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About some linear non local problems

Ańıbal Rodŕıguez-Bernal∗ & Silvia Sastre Gómez†

Let Ω be a bounded set in RN,
{

ut(x, t) = L(u)(x, t) = K(u)(x, t)− h(x)u(x, t), x ∈ Ω, t > 0
u(x, 0) = u0(x), x ∈ Ω,

(0.1)

with K(u)(x, t) =
∫

Ω

J(x, y)u(y, t)dy, h a bounded function and u0 ∈ Lp(Ω), for 1 ≤ p ≤ ∞. In particular for the

Neumann problem h(x) = h0(x) =
∫

Ω

J(x, y)dy, see [1, 2].

We study the asymptotic behaviour of the solution of (0.1). We have that L ∈ L(Lp(Ω), Lp(Ω)) and assume
that the spectrum σ(L) is a disjoint union of two closed subsets σ1 and σ2, with δ2 < Re(σ1) ≤ δ1, Re(σ2) ≤ δ2 ,
for δ2 < δ1.
Consider that Qσ1 is a spectral projection over the space generated by the eigenfunctions associated to σ1.

Theorem 0.1. Considering all the hypotheses we have made before. The solution of (0.1) satisfies that

lim
t→∞

‖e−µ t (u(x, t)−Qσ1(u)(x, t)) ‖Lp(Ω) = 0, ∀µ > δ2.

Let us see in particular, the asymptotic behaviour of the solution of (0.1), with h constant and h = h0, considering
σ1 = {λ1}, with λ1 the first eigenvalue of the operator L isolated and simple, whose associated eigenfunction is Φ1.

Corollary 0.2. For h = a constant and p = ∞, if the initial data u0 is bounded then we have the following
asymptotic behavior

lim
t→∞

max
x∈Ω

|e−λ1tu(x, t)− C∗Φ1(x)| = 0

with C∗ =

∫
Ω

u0(x)Φ1(x)dx∫
Ω

Φ2
1(x)dx

.

Corollary 0.3. For the “Neumann” problem with h = h0 and p = ∞, if the initial data u0 is bounded, then we
have the following asymptotic behavior

lim
t→∞

max
x∈Ω

∣∣∣∣e−(µ2+δ)t

(
u(x, t)− 1

|Ω|
∫

Ω

u(x)dx

)∣∣∣∣ = 0,

with µ2 the second eigenvalue of the operator K − h0, and δ > 0.

Remark 0.4. The Corollaries 0.2 and 0.3 allow us recovering in a more general way, the asymptotic results in [2].
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