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MULTIPLICITY OF SOLUTIONS TO RESSONAT ELLIPTIC
PROBLEMS.

EDCARLOS D. DA SiLva *

In this notes we discuss the existence and multiple solutions of the Dirichlet boundary value problem

{ —Apu = M|ulP2u + f(z,u) in Q,

0.1
u = 0 on 09, (0-1)

where Q C RY is a bounded open domain with smooth boundary 09, 1 < p < Nand f: QxR — R is a
Carathéodory function such that
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Here A, denotes the p-Laplacian operator, that is, Apyu = div(|Vu[P~2Vu). When p = 2, it is the usual Laplacian
operator.
From a variational stand point of view, finding solutions of (0.1) in VVO1 "P(Q) is equivalent to finding critical

points of the C* functional .J given by
1 A
J(u) = —/ |Vu|Pdx — —1/ |ulPdz — / F(z,u)dz, Vu e WP (Q), (0.3)
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where F(z,t) = fot f(x,s)ds and the Sobolev space W, *(Q2) is a Banach space endowed with the norm |ju|| =
(Jo |VulPdz)?.
First, we can prove the following result
Teorema 0.1. (Eristence) Suppose (SR), (HO). Then the problem (0.1) has at least one solution ug € Wy (Q).
Now, we take F'(x,0) = 0, f(x,0) = 0 which implies that w = 0 is a trivial solution of problem (0.1). In this

case the key point is assure the existence of nontrivial solutions. We need some additional hypothesis

(H1) There are § > 0 and « € (0, A1) such that
—A
Fla,t) < %Itl’% V[t <6 Ve

(H2) There is t, € R\{0} such that
/ F(z,t,®1(x))dz > 0.
Q
Thus, combining Ekeland’s Variational Principle and Mountain Pass Theorem, we can prove the following multi-
plicity result
Teorema 0.2. Suppose (SR),(HO),(H1),(H2). Then the problem (0.1) has at least two nontrivial solutions
Up, U1 € WOLP(Q)
Next, we consider the following hypothesis

(H3) There are r > 0 and € € (0, A2 — A1) such that

A2 — A1 —

0< Fla,t) < S,V It <7 Ve Q.

Then, using the Three-Critical Point Theorem, we can show the following result

Teorema 0.3. Suppose (SR), (HO),(H3). Then the problem (0.1) has at least two nontrivial solutions.
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