o(1) we have
(oo, )= (1 — o)) [|Vo]* Voe Hg,
and thus
J,= (1 —o(1)) S;

here we have used the inequality |Q@)|** =< (1/s) [|Vo|*Yve Hy which is a
consequence of a classical isoperimetric inequality (see [2]).
On the other hand from (71) we have J, << S and therefore

(74) J, =S+ o(1).
Set v" = " — u" = —(J,/2) v3. Then
J? S3
(75) J1Vo 2= [ 1900l =7 + o(1) = 82 + o(1)

since [ |Vop|? = J, + o(1) = S + o(1).
The proof of Theorem 3 shows that there exist w, (a,), (¢,) satisfying (i), (ii),

(iii), such that
n Tl
v —w en . n—»oo—)O

-—a,
v"—w( )L are 05
&y [

there is exactly one o’ since in general

JIV= 3 [1V0'l 4 o),

i R?

and

(76)

while here we have f |Vv"|2 = 87 + o(1). Since | u,ll,~ = o(1) the conclusion
Q2

of Theorem 4 now follows from (76).
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A similar result holds for the Plateau problem

Au = 2u, Au, on
an lugl> — uy|> =u,cu,=0 on 2
u@) =1,

where I' is a given Jordan curve (more precisely I'= x(0£2) for some
x€ C(02;R* N H'"(8Q2; R which is one to one). We know thatif I'C Bg and
R < 1 there exists a ““small” solution up of (77) (see [8]) and a “large” solution
uf of (17) (see [2)).

Corollary 2. Let (I',) be a sequence of Jordan curves such that
(78) r,—0

(that is, I’y Bg(0) and R,— 0). Let u} be a large solution of the Plateau

problem (17) corresponding to I' = I',, obtained via the construction of [2]. Then
there exist w, (a,), (&,) as in Theorem 4, such that

‘—a
—n n
uP—(D( & )ILoo"—’ooO

1
— dist (a, 02) 5550

and

n—»oo

Proof. The construction used in [2] shows that the “large” solution up of
the Plateau problem coincides with the ““large” solution of the Dirichlet problem
(73) for some appropriate y": 82 —R3 such that y"€ C(@2) N H'*22) and
y"(082) = I',. Therefore [y"|L@e—0 and we may use Theorem 4.

4. Geometrical applications

Consider again a solution u of the Plateau problem (77). The surface 2 = u(Q)
has mean curvature one and is spanned by I .

We study the behavior of a sequence of surfaces X, = u"(£2) corresponding
to a sequence I, such that I',— 0. As a direct consequence of Corollary 2 we
obtain

_ Corollary 3. Let (I',) be a sequence of Jordan curves such that I',— 0. Let
2, = u(Q), where u} is a large solution of (17) corresponding to I'= I,
obtained via the construction of [2}. _

Then a subsequence of the surfaces X, converges to a sphere of radius one con-
taining 0.
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There are possibly other solutions of (77).! We now consider the behavior

of a sequence of surfaces 2, = #"(2) where " is any solution of (77) corres-
ponding to I'= I, Our main result is the following

Theorem 5. Let (I,) be a sequence of Jordan curves such that I',— 0. Let

2, = u"(!—2), where u" is any solution of (77) corresponding to I' = I',. We assume
that

3 [IVu'|? = area (£,) < C.
Q

Then a subsequence of the surfaces X, converges to 0 or to a finite (connected)
union of spheres of radius one, and such that at least one of them contains 0.

Proof. We consider an order relation on the sequences of positive numbers
tending to 0. Let & = (x,) and f = (#,) be two such sequences. We say that

o< g if lim g,/x, < co.

Without explicit mention we shall systematically extract subsequences, so that
we may agree that every sequence of positive numbers has a limit in [0, 4+ co].
Strictly speaking this relation is not an order relation since « < and g <«
do not imply o« = fi; however they imply that o ~f§ in the sense that
0 < lim &,/8, < co. This order relation is total, that is, given &« and f§ then at
least one of the relations « < or <« holds. '

Applying Theorem 3 to the sequence (u”) we obtain the o’ and the sequences
(a}) and (¢}). We order the sequences (¢!) in such a way that () < (2) < ...
... = (eh). Then for i<j

0< lim glfel <oo and 0< lim efe] < oo,
We define for i=&j
oo if 0< nllgla elef < oo
(78) Pi = lim (a}, — a/e}  if lim eh/e] = 0.
If 0< JLngo &l/ej < oo it follows from Theorem 2 that
Jim (d, — a})[en = oo.
Here lim (d, — al)/e} is understood to be in R? \J {oo}, which is identified as S2.

For each integer i, 1 < i = p we consider the sphere

(79) Si = o'®?\ {oo}) + ¥ 0(py).

j#i

1 It would be very interesting to determine if and when there exist solutions of (77)
which are different from the ones constructed in [2].
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If i< j, then p; =oc0 and thus w/(py) = 0. It follows that

(80) S; = 'RV {oo}) + ¥ w’(py).

j<i

In particular S, = w'(R? U {o0}) contains 0. We shall prove that

(81) (@~ \J 8.
i=1

The proof is divided into two steps.

P
Step 1. For each «€\/ S; we construct a sequence (£,) in £ such that
i=1

p
u"(£,) - «. Clearly it suffices to perform this construction for each ac \/ S,
i=1
except for a finite number of points.
Given «, we may write, for some i and some z€R?,

& =ao'2) + 3 olpy).
j<i
Set

&, =¢&z+ a,.

As a consequence of (9) note that &,€ 2 for n large enough. Applying Theorem 3
we obtain

(82 wE) =o'+ 2o

ji

JEEEL I

n
If i< j we have either

0 < lim &l/e] < oo, and then lim (a) — a))/e) = oo,

n—»oo n—>oc

or

lim ep/e] = oo, and then lim (e;z + @, — a))/e] =
except, possibly, for one value of z (indeed, suppose that for some z,€R? we
have ' _ o

|enzo + @y — a|fen < C;

then

lelz + af — a’\
J

- o0 if z %= zg).
& A

IZ"‘Zol—C

n—oo
On the other hand if j<<i we have either

0 < lim eifel < oo and then Jim (@ — al)fe] = 00 =p;
or

lim &;/e] = 0 and then lim (a, — aj)lel = py.
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Combining all these cases with (82) we see that
u'(&,) = '(2) + 3 0lpy) + o(1) = & + o(1).

j<i
Step 2. Let (§,) be any sequence in Q. We claim that (modulo a subsequence)

p
(&) — o for some a«€\/ S;. Indeed set
i=1

I={j;1<j<p and (& — a})/e] remains bounded as n—> oo}.
We distinguish two cases.
Case (a). =9, that is lim (¢, — al)fel =oco Vj.
Then using Theorem 3,

n ; En _ a;ll.
W) =2 w'( =7 ) + o(1) = o(1).
7 n
Case (b). 1==0. Let i denote the largest integer in 7. We claim that u"(§,) - o
for some «¢ ;. Indeed, we have
(&, — al
) =3 of (252) + o,

i n

Moreover
(i) if j> i we have lim (& — al)je} = oo (since jdI),
(ii) if j < i we write
En_ar];_sn_a;.t af,—a,{'_(E,,—af,)ef, a:;_aI{

O s R W _ 4 _
J J J I J J
6’! 8” 8)! 8’! eﬂ 8’]

and recall that 0 < "llglo & Jej < oo. In all possible cases therefore,
lim (&, — e/l =py Vi1,
and thus
w(&,) = 0'(2) + 3 ol(py) + o(D),

JEi

where z = lim (£, — al)/ei. This concludes the proof of Step 2.

p —

Finally, the set \/ S; is connected since it is a limit of connected sets (4"(£2)

is connected). i=1
Appendix

We start with the description of the set of solutions of the problem
(A.1) do =2w, row, on R?,
(A2) Vo> <oco.

R?
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Lemma A.1.' Assume o€ LL(R?;R3) satisfies (A.1), (A.2). Then o has
precisely the form
(a3 O=n(oa)+C s=@n=rx+i
. o(z) = n|{=—% ,  z=(x,y)=x+ iy,
6 Y g
where P, Q are polynomials, C is a constant and n:C — S? is the stereographic
projection from the north pole, that is

x 0
- 0
7(z) T y 1+
-1/ 1
Moreover any o given by (A.3) satisfies (A.1), (A.2). In addition
(A4 [|Vew|* = 8k  with k = Max {deg P, deg 0}
R? '

provided P[Q is irreducible. '

Proof. We recall (see WENTE [26]) that if o satisfies (A.1), (A.2) then o is
smooth and even (real) analytic. We claim that w(oc) = Illgnw w(z) exists and

that wo #~! is smooth on §? (including at the north pole).
Indeed set
y
RZ
x2 + y2’x2 + yZ) on \{0}

so that w € C®(R?\ {0}). An easy computation shows that

a0 = o (

366 0P = G O (553 |
and thus
[1V6]2 = [|Vo|* < oo;
R2 R?
also

—Aw =20, rd, on R\ {0}.
A standard argument leads to o € H.(R? and
' | —Ad =23, Ad, in D'(R).

Therefore @ is smooth on R? (including 0); going back to w, this implies that
oo ! is smooth on §? (including at the north pole).
Next we claim that @ is conformal, that is,

(A.S) || — |oy}> =0, 0, =0 on R2,

1 We thank H. WENTE for some useful indications concerning Lemma A.1.
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Indeed set
@ = lo,|* —|o,|* — 2w, 0, =D +iP.

A standard computation based on (A.1) shows that
b, =¥, and @, =-Y,,

and thus ¢ is holomorphic on C. We conclude that ¢ =0 since ¢ ¢ L'(R?).

From (A.1) and a result in [6] (see Lemma 2.1) it follows that either v = C,
or Vw 3= 0 everywhere except at some isolated points which are denoted by
(z;) (in fact there can be only a finite number of such points since @ can be con-
sidered as defined on $2). We set

0 =R\ \/ {z}
and consider the Gauss map » defined by
|wx A wyl '

Note that n is well defined and smooth on @ since by (A.5) we have |w, rw,
= 1|Vw|2. Itis known (see for example RUH [15] or Jost [10]) that # is harmonic
on 0, that is,

(A.6) —An=n|Vn|> on 0,

a result which can also be verified directly using (A.1) and (A.5).

We claim that each isolated singularity of #n is removable and thus that » is
smooth on all of R2, Indeed suppose for example that 0 is a singular point of n,
thatis, Vw(0) = 0. We know from a result of [6] (see Lemma 2.1 and Lemma 2.2)
that, in some suitable direct orthonormal basis of R3, « may be written as

o = (0!, 0%, 0%
where, up to additive constants,
o' + iw? = az” + 0(z|"*) as z— 0,
o’ = 0(z|"™) as z— 0;
where a > 0 is a constant and m = 2 is an integer. In such a basis

0
o, w,= |0 + o(z|* ",
02m2 ]z!2m—2
and thus for z near 0 (z %= 0) we have
0
n=|0 |+ O(z)).
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It follows that
(A7) n is continuous at 0.
We claim that
(A.8) [1Vn* < oo
B

where B is some small around 0. Indeed by (A.7) there is some neighborhood U
of 0 such that

nz)-n0) = 1 for z¢ U.
Let B be some ball contained in U and with center at 0. Choose a sequence ()

of functions such that £, € 2(U\{0}), {y—1 on B,and [ |V |* < C. Multi-
plying (A.6) by n(0) £, we find

Y[V <2 18| 1V |V
and thus
[&1VaP<16 [|VE 2 < 16C.

Letting k->oo yields (A.8).
From (A.6), (A.8) and a result of SAcks & UHLENBECK ([17], Theorem 3.6)
it follows that 0 is a removable singularity and thus » is smooth on all of R2.
We assert that in fact » is defined and smooth on S2. Indeed let & as above
and set

- x y
s == s> RZ 0}.
n(xy) n(x2_|__y2 x-+y2) on \{}
An easy computation shows that
- TN W
n= —t=—=7
|, A @y

and therefore 7 is a smooth harmonic map on R2, Consequently » may be con-
sidered as a smooth harmonic map from S2 into S2. However, all such from $?2
into $2 are known (see e.g. SPRINGER [18] or LEMAIRE [11]). More precisely, there
exist polynomials P and Q such that either

P(z
(A9) nzy=m ( QEZ;)
or

PG
(A.10) nz)=m= (%) .

Next, we claim that

(A.1D) (w+n),=(w-+n,=0 onR
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It suffices, of course, to check (A.11) on R?\ \ / {z;}. We consider the basis
i

i:wx/]wxl’ jzwy/lwyl7 k:i/\j:n

and set r = |w,| = |w,|. In this basis we write
r 0 a d
Wy = 0}, w,={F ), W= b y g =1\ €],
0 0 ¢ f
so that
—a
W,y =20, A, — g = | —b
2t —¢

Differentiating the relation w2 — co§ = 0 with respect to x and y yields

(A.12) a=¢ and b= —d.
On the other hand

Fe =Wy Wyfr = @, 1, =0, 0ylr=d,
and
FPly = Wgy A0y + 04 AWy, — 2w, Aw)) Fofr

2

r’ng = 0y N, + 0y Aoy, — 2w, Awy)rr.

Thus, using (A.12) we find

—c —
(A.13) n, = 17 ), n= é c f 2r2

0 0
Since n is harmonic from $2 into $2, this gives

nf,—ni:nx-ny=0
(recall that n} — n} — 2in, - n, is holomorphic and belongs to L'(R?)). Hence
(A.19) f=0 and c¢=r2.

Combining (A.13) and (A.14) we obtain (A.11).
It now follows that there is a constant C such that

ow-+n=C.

Therefore w is either of the form

P
(A.15) (@) = —n (‘Q%) +c
or

-
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However —n(8) = n(—1/¢) for all € C and thus

() -=(-53)

Functions @ of the form (A.15) satisfy

—Aw =20, Ao,
while functions of the form (A.16) satisfy

Ao =20, Aoy,

as follows at once from the fact that w(z) = 7(z) satisfies 4w = 2w, A w, and
o(z) = n(z) satisfies —Adw = 2w, A w,.

On the other hand, if f is any holomorphic function and u satisfies Au =
2u, Auy, then v=wuof also satisfies Av = 2v, Av,. Hence w is of the form
(A.3). The last assertion in Lemma A.I may be found for example in [11].

Lemma A.2. Let w€ L®(R?) with Vo€ L*(R?) and o —0 at infinity (in

the usual sense). Set
0@ =w (z — a,,)

En

where (a,) is a sequence in £2 and (g,) is a sequence of positive numbers such that
& 75> 0 and (l/g,) dist (a,, 82) 45> 0. Then

" “H1/2(6.Q) rer-ad

Proof. Given £ >0 we can find some @ ¢ L*(R?) with compact support
such that Vo € L>(R?) and

lo — Bl <5 Vo —Val, <.

') = & (Z = ”") .

Set

n

Then
”0)"”11‘/2(39) = 0" — 6"”111/2@9) + ”5—0"”111/2(@9)-

Note that ©" =0 on 22 for n large enough, while

lo” — & lg1p0 < o — @ = 0" — 3@ + 1 Ve" — V"l
< Cllo" — @y + V0" — Vo' |uxa)
= Cllo — 8"y + [ Vo — Vo
<(C+De,

which completes the proof.
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Lemma A.3. Let (x") be a sequence in H Q) such that
(A.17) 6" [pooqy = C.

Let (a,) be a sequence in 2 and let (¢,) be a sequence of positive numbers such that
Cr s 0 and

1
(A.18) — dist (a,, £2)

€n

— OO0
n—»oo .

Set &'(z) = &g,z + a,) for z€R2(Y). We assume that

(A.19) &Y2) s> C  for ae. z€R?

n—>oc

where C is a constant,

Also let o L°(R?) with Vo€ LX(R?) and o — (o) at infinity (in the
usual sense). Set
-l
w"(z)=w 5 )

Let B be the solution of the problem

Ap" = ol Aoy + oy Aoy on Q,
(A.20) {
gr=0 on 8Q.
Then
(A.21) V" L2y ns~ O
and
(A.22) 18"l Loogay i 0.

Remark A.1. Assumption (A.19) obviously holds with C =0 if [&"[| ey 0.

Proof. Without loss of generality it can be assumed that C =0 and that
w(co) = 0. Using Lemma A.1 from [2] and the same device as in the proof
of Lemma A.2 it suffices to consider the case where w € 2(R?) (indeed given
¢>0 we can find some w&2(R?) such that |[Vo — V|, <e).

Also, without loss of generality it can be assumed that each «” is defined on all
of R? and that

Supp o" C B,(0), [l = C.

Since ||Vo*|:@y = C and &"—0 ae. on R? it follows by standard argu-
ments that

(A.23) >0 in LE(R?) Vp< oo.

() Assumption (A.18) implies that e,z +- a, € 2 for each z € R? and for » large
enough.
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We first prove (A.21). Using (A.20) and Lemma A4 from [2] we see that
JIVB 2 = — [a" (@ n By + By n o))
Q2 Q

and thus
||V18 ”L’(Q) = [|o” Vwn”u(s;r) ||0‘ Vw“z.z(a ,—>0

where 2, = (2 — a,)/e,.
We now prove (A.22). Set r = (x* + »)'? and

1
= 7 (log r) * (&% Ay + 03 Axy)  on R?
so that
(A.29) AP = ol r oy - oy A, on R,
From (A.20), (A.24) and the maximum principle we obtain

1B Loocay = 2 1" [l Loy

On the other hand we have

1
=~ (log) * [(&" A @), + (w3 7 &) ]

VIx o cmnam o 2y ion
:Z'[. ;7*(06 /\wy)—!—r—z*(wx/\oc”) .
Therefore for peR? (and z = (x, »))

1
@I = () * (7] V) )

1 ” z — a,\ |dx dy
:R[“) — lecx (2)] Vw( o ) e
It follows that
(A.25) P(p)| < f IO Vo) d dn,
where
E=(¢n) and g¢,=(p — a,)le.
Set

@”z%*]&"Hle.

In view of (A.25) it suffices to prove that
(A.26) “@n“L“’(RZ) a0,

But this is clear since 1/r¢ L™ - L¥? while |&"|||Ve|— 0 in L3 and in L1
(here we use (A.23) and the fact that w has compact support).
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