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Abstract

Quasilinear elliptic equations in R? of second order with critical exponential growth are
considered. By using a change of variable, the quasilinear equations are reduced to semilinear
equations, whose respective associated functionals are well defined in H'(R?) and satisfy the
geometric hypotheses of the mountain pass theorem. Using this fact, we obtain a Cerami
sequence converging weakly to a solution v. In the proof that v is nontrivial, the main tool
is the concentration-compactness principle [14] combined with test functions connected with
optimal Trudinger-Moser inequality.
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1 Introduction

Recently, there has been growing interest in the study of quasilinear elliptic equations of the

form
—Au+V(2)u — (A(Jul*))u = h(u) in RV, (1.1)

These equations are related to existence of standing wave solutions for quasilinear Schrodinger
equations of the form

izg = —Az 4+ V(2)z — h(|]z]?)z — kAg(|2]*)d'(|2|*)z  in RV, (1.2)

where V' is a given potential, k is a real constant, and g and h are real functions. The related
semilinear equations for x = 0 have been intensively studied (see e.g. [2], [6], [7], [10], [11], [12],
[19], [22], as well as their references). Quasilinear equations such as (1.1) have been accepted as
a models of several physical phenomena corresponding to various types of g. We refer the reader
to the Introduction in [15] and the references therein for a discussion on the subject. Recent
mathematical studies have focused on the existence of solutions for (1.1) with h(s) = |s|P~1s,
with 4 <p+1 < 4N/(N —2), N > 3, for example, in [15], [16], and [18]. The existence of a
positive ground state solution has been proved by Poppenberg, Schmitt and Wang [18] and Liu
and Wang [16] by using a constrained minimization argument, which gives a solution of (1.1)
with an unknown Lagrange multiplier A in front of the nonlinear term. In [15], by a change of
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variable the quasilinear problem was reduced to a semilinear one and an Orlicz space framework
was used to prove the existence of a positive solution of (1.1) for every positive A via mountain
pass theorem. In [8], Colin and Jeanjean also made use a change of variable in order to reduce
the equation (1.1) to semilinear one. By using the Sobolev space H'(RY), they proved the
existence of solutions from classical results given by Berestycki and Lions [6] when N = 1 or
N > 3, and Berestycki, Gallouét and Kavian [5] when N = 2.

Although considerable research has been devoted to the case N > 3 rather less attention
has been paid to the case N = 2. In [15], the authors established the existence of solutions
for (1.1) in R? when the potential function V is radially symmetric and h(s) = |s|P~!s, with
4 <p+1< oco. In [8], Colin and Jeanjean treated, among other situations, the case where h
satisfies the assumption: for any « > 0 there exists positive constant C, such that

h(s)] < Cae®” Vs > 0. (1.3)

In the literature [1, 9, 11, 23], the assumption (1.3) says that h has subcritical growth. We
recall that h satisfies the critical growth condition if there exists ay > 0 such that

M_{O Va > ag,

s—oo exp(as?) | +oo Va < .

We note that such notion is motivated by Trudinger-Moser estimates [17, 24] which provide

exp(alul?) € LN(Q), Yu € H}(Q), Va > 0, (1.4)
and
sup / exp(aul?)dz < C, Va < 4r, (1.5)
el gy <192

where Q C R? is a bounded smooth domain. Subsequently, Cao [7] proved a version of Trudinger-
Moser inequality in whole space, which was improved by do O [11], namely,

exp(aul?) — 1 € LY(R?), Vu € HY(R?), Va > 0. (1.6)
Moreover, if a < 47 and |u|r2(r2) < C, there exists a constant Cy = Ca(C, ) such that
sup / (exp(ajul?) — 1) dz < Cs. (1.7)
”quLz(]RQ)Sl R2

The main purpose of the present paper is to obtain standing wave solutions for quasilinear
Schrodinger type problems (1.1) when N = 2 and h satisfies the new critical growth condition:

M:{O Va > ap,

(¢)ay There exists ap > 0 such that lim too Va < ag.

s—oo exp(as?)
We believe that the exponential growth above is the critical growth for this kind of problem
when N = 2, according to the case N > 3 whose the critical exponent is 22* = 4N/(N —2) (see
[15]).
In this article, we study the existence of solutions for (1.1) assuming that V : R? — R is a
continuous function bounded from below away from zero, that is there exists V) > 0 such that

(V1) V(z)>Vy>0, VYzeR?
and satisfying the asymptotic condition
(V) V(z) < | 1|im V(z) = Vo < 00,

with V(z) # Vi, and h € C(R,R) satisfies
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s—0 S
(h2) There exists 1 > 4 such that 0 < pH(s) < h(s)s, for all s > 0, with H(s) = [; h(t) dt.

(h3) There exists Fp > 0 such that

. sh(s)
1 f—r >
oo exp (aps?) — bo >0,

where « is given by condition (c¢)q,-

Our main result is:

Theorem 1.1 Suppose V (z) verifies (V1) — (V2) and h(s) satisfies (h1) — (h3) and (¢)a,. Then
problem (1.1), with N = 2, possesses a positive solution.

Remark 1.2 We observe that typical and motivating examples for the study of problem (1.1)
are given in the following problems, where the nonlinearities satisfy the assumptions (hy) — (hs)
and (¢)a, with ag = 4m:

—Au+V(2)u — (A(Ju]?))u = exp(4ru?) =1 in R?

and
—Au+V(z)u — (A(u/?))u = h(u) in R?

where the nonlinear term is given by h(u) = H'(u) and H(u) := u” exp(4mu?).

In order to prove Theorem 1.1, motivated by the argument used in [8] and [15], we also
use a change of variable to reformulate the problem obtaining a semilinear problem which has
an associated functional well defined in the Sobolev space H'(R?) and satisfies the geometric
hypotheses of the mountain pass theorem (see [3]). Using this fact, we obtain a Cerami sequence
converging weakly to a solution v. In order to prove that v is nontrivial, we combine Lions’s
compactness lemma with test functions connected with optimal Trudinger-Moser inequality
to establish that the Cerami sequence has a non-vanishing behavior. Finally, arguing by
contradiction that v = 0, a translated Cerami sequence converges to a nonzero critical point of
an associated functional at infinity. Then, this critical point is used to construct a path related
to mountain pass theorem to find a contradiction with definition the mountain pass critical
value. Since we deal with exponential case, some difficulties appear mainly due to the lack of
homogeneity of the nonlinearity. In addition, in the critical exponential case, the Trudinger-
Moser inequality has a restricted use.

Notation: In the rest of the paper we will make use of the following notations: [g. f(x)dx and
Jp 9(z)dz will be denoted by [ f and [}, g respectively; |.|, denotes the norm in LP(D) spaces;
C' denotes (possibly different) positive constants.

The organization of this paper is as follows: In Section 2, we introduce the variational
framework associated with (1.1). In Section 3, we verify the geometric conditions of the mountain
pass theorem. In Section 4, the existence of the solution for (1.1) is established.



2 Adjust of the variational setting

Observing that uw = 0 is a (trivial) solution of (1.1), our objective in this article is to apply
minimax methods to study the existence on nontrivial solution for (1.1). However, it should be
pointed out that we may not apply directly such methods since the natural associated functional,

namel
' J(u) = %/(1+u2)|Vu\2 +%/V(w)u2 —/H(u)

where H(s) = [J h(t)dt is not well defined in general, for instance, in H'(R?). To overcome
this difficulty, we employ an argument developed by Liu, Wang and Wang in [15] (see also [8,
Lemma 2.1]). We make the change of variables v = f~!(u), where f is defined by

1
VI+272(t)
on [0,+00), f(0) =0, and f(—t) = —f(¢) on (—00,0]. Also f satisfies
(fo) [F/() <1 VteR,
(f) I
(f2) 17

(f3)

fi(t) =

—last—0,

0#|

—~

— 21/4 as t — oo,

1

flt) < ——L— < f(t), VteR.

14+2f2(t) —

D=

Thus, we can write J(u) as

10) =5 [19F +5 [V@re - [#e)

From these properties of f, the funtional I is well defined and I € C'(H'(R?),R). In fact,
by definition of f and from (f3), (h1), (h2) together with a version of the Trudinger and Moser
inequality ([7], [11]) it follows that

/H(f(v)) < oo and /f/(v)h(f(v))w < o0, Yu,w € H'(R?).

As in [8], we observe that if v € H'(R?) N C%(R?) is a critical point of I, that is, I’ (v)w = 0
for every w € H'(R?), where

I = [Vo-Vos [ FOEV @0 - bIE)w).
then v is a solution of problem
—Av = g(x,v) in R?

where

1
V1+2f3(s)

Then, setting v = f(v) (v = f~!(u)) and since (f~1)(t) = W = V1 + 2t? we conclude
that u is a nonnegative solution of problem

g(x,s) = (=V(z)f(s) +h(f(s)), VzeR? secR. (2.1)

—Au+V(z)u — A(w?)u = h(u) in R?
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From (V1) and (V2), we have
91(s) < g(x,s) < ga(s) Ve R?, VseR
where

91(s) = f'(s) (Voo f(s) + h(f(5)))  and  ga(s) = f'(s) (=Vof(s) + h(f(s))).
For i € {1,2}, the functions g; satisfy:
(90) 9 € C(R,R) and g(0) =0,
9(s)

(91) There exists v < 0 such that hn%) =v
S— S

(g2) Given a > ag and 3 > v/2a, there exist positive constants C' and R such that

lg(s)] < Clexp (Bs*) — 1), VY |s| > R.

Moreover,

(g3) There exists sg > 0 such that G1(sg) > 0, where G1(s fo g1 (t

The property (gg) is obvious, while condition (g1) follows from the limit (f;) and (g2) is a
consequence of (¢)q, and (f2). Finally, in order to verify (g3), fix a € (0, ). From (¢)q,, there
exists s* > 0 such that

h(s)

L R 2.2
exp(as?) —1 — s (22)

From (2.2), (V2), and the continuity of f and h, there exists a constant m such that

s f8) exp (af'(t) -1
Gi(s) > m+ |dt
1(s) = ‘/1+2f2 1+ 272(1)
af2
>
N / \/1+2f2 / V14 2f2(t)
f(s) f(S)
= m-— VOO/ udu—l—/ au’du
f(s%) f(s*)
2 *)2 3 _ *\3
L VRGPS f S
2 3a
Then, from (f2), there exists sp > 0 sufficiently large such that G;(sg) > 0. m

3 Mountain pass geometry
In section we establish the geometric hypotheses of the mountain pass theorem.

Proposition 3.1 The functional I : H'(R?) — R satisfies

(1.) There exist positive constant b and p such that I(v) > b, ||v|| = p, where || - || denotes the
usual norm in H'(R?).

(2.) There exists a path v € C([0,1], HY(R?)) wverifying v(0) = 0, v(1) # 0 with I(~(1)) < 0.



Proof. First, we show that I satisfies (1.). We claim that given o > «p, there exists C' > 0
such that

G(z,s) < —%82 + Clexp (as?) —1])s®, Vs >0 and Vz € R?, (3.1)

where G(z,s) = [ g(z,t)dt. In fact, since g(x,s) < ga(s) and g, satisfies (go) — (g2), given
a > «q, there exist § > 0 and C > 0 independent of x such that
1%
g(z,s) < —708 + Cexp(as?)s?.

Then, to obtain (3.1), it suffices to note that

5 1 53
/ ttexp (at?)dt = 2—33 exp (as?) — / —t%exp (at?)dt
0 «
1
= —s3(exp (as?) — + — —/ —t2 exp (at?)dt
2a
1

IN

st exp (as?) — 1),

because
/ —tzexp (at?)dt

satisfies (0) = 0 and p/(s) < 0.

Consequently, from (3.1), we obtain

/|W|2 /G;vv
/\V | + / C’/ (exp (av?) — 1)

> Cilll* - C2Hv\|37 Vo e H'(R?),

I(v)

v

where the last inequality we made use of the following estimate (see [11] for a proof):
/v?’(exp (aw?) — 1) < C|jv||?, where C = C(a) > 0,

provided v € HY(R?), |lv|| = p, for p > 0 sufficiently small.
Hence, we can choose positive constants p and b such that

I(v) 2b>0, Yve H'(R?), ||v]| = p.

To prove the second part of Proposition 3.1, we start arguing as in [6]. Let R > 1 and define

S0 if |x|<R
wr(z) =% so(R+1—|z|) if |z|€[R,R+1)
0 if |z >R+1,

where sq is given by (g3). Let

’LUR(%) if t>0
0 it t=0,
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then
[IVw* = [|Vwg|* and [ Gi(w) =2 [ Gi(wr).

By taking «(t) = wy(+), that is, v(t)(x) = w¢(z), we have
160) = [IVuil - [ Glow)

< /|th|2—/G1(wt)

= /|prg|2 — tz/Gl(wR) — —o00, as t — 400,
because

/ Gi(wr) = Gi(so)Brl + / Gi (w)

Br+1\Br
G1(s0)mR? — |Bry1 \ B Sn[lax} Gi(wgr)

sSo

v

> Gl(so)7rR2 —37R max Gi(wg) > 0,

- s€[0,s0
for R suficiently large. Hence, there exists L > 0 such that I(y(L)) < 0 and (L) # 0. Therefore,

after a suitable scale change in t, we obtain desired path «. This proves Proposition 3.1. [

4 Existence

In consequence of Proposition 3.1 and of a version of Ambrosetti-Rabinowitz Mountain Pass
Theorem [3], see also [4, 20, 21], for the constant

co = inf sup I(v(t)) >0,
€T telo,1]

where
I'={y € C([0,1], H(R?)); 7(0) = 0,5(1) # 0, I(v(1)) < 0},

there exists a Cerami sequence (v,) in H'(R?) at the level cg, that is
I(v,) — ¢ and (1 + [[oa DT (vn)]] — 0, asn — oo.
Lemma 4.1 The sequence (v,) is bounded in H'(R?).

Proof. Since (v,) satisfies
1 2 1 2
I(vn) = 5 |an| + 5 V(:L’)f (vn) - H(f(vn)) — C asn — oo, (4’1)
and, for every w € H'(R?),

(1 + foal) I (on)w = / Vo - Vo + / £ (0)(V (@) f (o) — h(f (0) )
= el (4.2)



where €, — 0 as n — oo, by choosing w = w,, = f(v,)/f'(v,) and inserting in (4.2) we obtain
(1 + llonlDI"(vn ) wn
2f%(vn) 2 2
[ TSI + [ (V@) = A ) )
= &nllwnl. (4.3)
Notice that w,, verifies

[wala < Clople,  [Vwa| < 2[Vop|,  and [Jw,]|] < Cflvg]]-

In consequence,

I’ (v)wy,
2(y,,
J+ LT + [ V@R - W) )
_ (4.4)

Combining (4.1), (4.4) and (hg), we infer that

2(y,
JG s L+ [ V@R ) <o+

where 9, is given by (4.1).
Since p > 4, we can conclude that the term

/ﬂv%ﬁ+vwv%%»

is bounded. Then, to conclude that (v,) is bounded in H'(R?), it remains to show that (v,) is
bounded in L2(R). To verify this we start splitting

/v,%:/ v3+/ 21721.
@[ ()| <1} {a:|vn (2)[>1}

Notice that there exists C' > 0 such that H(s) > Cs%, for every s > 1. Then, from (f2) we have
H(f(s)) > Cs?, for every s > 1. Therefore

1
<2 ) < = | H(f(on
/{x [on ()| >1} o /:c |vn () |>1} (f(wn)) C / (£(vn))

By using that f(s) > C's, for some C' > 0, we have

/ v2 < —/ 2(vp) < /f2 Up,).
{z:|vn(z)|<1} z:|vp(x) |<1}

Hence v, is bounded in L?(R?). This proves Lemma 4.1. [

From Lemma 4.1, there exists v € H!(R?) such that v, — v weakly in H*(R?) and I'(v)¢ = 0
for every ¢ € C°(IR?), that is, v is a weak solution. In fact, recalling the definition of the function
g given by (2.1), it suffices to prove that

L/gmww¢—ﬁ/‘m%W¢V¢€G?®5
R2 R2
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In order to verify this convergence, given ¢ € C>°(R?), we denote by € the support set of ¢.
Since (vy,) is bounded in H!(R?), we may take a subsequence denoted again by (v,) such that

vp — v in HY(R?); v, —vin LY(Q), Vg >1; v,(z) — v(x) a.e. in Q.

Moreover, from (4.2), the sequence ([ g(x,v,)dvy) is bounded. Then, invoking Lemma 2.1 [9],

we have
/ (x,vn)0p = / mvn¢—>/ (z,v)p = / (z,v)

Hence, v is a weak solution of (1.1

In order to complete the proof of Theorem 1.1, we must show v is nontrivial. The proof
of this fact will be carried out in a series of steps. First, we suppose, by contradiction, that
v = 0. In consequence, we prove that the Cerami sequence (v,) is a Palais-Smale sequence of an
associated functional at infinity, I, and it has a non-vanishing behavior. After a translation,
this sequence converge weakly to a nonzero critical point of /... Finally, we use this critical point
to construct a path which allows us to obtain a contradiction with the definition of mountain
pass level cg.

We start introducing some notations and facts. Let Vo, given by condition (V2). Consider
the Sobolev space H!(R?) endowed with the equivalent norm

1/2
[oll = </|W|2 +Voo|v|2> , Yve HY(R?).
Define the functional J, : H'(R?) — R given by
1
Tov) = 5 [0 +Va?) = [ H(70)).

Working with the analogue of I, the functional J,, is well defined and belongs to C'(H!(R?), R).
Now, take 3y given by (h3) and let » > 0 be such that

8
apr?

Bo > (4.5)

We consider the Moser sequence [17] defined by

(logn)l/2 if |z < T,

My (z,7) = My = ——=1 (log(r/|z])/(logn)V/? if L <|z| <,
) if |z| >,

which satisfies
M, € H'(R?) and ||]T4Jn||2 =1+ 0((logn)™') as n — oo.

Also we have M2(z,r) = M2 = (2r)~Y/2logn + d,,, where M,, = M, /||M,|| and d,, is a bounded
real sequence.

Thus we have the following estimate, whose the proof is based on the argument used in [11,
Lemma 5].

Proposition 4.1 Suppose h(s) satisfies (c)a, and (h3). Then, for every o > /2, there exists

n € N such that 1
max{Joo (tM,,) : t >0} < C* = —H0

ogrot’

where po = (u—4)/2p and p is given by (hs).
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Proof. Suppose, by contradiction, that for all n we have
max{J(tM,) : t >0} > C*.
Thus, there exists t,, > 0 such that
Joo (tnMy,) = max{J(tM,) : t > 0}.
Then,
Tttt = %~ [ 2

that is
t2 > 20", (4.6)

Since %Joo(tMn) =0 at t = t,, it follows that
2= / b Moy F (b M) (1 My ). (4.7)
|z[<r
From (h3), given € > 0 there exists R, > 0 such that for all s > R, and for all |z| <,
sh(s) > (Bo — €) exp (ags?) and M, (x) > R.. (4.8)

Combining (f3) with (4.7) — (4.8), for large n, we obtain

—€
2 > % / ~exp (oo (f (tn M)
|lz[< %
> (602_ 6) / exp (OCO(tnMn)2)
|z[<5
> (602_ 2 ﬂ(%)2 exp (aot%(Zw)_llogn + aot%dn) )
where we used (f2) and (f3).
Thus
(Bo—€) o 2 -1 2
1> 5 T exp (aots (2m) " *logn + apt; d,, — 2logn — 2logty,)
which implies that ¢, is bounded.
By (4.6) and
2 > (602_ ) rr? exp ((aot2 (2m) ™t — 2)logn + apt?d,,)
it follows that A
2T (4.9)
o

Now consider the sets
Ap ={z:t,M, > R, |z| <r}and B, = {z: t,M,, < R, |x| < r}.
From (4.7) and (4.8) we achieve

(Bo —€)
2
(Bo —€)

- 5 / exp (o (tn Mp)?) + / tn My h(f (tn M) £ (tn M)

2 >

/ - exp (ao(tnMn)2)
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Arguing once more as in [11], by using (4.9) we conclude that

4r N (Bo — 6)71'7‘2’
ag 2
which implies that
8
ﬁO < PR
aoTr
contrary to (4.5). Thus Proposition 4.1 is proved. [ ]

Remark 4.2 We observe that Proposition 4.1 implies that co < 4mug/agro?. Indeed, from (fo),
(Va), and mean value theorem, we have I(v) < Juo(v) for every v € H'(R?). Then, applying
Proposition 4.1 we conclude this estimate.

The following lemma shows that the Cerami sequence (v,,) has a “non-vanishing” behavior.

Lemma 4.3 There exist positive constants a and R, and a sequence (y,) C R? such that

lim f2(vn) > a>0, (4.10)

"7 J Br(yn)

where Br(z) denotes a ball of radius R centered at the point z.

Proof. Suppose by contradiction that (4.10) does not occur. Then

lim sup/ () =0, (4.11)
Br(y)

N0 yeR?
From (4.11) and applying a Lions compactness Lemma ([14]) we obtain as n — oo,
f(un) =0, in LY(R?), Vg€ (2,00). (4.12)

Then, we can show the crucial part of this proof, which is the following;:

/h(f(vn))f(vn) — 0, asn — oo. (4.13)

To prove such convergence, we start arguing as in the proof of Lemma 4.1, making w =
f(vn)v/1+2f2(vy,)) in (4.2). Thus, given n > 0 we take ng such that

V|3 < (1+n);—0 Yn > ng, (4.14)
0

where po = (u —4)/2p.
From (f2), there exist o > v/2 and R > 0 such that

f(s) <oys, Vs>R. (4.15)

Now, we take a > ap. From (h1) and (¢)a,, given € > 0, there exists a positive constant
C = C(¢,a,q) such that

h(s) < es + Clexp (as?) —1)s3, Vs> 0. (4.16)
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Thus, using (4.14)-(4.16), we get for every n > ng

0 < /Mﬂwﬁﬂw)

< eb/af2(vn)+—C7J/(eXP(CLf4(vn))—-1)f(vn)4

:e/}%m+c{ +/ Hexp (af*(un)) — 1)f (0n)?
{z;|vn(z)| <R} {z;|vn(z)|> R}

/f2 Un —I—O/f4 Un +C(/(exp(arf4 'Un 1/r /f 4r 1/r

(v Y exp (aro Un — 1Y vy )
< o[ P+ C [ 1w+ o[l ro (14 ) D) =) [ f) )

IN

where r satisfies (4.5) and 1/r + 1/r" = 1. By Proposition 4.1 (see also Remark 4.2), we may
take a > o and 1 > 0 such that aro* (14 n)co < 4mpp. Then, from (1.7), the last integral is
bounded uniformly. Hence, from (4.12), we conclude that (4.13) holds.

Now, we are ready to conclude the proof of Lemma 4.3. Taking again w, = f(v,)/f’(vy,) in
the equation (4.2) we have

o(1) = I'(vy)wy,

2f2(vn)
[+ vl + (@0, = b)) )

L/Wwf+/ﬁ“@ﬁ@m—h0@0ﬁ@0)

v

Then from (4.13), we conclude that
/|an\2 +/V(x)f2(vn) — 0, as n — oo. (4.17)
By combining (h2) and (4.13) we obtain
/H(f(vn)) — 0, as n — oo. (4.18)

By using (4.17) and (4.18) in (4.1), we reach a contradiction because

0<c¢y= lim I(v,) =0.

n—oo
The proof of Lemma 4.3 is completed. [ |

In the following we consider the functional at infinity I, associated with I. We define

Io: H'(R?) = R by
I o R

Lemma 4.4 The Cerami sequence {v,} is a Palais-Smale sequence for I, at level cy.

Proof. From (V3), given € > 0 there exists R > 0 such that

[V(z) = Vol| <€, V|z|> R.
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Thus,
oo (vn) — 1(vy)]

_l — T 21} 1 — X 2'0
= g e V@R g [ V@I

R2\Bg(0)
1 1
< Ve V@)l / (o) + e / 2(0n)
2 Br(0) 2 Jr2\BR(0)

< o(1), as n — oo,

where in the last inequality we made use that
/ f2(vy) — 0, as n — oo,
Br(0)

since f(v,) € H'(R?) and the embedding H'(R?) into LI(R?), ¢ > 1, is locally compact and
v, — v = 0 weakly in H*(R?).

Therefore,
I(vy) — co, asn — 0.
Similarly
sup [(Io(vn) = I'(vn), @)l = sup | | (Voo = V/(2))f(va) [ (vn)g] = 0(1), asn — co.
lloll<1 lloll<1 JR?
Hence I’ (v,) — 0, as n — oo. This proves Lemma 4.4. [
Define

Un (%) = vn (@ + Yn),

where {y,} is the sequence defined in Lemma 4.3. Then, @, is a bounded sequence in H'(R?)
and it verifies, as n — oo,

Ioo (D) = Ino(vy) — co and I (9,,) — 0,

also 9, — v and ¥ is a critical point of I,,. Taking an odd extension of A from R~ to R if
necessary, we may replace ¥, by |0,|. Thus, we may assume @ > 0 in R?. By elliptic regularity
theory, ¥ is of C? class. To see that ¥ > 0 in R?, the strong maximum principle will be employed.
We observe that o is also solution of the problem

—Av+cv = (h(f(v)) = Voo f(0))f' (v) + cv in RZ,

where ¢ > 0 is such that the term on the right is nonnegative for 2 € R?; the existence of this ¢
follows from (gg) — (g2). Thus, by strong maximum principle, © > 0.
We also remark that
o(x) — 0 as || — oc. (4.19)

Effectively, © is a weak solution of
—Av = g(v), in R2

where g(s) = (h(f(v)) = Voo f(v))f'(v). By the Sobolev embedding theorem and Trudinger
inequality (1.6), g(?) € LP(R?) for every p > 2. Thus, we infer by interior elliptic estimates that

- 2
0 € W,» and moreover

10llw2p @y < C(9(0)|Lr) + 19]r)),
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where Q' CC Q, Q is an open bounded set of R? and C depends only on the diameter of  and
the measure of Q \ .
Let 29 € R? and denote by B, C R? the open ball of radius r > 0 centered at zg. Then,

19llw2e () < C(9(0)|1r(By) + 19| Lr(Bs));

where C' depends only on the diameter of By and the measure of By \ Bj.
Since W2P(By) C C(By), because p > 2, we obtain

190l oo (1) < C(19(0)|1r(By) + 10| 1r(B2))-
In particular,
[0(20)| < C(19(0)|Lr(B,) + |010(B))
and since g(?) and ¥ belong to LP(R?), we have
19(0)|Lo(By) + [0l o(By) — 0 as [xo] — 00

so that |0(x)| — 0 as |x| — oo and the verification of (4.19) is complete.
We assert now that
Coo < Inn(D) < 0o, (4.20)

where ¢y, is the Mountain Pass level given by

coo = inf sup Lo((t)),
€T te(0,1]

and
Lo = {7y € C([0, 1], H'(R?)); 7(0) = 0,%(1) # 0, Iss(7(1)) < O}.
We start the verification of (4.20) showing that I (0) < ¢g. Indeed by (f3):

F2(0n) — f(@n) f'(00)y, >0, ¥V €N, (4.21)
Now, from (f3) again and (hy), we obtain
%h(f(ﬁn))f’(@n)@n —H(f(tn)) = %h(f(@n))f(ﬁn) —H(f(%)) =20, VneN. (4.22)
Hence by Fatou Lemma combined with (4.21) and (4.22), we have
%:nmﬁgu®@m—%&@@%}

—timsup [ (3(07(0) = F(0)1(0)5)Vac] + G @S @) — HE)

n—oo 2
> [ 306) = 1OF @)V + [ TGN @) - H)
— Ia(0) = 5%(0)0 = 1),

Thus I(?) < ¢p. Now, in order to show ¢ < I5o(0), we slightly modify an argument used in
[13] to get a path v : [0,1] — H*(R?) such that

7(0) =0, Io(¥(1)) <0, v €~([0,1]),
y(t)(x) >0 v:ceR2 t € (0,1], (4.23)

Jmax Ioo(7(t)) = Ioo(0).
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Indeed, define
- v(x/t) if t>0,
w ={ " 20

Choose three points ¢, € (0,1), t; € (1,00) and 67 > t; such that the path v defined by three
pieces, namely, v; : [0,1] — HY(R2), v1(0) = 00, 72 : [to,t1] — HY(R?), Yo(t) = ¥, and
v 1 [1,01] — HY(R?), 43(0) = 0y,, it is desired path. Effectively, because of @ is a critical point
of I, the function v is a weak positive solution of

—AD = g(), in R2

Then
/ g(3)5 = ||V3|2 > 0,

where g(s) = (h(f(s)) = Voo f(s))f'(s). Thus, there exists 6; > 0 such that

/ g(09)5 >0, YO cl[l,0]. (4.24)
Let ®(s) = %2 for s > 0. By (4.24) we infer that

/@(95)52 >0, V6ell, 6. (4.25)

On the other hand, from

CL(0m) = 0 <\|Vf»\|% ¢/ <I><9vt>v2>

there exists ¢, € (0, 1) such that
V3|3 —ti/cb(ef;t)f;? >0, Voelo1]. (4.26)
From (4.25) there exists t; > 1 such that
[IV|3 — t%/cb(e@t)@? < 0%_—_21\\V17H§, Ve [l,6y]. (4.27)

From (4.26), by along of the path 71, I(00;,) decreases and it takes its maximum value at
9 = 1. Since [ G(v) = 0, by Pohozaev identity we obtain

- O
Ino() = (@) = 51713

along the path 2. From (4.27), I (67;,) decreases along the path 73. Thus,

Too(m (1)) < Loo(0r) = I (),
on the other hand
I (D) = Ino(D) > I (00y,), VO €10,64].

Therefore

Io(v(t)) = Iso(D).
o Lo(3(8) = Lie(5)
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Moreover, from (4.27) and the fact I, (67, ) decreases along 73 we have

01 d
LalOrin) = Tu(in)+ [ G5Toe(0) 00
1

IN

| A f1 29 -

sIvls— [ g IVolias
1 .

= —Ivalg <o

Hence we obtain the desired path (4.23).
The path (4.23) together with the definition of ¢, imply that

Coo < max Ioo(Y(t)) = Iso(D).
te[0,1]
Thus, ¢sx < Iso(0) and the verification of (4.20) is complete.

Finally, we may conclude the proof of Theorem 1.1. Take again the path ~ given by (4.23).
Since v € I'ss C T, y(t)(x) > 0, and V(z) < Vi, with V # Vi, from (4.20) we obtain

co < sup I(y(t)) = I(~(1))

te[0,1]
< Le(y(B) < max Lo(1(0))
t€[0,1]
= Ioo (QN)) < ¢,
which is contradiction. Therefore, v is nontrivial. Theorem 1.1 is proved. [

Remark 4.5 1. By a similar argument we can prove a wversion of Theorem 1.1 in the
asymptotic case to a periodic function V,, that is, when V satisfies

Vp(x) = lim V(z), Vy(z +1) = Vy(z), Vo € R? and

|z|—o00
V(z) < Vp(z), Vo € R%
where the last inequality is strict on a positive Lebesque measure set of R2.

2. We can establish Theorem 1.1, in the compact-coercive case, that is, when lim|g| V(z) =
+00, and its proof follows easily because the map v — f(v) from H'(R?) into LI(R?) is
compact for 2 < q < co. (See [19] also [15]).

3. Theorem 1.1 still holds in the radially symmetric case, namely V(x) = V(|z|), Vo € R2
The proof can be handled as above by using that the map v — f(v) from H'(R?) into
L(R?) is compact for 2 < q < oo. (See [22] also [15]).
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