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nonhomogeneous boundary conditions as limit of terms

concentrating in the boundary

gleiciane s. aragão∗ & antônio l. pereira† & marcone c. pereira‡

Let Ω = (0, 1) × (0, 1), Γ = {(x1, 0) ∈ R2 : 0 6 x1 6 1} and g ∈ L∞(R), T -periodic, with 0 < g0 6 g(x) 6 g1

almost every x ∈ R. The mean value of g over (0, T ) is the real number given by M(g) = 1
T

∫ T

0
g(s)ds. We define

ωε =
{
(x1, x2) ∈ R2 : 0 6 x1 6 1 and 0 6 x2 < εg

(
x1
ε

)}
,

for sufficiently small ε, say 0 < ε 6 ε0. We denote by Xωε
the characteristic function of the set ωε. We note that for

small ε, the set ωε is a neighborhood of Γ in Ω̄, that collapses to the boundary when the parameter ε goes to zero.
We observe that the upper boundary of the set ωε presents a highly oscillatory behaviour and, moreover, the height
of the ωε, the amplitude and period of the oscillations are all of the same order, given by the small parameter ε.

We are interested in the behaviour, for small ε, of the solutions of the elliptic problem, when some reaction and
potential terms are concentrated in ωε,

{
−∆uε + λuε + 1

εXωεVεu
ε = 1

εXωεf, Ω
∂uε

∂n = 0, ∂Ω.
(0.1)

Assuming that f ∈ H1(Ω), that the family of functions Vε, 0 < ε 6 ε0, satisfies

1
ε

∫

ωε

|Vε|2 6 C,

for some C > 0 independent of ε, and that there exists a function V0 ∈ L2(Γ) such that

lim
ε→0

1
ε

∫

ωε

Vεϕ =
∫

Γ

V0ϕ, ∀ ϕ ∈ C∞(Ω̄),

we will show that, for sufficiently large λ, the solutions of (??) converge in H1(Ω) to the unique solution of




−∆u0 + λu0 = 0, Ω
∂u0

∂n + V0u
0 = M(g)f, Γ

∂u0

∂n = 0, ∂Ω \ Γ.

(0.2)
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[4] d. cioranescu and p. donato, An introduction to homogenization, Oxford Lecture Series in Mathematics
and its Applications, vol. 17, Oxford University Press, New York, 1999.
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